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Decay Estimates for Some Semilinear Wave Equations
with Degenerate Dissipative Terms
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1. Introduction

In the present paper we are concerned with the decay estimates of the smooth
solutions to the initial boundary value problem for the semilinear wave equations:

u, + Lu + a(x)u, + f(x, u) = g(x, 1) in Q x (0, 00) (1)
u(x, 0) = uO(x)’ ut(X, 0) = MI(X), Dy“]ﬁQ = 05 lﬂ = 0""’ m-— 15 (2)

where Q is a bounded domain in RY with C®-boundary 02, and L is a self-adjoint
uniformly elliptic operator of order 2m, 1.e.,

and

lul3 = f dy(OD uDbudx = kolul  for ueH, N Hyp ko>0,
. .

with usual notation.

We assume also a,5€ C*(Q), ae C*(Q) and g C*(2x R*). Throughout
this paper we assume 2m=[N/2]+1, and the functions considered are all real
valued.

It is well-known that if a(x)=¢, for some positive constant ¢, and if g(x, 1)
tends to 0 rapidly in a certain sense the energy of the solution u of (1)-(2):

E((t) = - (a0 13+ u()]3)

(together with the escalated norms) decays exponentially to 0 as t—oo under
certain monotonicity and growth conditions on f(u, x) (cf. Strauss [9], Nakao [3]).
Here we shall investigate the decay propety of the solution of (1)-(2) under the
weaker assumption a(x)=0 (possibly a(x)=0 somewhere in Q). When L=-4
and f(x, u)=0 (linear equation) such problem has been considered by one of the
authors in [5]. There it is shown under the assumption a(x)'eL?, O0<p<oo,
that
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Eu(n) £ C(1+1)7*

where k denotes certain index of regularity of solutions. Related result is obtained
also by Russell [7] under a different condition on a(x). The object of this paper
is to extend the result of [5] to the semilinear case.

Let us state our precise assumptions on f(x, u) and a(x).

Al. f(x,u)e C*(Qx R) and

et w) | < Kya) (ulmsemto 4 1) i=0, 1, 2, ¥

for some k; >0, and a such that 1<a<N/(N—2m) if N>2m and [Za<oo if
ISNZ2m. Moreover, f satisfies

FOo w = ks f exdnZ 0, (x,u)e@ x R @

for some k,>0 (note that f(x, 0)=0).

A2. a(x)is nonnegative on Q, a~!(x) is defined a.e. xe @ and a~!(-) e LP(Q)
for some O0<p< oo (Since a(x) is assumed to be smooth the hypotheses A2 is
meaningful for 0< p<N/2).

Under our assumption Al the problem (1)~(2) admits a unique global smooth
solution u for each smooth (u,, u,) if the datum (u,, u,, g(x, 0)) satisfies appro-
priate compatibility conditions (cf. Sather [8], Inoue [1], von Wahl [10], [11],
[11], Nakao [4] etc.), and we treat only sufficiently smooth global solutions.

When m=N =1 our method can be applied to more general equations:

Uy — Uxx + G(X) ut) + ﬁ(x, u) =f(x, t)'
For details see [6]. But, for N >2m a new device is required (see Propositions

2-4).

2. Result and the proof

Our result reads as follows.

Theorem 1. Let k=2 be an integer. Suppose, in addition to Al, A2, that

k=1 ot . o . oi 2

kgsup ||l gl 1) + 2k, a~1(x) ‘W_ig(x, t)I dxdt < o

rer+ || Ot} 2 oJeo ot
and
t+1
do(t)? = f f a'(x)|g(x, s)|2dxds = o(t~1-2kmp/N)

t 2

as t—oo.
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Then for a smooth solution u(x, t) of (1)-(2) we have
EQu(t) = 5 O3+ 1wl + [ {756 n) dxan
)
< C 141y 2kmp/N,
where C, denotes a constant depending on 4ol s rym and i (|l g, e
For the proof we utilize the following lemmas.
Lemma 1 (Gagliard & Nirenberg). It holds that
lull, = const Jlully,, Jul;=®  for ueH,, 6

(1 _ 1\(jm 1 _ 1Y! - T
with 8= ( , q>< N +-, 5) > where j is a positive integer,

1=r<q<2N/(N-2jm) if N >2m
1fr<g<w if N=2m
and
1=r2qg=2w if 1ZN<2m.
(Il - I, denotes L*(Q)-norm).

Lemma 2 ([2]). Let ¢() be a nonnegative bounded function on R* =[0, o0)
satisfying

sup - ¢(s)'7* = C(@(N—(t+1) + g(0) Q)

t<s<t+

with >0, C>0 and g(t)=o(t"1"1%) as t—oo0.
Then we have

o) = C(1+0)7 1=
where C' is a constant depending on ¢(0) and other known constants.

The proof of Theorem 1 will be given after a series of propositions. Let us
begin with :

Proposition 1. Under Al, A2 a smooth solution of (1)-(2) satisfies

sup | E(u(s)) < C{Dr/*h sup [ufs)|EP*D+D@2+3,(0%  (®)

tss=

where we set
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D(1)? = C{E(u(®))— E(u(t+1))} + Cdy(1)?, C>0.

Proof. The proofis essentially included in [6]. For completeness, however,
we reproduce it briefly.
Multiplying the equation (1) by u, and integrating over [t, t+1]x Q we have

J~Z+1 J‘Q a(x) |u]?dxds = 2{E(u(t))— E(u(t+ 1))} + ,(t)*> = D(¥)>. ©)

Hence,

t+1 t+1 1/(pt1)
f f 1u,|2dxdsgf < f a-v(x)dx>
t 0 t fo]

8 <I a(x)lutl2(P+1)/pdx>1’/<17+1)ds
2

< !Ia‘lll,‘i/“’*”(r“ J*Q a(x)lu:lzdxdsy/(pﬂ)
t

x _sup Jlus)|F e
tSsstt+l
< CD(Ey?/ D sup [us)|E/ D
tSssttl

= A(f)> (10)

By (10) we see that there exist #; €[t, t+1/4] and t, € [t+3/4, t+1] such that
lu (D, £2A4(%), i=1, 2. Then, multiplying the equation by u and integrating
over [t,, t,]x Q we have

f z |:||M(S)||%1+ f RAtS u)udX} ds = (u(ty), u(ty))—(u ), u(t))

[ hwtzds + 7 f Gl lulaxds

+ ftz j lgu|dxds an
ty o

< C{ sup VE@u(s)) A(t) + A()* + 3o(1)*}
+ 4 [ ws1as
It follows from (4), (10) and (11) that
[ Busnds < €f_sup - JEGONAQ)+ A +60(17) (12)

Therefore, there exists t*e[t,, t,] such that E(u(t*)) is bounded by the right
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hand side of (12) (with a larger C) and hence, by the energy identity,

sup  E(u(s)) < E(u(t™) + f:“ fﬂ a(x) |u,|2dxds

t<s=+1
t+1
+f f|g1|u,1dxds
t (¢

SC{__sup, JEG(E) A+ AW+ DY +36(1%)
which yields immediately (8). |
Proposition 2. In addition to Al, A2, suppose that
suplgCe DIz < o0 and [ [ a ) (lgl-+1gDdxds < co.
Then
E(u 1)) E%(“utz(t)”%'l"“ut(t)”%l) =C <o for teR?
and

sup |u(®)u,. +f°°f a(x) |u2dxdt < C; < oo
teRt (4] (2]

where C is a constant depending on |uelly,, and |ulg,.

Proof. We consider the case N>2m; the other case can be proved in a
similar and simpler manner.
First we observe that

E@(®) + 1 f; L a(x)u2dxds < Eu(0)) + IZ’ fﬂ a=1(x) [g(s)[2dxds
< Cy < 0. (19
Next, consider the differentiated equation
Uy + Lu, + a(x)u, + f(x, wu, = glx, 1). (15)

Multiplying (15) by u,, yields
E(ulf) + Lft f a(x) |ug|2dxds
2Jode
< B@O) + C [ [ aGQule=t+ D luf lu,ldxds

+ LJV f a(x) Y gx, $)|>dxds
2Jode
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< Eu(0) + C (f; fﬂ a(x)]u,,|2dxds)” :

g q o f o, uem0+1) [u,lzdxds>1/2

+ L7 awtigpaxas
2JoJa
and hence, by (14),

EGut) + -+ IO L} a(x) |u, 2dxds

< B@(O) + C [ |u@2 [ a@u@Pdsds + ¢, (16)
llu(s)||,, in the integrand of (16) is treated as follows. By Lemma 1 and (14),

lu($)] o = ClulI R, |u(ENev-2m)  (Oo=(N—2m)[2m)
= Clu®IR,, E@) =72 < Clu(s)I 4, - 17
Furthermore by virture of elliptic regularity theorem,
lu() s, = CCILull 5+ 0]l 2)
= Clllugll 2+ w2 + lulig.+ 1+ [g(9)ll2)
< Co(WE(u{D) +1) (18)

where we have used again (14) and the fact that [[u(s)|[,, < Cllu(s) g,
Thus we have from (16)-(18) that

Eu (D) + i—J‘; L) a(x) lu, | ?dxds
< E(u,(0)) + Cy Jt) E(ut(s))""(““l)fQ a(x) lu,|?dxds + C,. (19)

Since 8y(x—1)=<1 by our assumption on o, the inequality (19) together with
(14) implies

E(u(0) £ C(Euf0)), Co) < o0,

and consequently
Ol + [ [ a0 lu2dxds < CE@O), Co) < oo.

Noting that E(u(0))< C(|luollg,,, llty]5,), the proof is complete.

Proposition 3. Suppose, in addition to Al, A2, that
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oi

sup (190l + 10,012 + 520 | [ a7 | £ o(x. 9)] " dxds < oo.

ti
Then, we have for a smooth solution u of (1)—(2),
E(u, () £C, <o, forany teR*

and
sup D)l +fwf a(x)|D3ul2dxds < C, < o <Dg=
teR* 0 2

where C, denotes a constant depending on ||uglly,,, and |uylg,,.

Proof. Differentiating the equation (1) twice with respect to ¢t we have

Diu + LD?u + a(x)D3u + f,,(x, wyu? + f(x, wu, = g, (x, 1)

141

(20)

(D;'——_- & ) The proof will be given by applying a similar argument as in the

ot
proof of Proposition 2 to (20). We sketch it briefly.
Multiplication by D}u yields

E(u, (1)) + %jo L a(x) | D3ul2dxds

< B + C{ [ [ atulzmex=20 4 Djuj4axds
Q

+ f’ f a(x)|u,,|2|u[2<a—l>dxds+f’f a-1(x)g?, dxds}.
Q Q 0 0

Here
[ [ a0 luaf2lule-Ddxds < sup Ju(pae—
0J Q2 teR+
x f wf a(x) |u,,[2dxds
0 Q
< C, < oo, (by Proposition 2)
and

f’ f a(x) ([P ex=2.0) 4 1) [u |*dxds
0 02

=, [ oz atluzaxds.

Moreover we see (cf. (17), (18))

@D
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lud8) o < Coll L)+ lluds)]2)%  (Bo=(N —2m)[2m)
< CofID3u(s) ]2 + ()l + (u()]% + Dlluds)]
+ llgdx, $)l 230
< Co(1 4+ E(u(s))*.

Thus we obtain

t
EGr(0) = Ew(©) + Cy{1+ [ ) [ atolupdxds)

which implies (note that 0<8,<1)

E(u, (1)) £ C(E(u,(0)), C)) £ C, < o,
hence the estimates for [[u(t)|,,, andfwf a(x)|D3u|?dxds.

oJe
Since [[uys)] o S Clu) 8, Hu)Iz™ with 0, =N/4m<1, we have, by
Proposition 3,
luds)llo < C2E(u(s))1 =072,

Substituting this into the inequality (8) in Proposition 1 we have

sup_ E(u(s)) £ Co{D(?/* sup  E(u(s))1700/# ) 4 D(1)2+ 60(1)%}
t=s=t

t<s<etl

Recalling the definition of D(f) and using the boundedness of D(r) we arrive at
the inequality

sup  E(u())'*9/7 = Co{E(u(1)) — E(u(t+ 1)) +8o(1)> + 6o(1)> 7077} . (22)

tssst+1
Now, applying Lemma 2 to (22) we obtain
E(u(n) = Cy(1+1)4meiN

if 8q(t)?=o0(t714mr/N) as t—oo, which completes the proof of Theorem 1 for
the case k=2.

In order to get further estimates we must establish the boundedness of
E(D{u(?)), j=3,4, -, k. For this we utilize j-times differentiated (w.r.t. f)
equations:

o7 )
Uy + LU + a()U; + 57 f(x, u(t)) = Dig (23)

where U=DJu, j=3,4,--,k+1. Note that Ul|,,=0 for te R* (by the com-
patibility condition) and 0//0t7 f(x, u(t)) is caluculated as follows:
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%fwf(X, u(@®) =X X, G, %f(x, wyust-(Diuyei (24)

with certain integers C,; 6=(0y,"--, 0;), where the summation 3, is taken over
the set

{o=(04,",0)eN/|o;+--+0;=iand 6,+20,+ - +jo,;=]}.

Proposition 4. Let k=2 be an integer. In addition to Al, A2, suppose that
=1 ai k el 1 ai+1 2
255 SUPHETQQ) H + Xk a '(x) ‘—6’{7:1' g(x, 1)} dxdt < o0, (25)
teR* 2 [¢] Q
Then we have

E(D{M(t)) é Cj < o0, .] = 15 25"'a ka (26)

and

';-:%fo L a(x) |Diu(t)|2dxdt + Xhzhsup ID{u | Hrs—sym
SC < 27)
where C, denotes a constant depending on |luolly,.,,, and [ullg,,.

Proof. The proof is given by induction. The case k=2 is the contents of
propositions 2 and 3. Suppose that the estimates (26), (27) are valid for
arbitrarily fixed k (=2).

Multiplying the equation (23) with j=k+1 by U,=D¥"2y and integrating
we have

EU@) + L ﬁ jg a(x) |U,[2dxds
< BUO) + CE [ [ 0] 20w lulerewIDstuleon U Jdxds
+ %j; L a=1(x) | D+ g 2dxds
< BUO) + G2 [ [ aGo e [DEule U dxds
+ —% f; fﬂ a~1(x)|D¥*1g|2dxds
< BUO) + Gz [ [ atoDiul U fdxds

+ %ﬂ fﬂ a-1(x) | D¥+ g Pdxds
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where we have used the facts |Diul| , < C,if0Zi<k—1,0=50,Z1 and 0L, =1
for k=2. Therefore we conclude

EU@) + L [ [ ato10,2dxds < BU)
0
+C, Tk r f a(x) | Diuf2dxds + cfwf a=1(x) |D¥* g2 dxds
0o .JQ 0 o

< CECU0)), 1uoll i gessyme 811l mn) < o0
Now, it is not difficult to see

EU©) = CUlltolltrgierzym 181l pm) -

Therefore,
sup E(D¥*1u(t)) + fwf a(x) |D¥*2u|2dxds £ C,., < o0.
teR* oJo

From this and the boundedness of |D¥*!g(t)||, we can obtain also, in virtue of
the elliptic regularity theory,

Yo 1D ns iy < Cirs < .
Thus the required estimates for k+1 are established.
Now, we are in a positibn to prove our Theorem 1 easily. In fact, since
ludDll e = CludD i, lu s
< CE(u(n))(1~00/2
with 6,=N/km, we can obtain from (8) (see (22))

sup - E(u())" = C{Eu(1) — E(u(®)) + Coo(1)*}

t<sst+
which yields by Lemma 2 the final estimate

E(u(t)) £ Cy(1+ 1)~ 2kmp/N

if do(t)2=o0(t~1=2kmp/Ny ag t— 0.
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