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§1. Introduction and main results

We consider the unique global existence of solutions in a weaker class than
H'(R") and some properties of the solution operator for the following nonlinear
Schrédinger equation:

Oou

(1.1) i-a—t— = — Adu + MNu|P"'u, teR, xeR",

(1.2) u(to, x) = uo(x),

where toe R and Ae R. By a(n) we denote oo if n=1 or n=2 and (n+2)/(n—2)
if n23. There are many papers concerning the global existence of solutions for
Problem (1.1)-(1.2) (see, e.g., [11-[2], [4]-[7] and [9]). In [1] Baillon, Cazenave
and Figueira show thatif 1<n =<3, 1 <p<a(n) and 1>0, Problem (1.1)-(1.2) has a
unique global strong solution u(f)e C{R; H>(R")) n C(R; L*(R")) for any uge
H?(R"). In[2] Ginibre and Velo show that if 1 <p<a(n) and A>0or if 1<p<
14+4/n and A<0, Problem (1.1)—(1.2) has a unique global weak solution u(z) e
C(R; HY(R™) for any u, € HY(R"). 1In [6] Strauss shows that if 1>0 and p>1,
Problem (1.1)—(1.2) bas at least one global weak solution u(f) e L°(R; HY(R") n
LrtY(R™)) for any uge H'(R") n [PY1(R™) (see also [5]). In [10] M. Tsutsumi
and N. Hayashi discuss the unique global existence of classical solutions for
(1.1)~(1.2) with 2>0 (see also Pecher and von Wahl [4]). Furthermore, in [9]
M. Tsutsumi discusses the unique global solution in &(R") or in the weighted
Sobolev space for (1.1)~(1.2) with A>0. In almost all of previous papers the
solution of (1.1)—(1.2) has been constructed in a space not larger than the energy
space, that is, H!(R"), because the proofs in almost all of previous papers are
based on the energy conservation law. However, in [7] Strauss constructs the
wave operators from L%(R") to L%(R*) for the equation (1.1) with p=1+4/n
(see [7, Theorem 5]). His results are almost equivalent to the construction in
L2(R") of unique local solutions for (1.1)-(1.2) with p=1+4/n. 1In this paper we
prove that when 1<p<1-+4/n, we can construct the unique global solution of
(L.1)~(1.2) for u, in L2(R") (but possibly not in H!{(R")). Such a solution is
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called an “L2-solution’’. Furthermore, we show that when 1<p<1+4/n, the

solution operator of the evoiution equation (1.1) constitutes a strongly con-

tinuous nonlinear operator group in L(R”). Our proof is based on the L2-norm

conservation law and the dispersive effect of solutions (see, e.g., Lemma 2.2).
Our main theorem in this paper is the following.

Theorem 1.1. Assume that 1<p<1+4/n. Then, for any u,e LA(R") and
any ty € R there exists a unique global solution u(t) of (1.1)-(1.2) such that

(1.3) u(t) € C(R; LA(R™) N Li.(R; LP*'(R"),

(1.4) u(t) = U(t—to)ug — i f U(t—1)f(u(x))dr, teR,

(1.5) [l L2rmy = ltiollL2gmmy, t€ R,

where r = %%i_%, U(t)=ei*t, f(z)=Az|P"'z (z& C) and the integral in (1.4)

is the Bochner integral in H™Y(R"). Furthermore, let u,;, j=1,2,---, and u,
be such that uy;, ug€ LA(R") and uy;—uq in L>(R") (j—>0). Let ult) and u(t)
be the solutions of (1.1) with ufty)=u,; and u(t,)=u,, respectively. Then, for
eachte R

(L.6) u(t) — u(t) in L¥R") (j—>).

By Theorem 1.1 we can define the solution operator of the evolution equation
(1.1) as a mapping from L?(R") to L?(R"), when 1<p<1+4/n. We denote it
by S(t). The following result is an immediate consequence of Theorem 1.1.

Corollary 1.2. Assume that 1<p<1+4/n. Then, {S(t);— 0 <t<+ 60} is
a strongly continuous nonlinear operator group in L>(R"). That is, S(t) is a
homeomorphism from L2(R") to L>(R") for each t€ R, and

(1.7) S(t+s) = S(6)S(s), t,seR,
(1.8) S(0) =1,
(1.9) S(hyy—— v in L*R") (h—0), velL?(R"),

where I is the identity operator from L*(R") to L>(R").

Our plan in this paper is as follows. In Section 2 we summarize several
lemmas needed for the proof of Theorem 1.1. In Section 3 we give a proof of
Theorem 1.1.

We conclude this section with several notations given. We abbreviate L4(R")
and H™(R") to L1 and H™, respectively. (-,-) denotes the scalar product in L2
For a closed interval I in R and a Hilbert space H we denote the set of all weakly
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continuous functions from I to H by C,(I; H). Let U(t)=¢'4* be the evolution
operator of the free Schrddinger equation. We put f(z)=4|z|?"!z for ze C.
Let h(x). be an even and positive function in CF(R") with ||hl.«=1. We put
h(x)=j"h(jx) for each positive integer j. * denotes the convolution with respect
to spatial variables. In the course of calculations below various constants will
be simply denoted by C. In particular, C=C(x,---, *)} will denote a constant
depending only on the quantities appearing in parentheses.

§2. Lemmas.

In this section we summarize several results needed for the proof of Theorem
1.1.
For U(¢) we have the following two lemmas.

Lemma 2.1. Let q and r be positive numbers such that 1/q+1/r=1 and 2<
g=oo. For any tx0, U(t) is a bounded operator from L to L4 satisfying

2.1) [U@v]a = @xlt)y/ = 2|v] ., velr, tx0,

and for any tx0, the map t—U(1) is strongly continuous. For q=2, U(t) is
unitary and strongly continuous for all te R.

Lemma 2.2. Let g and r be positive numbers such that 1 <q—1<a(n) and
(n)2—njq)r=2. Then,

(2-2) I U(')U”L'”(R;L‘J) < Cllvll 2,
where C=C(n, q).
Lemma 2.1 is well known (see, e.g., [2, Lemma 1.2]). For Lemma 2.2, see

Strichartz [8, Corollary 1 in §3] and Ginibre and Velo [3, Proposition 7].
Furthermore, we need the following two lemmas.

Lemma 2.3. Let I be an open interval in R. Let 1<q, r<oo and a, b>0.
We put

M = {()e L*(I; L) n L"(I; L9);
o2 = a, ae. tel,
ol Lrray S b3
Then M is a closed subset in L*(I; L9).

Proof. Let {v(f)} =M and v(t)e L(I; L9 be such that |v;—v|r,1)—0
(j— ). Then, since {v,(f)} is bounded in L*(I; L?), we can choose a subse-
quence {v;(t)} ={v(t)} and w(t)e L*(I; L?) such that
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(2.3) v;(t) —> w(t) =*-weakly in L*(I; L?).
Since by the definitions of {v;()} and v(f) and (2.3) we have

2.4 vi() — o(t) in Z'(IxR") (j'-0),
(2.5) vAt)—> w(t) in D'(IxR") (j—>0),

we conclude by the uniqueness of limit that w(fy=w(¢)e L*(I; L?) n L(I; L9).
Moreover, we have by (2.3) and the definitions of {v,(t)} and v(¢)

(2.6) [0l eorsrzy < lir;} inf vl p=g2) £ a,
Jj'—ow
2.7 ”U”L'“(I;L'l) =Jllr£ I Uj”Lr(I;Lq) <b,

which imply that v(f)e M. This completes the proof of Lemma 2.3. Q.E.D.

Lemma 2.4. Let Ty and T, be constants with T, <T,. Assume that v(t)e
C([T,, T,]; H™Y) and for some K>0

(2.8) ol < K, ae te[Ty, T,].
Then, v(t)e C ([ Ty, T»1; L?) and (2.8) holds for all te [Ty, T,].

Proof. We first prove that (2.8) holds for all t€ [Ty, T,]. For that purpose,
we assume otherwise and derive the contradiction. We assume that (2.8) does not
hold for some t, € [T, T,]. Then, by (2.8) we can choose {t,} =[T;, T,] such that
t,—1t, (n—>00) and (2.8) holds for all #,. Therefore, we can choose a subsequence
{t,.}={t,} and we L? such that

(2.9) u(t,) — w weaklyin L2 (n'> o).

On the other hand, since v(t) e C([ Ty, T,]; H™'), we have

(2.10) oty — ov(ty) in H™1 (n'—o0).

2.9) and (2.10) give us

(2.11) ut,)—w in D'(R") (n'>w0),

(2.12) u(t,) — v(ty) in 2'(R") (n'->ow).

By (2.11-12) and the uniqueness of limit we obtain v(t,)=we L2. Moreover,
(2.13) [o(to)llp2 < lim inf lo(t,)] .2 = K,

which contradicts the assumption of t;. Accordingly, we conclude that (2.8) holds

for all te[T;, T,].
We next prove that v(t)e C ([T}, T»]; L?). For any t,e[T,, T,], let {t,}
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be an arbitrary sequence —[T;, T,] such that 1,—t, (n—0). Since v(f) e C([T},
T,]; H™!), we have

(2.14) (v(t,), ¥) — (o(to), ¥)  (n—o0)
for y e H'. By the boundedness in L? of {1(t,)} and (2.14) we obtain
(2.15) u(t,) — v(ty) weaklyin L?2 (n-o0),

which implies the weak continuity in L? of v(t) at 1=1¢,. Since ¢, is an arbitrary
pointin [T}, T,], we conclude that v(t) e C ([T}, T,]; L?). Q.E.D.

Finally we describe the results of Ginibre and Velo [2] concerning the unique
global existence of weak solutions for (1.1)-(1.2). We first formulate this problem
precisely. We consider the integral equation

(2.16) w() = U(t—tohug — ij’ U(t—1)f (w(t))dr,

as the integral version of the initial value problem (1.1)-(1.2). For (2.16) we have
the following proposition (see, e.g., [2, Theorem 3.17).

Proposition 2.5. Assume that 1<p<1-+4/n. Then, for any toe R and
any ug € H! there exists a unique solution u(t) of (2.16) such that

(2.17) : u(t)e C(R; HY),

(2.18) lu(dll2 = lluollr2s teR.

§3. Proof of Theorem 1.1.

In this section we give a proof of Theorem 1.1. By I, and I, we denote an
open interval (t, —1t, t,+1) and a closed interval [t,—t, t,-+1], respectively, for >
0. Let r= Alp+1) throughout this section.

n(p—1)
We first prove the following result concerning the unique local existence of

L2-solutions for (1.1)-(1.2).

Lemma 3.1. Assume that 1<p<1+4/n. Then, for any tye R and any
uo€ L? there exists a T=T(p, n, A, ||uo||2)>0 such that Problem (1.1)-(1.2)
has a unique local solution u(t):

3.1 u()e CIr; L?) n L'(Ig; L7*Y),

3.2 u(t)y = U(t—ty)ug — ift Ut—1)f(u(x))dr, tel,,
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where the integral in (3.2) is the Bochner integral in H™'. Furthermore, the
solution u(t) satisfies

(3.3) lu@®l 2 = luolls, telr.

Proof. We consider the following integral equation:
G4 ult) = Ult—to)hwug — if’ U(t—0f )z, j=1, 2.
to

By Proposition 2.5 we have the unique global solution u (1) in C(R; H') of (3.4)
for each j. Let p=uyf.. By d we denote the constant appearing in (2.2) with
4(p+1)

=p+1and r= — .
=P n(p—1)

(35) M = {U(t)ELOO(IT; LZ) n Lr(IT; Lp+1);

“v“L""(IT;LZ) =p, “U”L’(IT;LP”)éz‘Sp}a

We note that é depends only on n and p. We put

where T is a small positive constant to be determined later. We note that by
Lemma 2.3 M is closed in L'(I; LP*1).
We first show that if T is sufficiently small, then

(3.6) uft)eM forall j.
By (2.18) we have
3.7 ”uj(t)”L2 = “hj*u0”L7- < lluollpe, tely,

for all j. We define #5(t) by
uft), telg,

(3.8) as() = [
0, t &1,

for s=0. By (3.4) and (2.1-2) we have for s with 0<s<T
(3.9 Nl r g o4ty < 0p

t
+ C(IL [t =2 =25 DY f(u (D) pavswdll ey

400
S op + Cllf_oo |t =] =02l @D s o +1d] iy

< 0p + Cl 5| La,r.Lo+1y

é 6/) + CH”jHZ%(ls;LP*l)’ J = 19 2"":

_ 4p( p+1) : . . .
where q, = nFd—(n—4)p Here we have used the generalized Young inequality




Nonlinear Schrédinger Equations 121

(see [12, §4 in Chapter IX]) at the third inequality. We note that 1<gq, <r for
l<p<1+4/n. On the other hand, we have by Hdlder’s inequality

tots 1/42
G10) ulimsirnrn S| de) Pl

to—s

=< CT”qz“ujHLr(Is;LP“)’ 0Ls=sT, j=1,2,,

where q,= ”’ﬁfl-éflénipf and C=C(n, p). (3.9) and (3.10) give us

G11) Nujllprrgre+y £ 0p + CoTP 2\ ugllfrer  po 1y,
0<s=T, j=1,2,-,

where C,=Cy(n, p, ). Now we choose T'>0 so small that there exists a positive
number y satisfying CoT?/%2y?+5p—y<0 and 0<y=<2dp. For that purpose,
it is sufficient to choose T>0 so that

(3.12) T < (2C,(28p)P=1)~ %217,
Then we put
(.13) Yo = min {26p=y>0; CoT?/%yr+5p— y=0}.

Putting X ;(s)=[lu;]| rs,;10+1), We have by (3.11)
(3.149) Xis)Sop+ CoTP X (s), 0=s=T,
(3.15) X0 =0,

for all j. If Tis chosen so small that (3.12) holds, then by (3.13) and (3.14-15)
we obtain

(3.16) X[()SyoS20p, 0SSST, j=12:
From (3.16) and Fatou’s lemma it follows that
(3.17) Ml Lrppsie ey < 20p, j = 1,2,

By (3.7) and (3.17) we obtain (3.6), if T'is chosen so small that (3.12) holds. From
now on we assume that T is chosen so small that (3.12) holds. '

For any j and k, in the same way as (3.9-11) we have by (3.4), Lemmas 2.1,
2.2 and the generalized Young inequality

(3.18) “uj_uk” Lr(I7;Lp+1) < K(j, k)

+ O p= o) )= f Dl ol
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< K(j, k) + C|}ﬁ |t — |12 0l (1)

X (lufDI =4+ lud N4 ) lu(0) —ud D) o+ sl Lrr
< K@, k) + CllulEalirese < Tl Eaicrrioen)

X Huj_uk”Lfll(lT;LP“)

< K@, k) + CoTP1(|lu gl e rso s vy + Nl Edipsneo 1))

X Huj—uk”L'"(I—p;LP“)

< K(j, k) + COTp/qz'2(25p)p_1“uj_uk”L"(lT;LP“) »

4p(p+1) -4
i ntd—m-4p’ 12T H¥d=np and
Co=Cy(n, p, 2). We have used the generalized Young inequality at the third
inequality and have used Holder’s inequality with 1/q,+4q,/r=1 at the last

inequality but one. If we choose T so small in (3.18) that

where K(j, k)=5”hj*”o—hk*“o”u, q,=

(3.19) CoT?/%.2(28p)P~! < %

then we have by (3.18)

(3.20) fuj—ugllrrpyoeeny S 2K(j, k)

for all j and k. Since K(j, k)—>0 (j, k—c0), we have by (3.20)

(3.21) “uj_uk”[j“(IT;LP“) — 0 (j, k—>0c0),

if Tis chosen so small that (3.19) holds. Furthermore, we have by (3.4), (3.21),
the Sobolev imbedding theorem and Holder’s inequality

(22) () —ut), ¥

< ety = hyrttol Wl

[ et ~faon, v
< Ihyeito—hyritgl ¥l

T ) =S Vi1 U= DY i
< [hywato = hystg 2

+ Cl e [ QO+ @15

X ”u_](‘c) ~u()| o +1d7
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= “hj*”o“hk*“o”u”'//“u
+ CT%“‘PHEH'2(25P)p—1”uj“uk”Lr(IT;pﬂ)

— 0 (j, kooo) uniformlyin tel;,

4+ (n+4)p—np?
4(p+1) )
+4/n. Since by Proposition 2.5 u(t)e C(Iy; H™') for any j, (3.22) implies that
{u; (1)} is the Cauchy sequence in Cr; H Y.
Therefore, by (3.6), (3.21), (3.22) and Lemma 2.3 we obtain the solution u(z)
of (1.1)—(1.2) such that

for Y € H!, where g;= We note that ¢g;>0 for 1<p<l1

(3.23)  u(®eL (Ir; L?) n L'(Ip; Lo n Cp; HY),
(3.24)  u(t) = U(t—to)ug — if’ U= f(u()dr, tely,

(3.25)  u(@®)llr2 = llugllp, ae. tely

(3.26)  u f)— u(t) in L(Ip; L#*Y) and in C(p; HY) (j->),

where T'is a positive constant with (3.12) and (3.19) and the integral in (3.24) is the
Bochner integral in H™!. (3.23), (3.25) and Lemma 2.4 imply that

(3.27) u( e C,(Ir; L?)

and that for all t € I (3.25) holds.

We next show that the solution satisfying (3.23) and (3.24) is unique. Let
u(t) and o(f) be two solutions satisfying (3.23) and (3.24) with the same initial
datum. We put t;=sup {te[0, T]; u(s)=uv(s) on I,}. If t,=T, then u(t)=uv(t)
on Iy, which is the desired result. If ¢; <T, in the same way as (3.18) we have
by (3.24) and the assumption of ¢,

(3.28) ||““U”Lr(1t1,12;Lv+1) = “”_U”L'(Itz;LP”)
< C(t =)' 2((lull oy, ne sy HHOIErsy, er 1)

X Nu—=0l1rzy, 1,500+ 1,e(ty, T],

where q2=ﬁrff—n;, C=C(n, q, pyand I, ,,=(—1t;, —1;)U(t;, t,). We can

choose t, such that f,>t; and the coefficient of |u—v|lir(s,,,1,:00+1) is smaller
than 1/2 in the right hand side of (3.28). Then,

(3.29) lu—vllLrryeysee+y S 0,

which implies that u(f)=v(t) on I

ntoe This contradicts the assumption of ¢;.
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Therefore, u(t)=uv(t) for te 5.

Thus, for any t, € I; we can uniquely solve (1.1)-(1.2) in the time interval
[t,—T, t,+ T] with the initial time ¢, and the initial datum u, replaced by t; and
u(t,), respectively, where T is the sameas in the case of the initial time ¢, and the
initial datum u,. Therefore, reversing the roles of 0 and ¢, we obtain the reverse
inequality to (3.25) for all tel;. Accordingly, we obtain (3.3). (3.3) and
(3.27) give us

(3.30) u()e C(I; L?).
This completes the proof of Lemma 3.1. Q.E.D.
We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. The unique global existence of L?-solutions for (1.1)-
(1.2) follows directly from Lemma 3.1, which shows the unique local solvability
in L2 of (1.1)~(1.2) and the a priori bound of the L2-norm of L?-solutions.

It remains only to prove the continuous dependence of L2-solutions on the
initial data. Let uq;, j=1, 2,---, and u, be such that ug;, useL? and ug;—>u
in L? (j—>o0). Let u ) and u(t) be the global L2-solutions of (1.1) with uyt,)=
uo; and u(ty)=u,, respectively. We put p=sup {|luollL2 l[tg;lL2 j=1, 2,---}.
For this p, let T>0 be defined as in (3.12) and (3.19). Then, by using the same
argument as in the proof of Lemma 3.1 we have

(3.31) ut)y— u(t) in C(I;; HY) (j—w)

(see, e.g., (3.22) and (3.26)). Particularly, we have

(3.32) (uy(), ¥) — (u(t), ¥), tel,

for y e H. By (3.32) and the boundedness in L? of {u (1)} we obtain
(3.33) u ) — u(t) weaklyin L2 (j—-oo), tely.

On the other hand, we have by (1.5)

(3.34) lu Dl — Ju@l2 (joo0), teR.
Therefore, (3.33) and (3.34) give us

(3.35) u)— u(t) in L* (j—o0)

for each tel;. The length of T is determined only by n, p, 4 and p (see (3.12)
and (3.19)). By the L?-norm conservation law (see (1.5) and (3.3)) we see that
sup {[lu()ll 2, llu )l j=1, 2,-+} is constant for te R. Accordingly, we use
the above argument with the initial time ¢, and the initial data u,, uy;, j=1, 2,--,
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replaced by to+ T and u(to+T), ufty+T), j=1, 2,--+, or by t,— T and u(ty— T),
uito—T), j=1, 2,---, respectively, to obtain (3.35) for each tel,;. Repeating
this procedure, we obtain (1.6) for each te R. This completes the proof of
Theorem 1.1. Q.E.D.
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