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Stokes and Gevrey Phenomena in Relation to Index Theorems
in the Theory of Meromorphic Linear Difference Equations
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Introduction

This paper deals with the meromorphic linear difference equation

4, (Df+m)+dp (D +m—1D+ - - - +a(2)f(2)=2(2),

where the functions a,,, - - -, ¢, and g are holomorphic in a full neighborhood of in-
finity. If is well known that the equation admits m linearly independent formal
solutions (see for instance Birkhoff [3], Turrittin [13], Duval [5] or Praagman [10]).

Having determined a full set of formal solutions the question arises whether
these solutions determine a holomorphic solution in a neighborhood of infinity, or a
solution on a sector of C with prescribed asymptotic behavior, or perhaps reflect some
properties of holomorphic solutions. The last two questions have been discussed
thoroughly by Immink [7], although some problems remain open. The general
opinion on the first question is that formal solutions almost never converge, although
I have not found a rigorous proof in the litterature.

In § 1 this question is related to the existence of flat solutions of a homogeneous
equation, that is solutions which tend to zero very rapidly if the argument tends to
infinity in a given sector. In §2 some of the results of Ramis [12] are extended to
differential operators of infinite order, and in § 3 these results are applied to difference
operators. This yields that formal power series solutions of linear difference equa-
tions satisfy a growth condition of Gevrey type. In §4 a number of examples is
treated, for which both the sheaf of flat solutions and the Stokes directions are de-
termined. The main theorem on the Stokes directions follows in § 5. In § 6 the
link with § 3 and the original problem is established in the determination of the
cohomology group of the sheaf of flat solutions, and of the significant réle of the
Stokes directions. Finally in 7 the main theorem is proved.

*®  This research was supported by the Netherlands Foundation for Mathematics (SMC)
with financial aid of the Netherlands Foundation for the Advancement of Pure Research (ZWO)
while the author was with the Department of Mathematics of the State University of Groningen.
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§ 1. Solvability of equations in a subspace

Indices. (For more properties and more details consult Ramis [12] ch. 0). Let
M and N be linear spaces over C, and L a C-linear mapping from M to N, then L is
called of index, if either dimgker L or dim, coker L is finite, and of finite index if
both are finite. If L is of index, then the index of L is defined by X(L, M, N)=
Xyn(L)=dimg ker L—dimgcoker L e [— o0, oo]. If M=N then I write X,(L).

Now assume L: N—N, and M C N with LM C M, and consider the equation.

Lx=y, ye M.

If x e N solves this equation, the question arises whether x e M or not. Clearly the
dimension of the quotient space L~*M/M gives a measure for the solvability of the
equation in M compared with the solvability in N. Since L-*M/M=Xer (L, N/M),
where the induced map on N/M is still denoted by L, define the solvability index of
L with respect to M and N as ¢, ,(L)y=dimgker (L, N/M). If L is surjective on N/M
then ¢, (LY=Xy,u(L)=%4(L)—X,(L). The following lemma gives a criterion for
the surjectivity of L on N/M (for the definition of the topological vector spaces, see
Grothendieck [6]):

Lemma 1. Let N, and N, be two Banach spaces (resp. Fréchet spaces, resp. duals
of Fréchet-Schwartz spaces) over C, and M, and M,, too (N, and M, (resp. N, and M)
need not be of the same type, N, and N, (resp. M, and M,) do). Let the following
diagram of continuous C-linear mappings commute:

1
M1—1>N1

lLl le
I,

M,——>N,

and assume that I, and I, are injective, I, M, is dense in N,, and L, is of finite index.
Then the induced map L, maps N,/ M, onto N,/ M,.

Proof. Although the formulation is more general then in Ramis [12] Lemma
0.13, it is in fact proven there.

Formal power series and asymptotic expansions. Let O be the sheaf on C of
holomorphic functions, and O the completion of O, the stalk in zero, with respect to
the valuation v: v(3 7., a,t’)=n, if a,70; Q =C[[¢]] the ring of formal power series
over C. Let S denote the unit circle in C, S={t ¢ C||¢|=1}, equipped with the in-
duced topology. For @, 8, Re R, f—a<2z, R>0, U,, will be the open subset of
S defined by U,,={te S|la<largt<g}, and V,;, the open subset of C: V ;o=
{teC||t|1<R, t/|t| e U,
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If fe O(V,;z) and there exists an f = > 5.0f;t such that for all n e N and all
¢>>0 there is an R’< R such that for all t e V_,,.

t'"(f(t)—;ﬂﬂ) <,

then fis said to have the uniform asymptotic expansion f on Vg f~ f It is well-
known that if f'~ f, then £ is uniquely determined by £, and that for all fe Q there
exists an f'e O(V,;) such that f~ f on Vasr-

Clearly the functions having a uniform asymptotic expansion form an injective
system with respect to decreasing R, and a projective system with respect to increas-
ing f—a. Define

A(U,p)=1lim lim{f € O(Vr«m)laf € Q such that f"’f on Vi, g}

where the direct limit is taken over all R>0, and the inverse limit over all 7, §
satisfying <7 <6<8. Let 4 be the sheaf on S generated by the 4(U,;) and let 4,
be the subsheaf of flat functions:

AU ={f € AU\ =0}.

The isomorphism of malgrange. Let U={U,} be an open cover of S, and f, e
A(U,) satisfying f,,=f for all n. Then f,, ¢ U,N U, defined by f,—f, is flat: f,, ¢
AU, NU,), so {f,, U,NU,} defines an element of H'(S, 4,). In fact there is a
welldefined map .#: O—H(S, 4,) based on this procedure: Let fe 0, choose a
cover U of S and £, ¢ A(U,) such that 7, =7, then the image in H(S, 4,) is inde-
pendent of the choice of the cover and the choice of the f,, and the following holds:

Lemma 2. The sequence 0——>Q——>QA_—$1—>H (S, A))—>0 is exact.

The proof of this lemma and the definition of % may be found in Malgrange
o181

The base injection. Let L be a C-linear map on the sheaf 4,. Define K* as the
sheaf Ker L, I* as the image of L and C* as the cokernel of L. Applying the global
section functor to the exact sequences of sheafs:

0——Ktf——>A4,~—>1*——0,

and

0 I* A,—>Ct—>0
yields the exact sequences (since 4,(S)=0, and H*(S, X)= 0 for any sheaf X):

0—> HY(S, K%)—>H!(S, A)—>H(S, I')—>0,
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and
0—— HYS, CHy—>H'(S, I")—>H'(S, A,)—> H(S, C*)—>0.

This yields Ker (L, H'(S, 4,))=H'(S, KX@H(S, C*). So if L* is the map on Q/Q
induced by L and . in Lemma 2 one finds

Lemma 3. Ker (L*, 0/0)=H'(S, KX@H(S, C%).
Corollary. ¢y4(L*) >dim¢ H'(S, K*).

Gevrey classes. Let O, ={f=>7.f;t' e O3 7., f,(j)'~*t’ e O}and O ,, ={f=
S fitl e Q | > f(j 1) °tf e O(C)}. Formal power series satisfying this growth
condition are called Gevrey of order s (resp. (s)). They are closely related to analytic
functions satisfying a growth condition: for s>1 let

A(U,)=1m lim {f &€ O(V;,)|34, C & R: Vt € Vyyp, p e NU{O}, |/P(1) <C(p!) 47}

where the direct limit is taken over all R>0, and the inverse limit over all 7,8
satisfying @ <<7<<§<8. Let 4, be the sheaf on S generated by the 4,(U,,) and let
A,,=A,NA4,. Then one has:

Lemmad. a) A,CA,CAifs<t.

b) Iff e AU, thenfeO,.

c) O——>AOS—>AS——>QAS——>0 is an exact sequence of sheafs.

d) 0-+Q—>QA3—>H (S, 4,,)—0 is an exact sequence of C-linear spaces.

e) IfL and L* are as above, and moreover LA,,C A,,, KL, I* and CE are the inter-
sections of K*, I* and C* with A,,, then Ker (L*, 0,/0)= HX(S, K@ H(S, CE).

Proof. See Ramis [11].

Remarks. 1) Note that Malgrange’s definition of the irregularity of a differential
operator (Malgrange [8], déf. 1.5) is a special case of the solvability index. I avoided
the word irregularity, since there is already a notion of regularity for difference oper-
ators, which does not agree with the above definition.

2) Itis also possible, and maybe even better, to define the indices as plus or
minus a cardinal: the difference between the cardinality of a Hamel basis of the
kernel and the cardinality of a Hamel basis of the cokernel if these two are distinct.
The solvability index becomes plus of minus a cardinal, too in this way.

§ 2. Differential operators of infinite order

Ramis proved a number of index theorems for differential operators on rings of
formal power series of a Gevrey class (Ramis [12], Th. 1.5.9 and 1.5.10). I shall
generalize these results to differential operators of infinite order. Recall the
following definitions ([12], § 1.3).
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Definition 1. 2) For x=(k, p, #) € (0, o] X (0, o) X R and a=37,a,t' ¢ O,
lalle=22;1a;1(G D~ e (1 +j).
b) lL={aeO||al,<oo}.

Lemma 5. (Ramis [12] Lemmata 1.3.2 and 1.3.3, Immink [7] Lemma 16.1).

a) [ is a Banach space over C.

b) If k>«&" (in the lexicographic ordering) then I.=>l, and this injection is
compact.

©) [l is a C-algebra, and there exists a C e (0, oo) depending only on p and y such
that for all a, b e [,: {|ab||,<C||a|.||b|.-

From b) follows that the /, form an injective system for decreasing p, and a
projective system for increasing p. For the rest of this paper let k and s be connected
as follows: k=(s—1)~*, s=1-+k*, then these injective and projective systems define:

Definition 2. For (s, 4) € [1, o0) X (0, o) let QA,, 4- = lim /,, where the direct
limit is taken over all £ with k=(s—1)~", p>>1/4 and y arbitrary but fixed. And let

O s,4+,=1lim [, where the inverse limit is taken over the same values of «, except that
p<l/A.

Remarks. 1) Note that these definitions are independent of the value of s.
2) Note that O, =lim I, with p>>0, and O,,,=1lim /, with p< co.

Definition 3. a) D= Q[[t(d/dt)]] the skew formal power series ring of differ-
ential operators of infinite order with coefficients in 0.

b) B(l,,1,) is the Banach space of bounded linear operators from /,, to /.
The norm on B(/,,, /,,) is denoted by ||-||; e,
c) ﬁxlrz = ﬁ ﬂ B(lxl’ lxz)'

Definition 4. Let D=3, ; a, t/(¢(d/dt))" € D.

a) The Newton polygon of D, N(D), is the convex hull of {(x, y) ¢ RY3h, j e
N? with a,,0 and y=j, x<h}.

b) For all k¢ [0, ool, E(D)={(x, y) e N:NN(D)|(¢, y+k(t—x)) ¢ Int (N(D))
for all 1 € R}.

¢) (hy,J.) is point of E,(D) with the smallest coSrdinates.

d) kis called characteristic for D if E, = (#,, j,)-

e) D,, the k-th principal part of D is defined by

) A\l g\
D,= a, 17 t”k—) (t —) .
¢ <h,;')ze:Ek " ( dt dt
f) F,, e C[[£]], the k-th characteristic function of D by

Fep@)=8&" > a, 0ok

(h,7)EE
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E,(D)

— (2, )=y, jo)=E(D) for ke (3,4

Before I formulate and prove the main theorem of this section, let me introduce
some notation: Let D e D, then X (D)=x(D, Q). If D e DN End, _0:8 then X, (D)=
UD, 0,); likewise X, (D), X, 4+,(D), %,,(D) are defined while finally (D) =x(D, 0),
if De DNEnd,O.

Theorem 1. Let D=3, ;a,,t'(t(d/dt))" e D,,,,, t;=(k, p, ), x, = (k, p, p—h,
+j./k), and assume that there exists a r,> &, such that
D—D,eD

Assume moreover that F, ;, is holomorphic inside the disc |&|<p, then for A>1/p:

a) X, 4-(D) equals minus the number of zeroes of F,, p,, counted with multiplicity,
on the closed disc |&|<1/A.

b) X, 4+ y(D) equals minus the number of zeroes of F, 5, counted with multiplicity,
inside the open disc |&|<{1/A.

K1Kg"

Proof. (Compare Ramis [12], §1.5.) By Lemma 5.b D— D, is compact in DA,W,
so if D, is of finite index, then X(D, [, [,)=X(Dy, L, [.,). Since F, , is holomorphic
inside |&|<p, it has only a finite number of zeroes on |&|<<1/4. Write F ,(&)=¢&%
[12.1 (8 —&,)f(£), f having no zeroes on ||<1/4, then D, may be written as

(e et
D tnljlt dt )/ al\' @

By direct calculation one verifies that X, , (¢)=—1, that X, ,_(¢(d/dt))=0, and
that for k e N, X, ,-(t'**(d/dt))—¢&,)= —k if |&,|<<A~*. Using a substitution u=1*
one establishes that for ke Q, X, , ([[2., (¢***(dldt)—&,))= —kN if |§,|< A" for
all n. So, using the additivity of the index (X(MN)=x(M)-+X({N)), a follows
if %, 4-(f(¢'**(d/dt))=0.

Since f(0)+£0, f(¢:***(d/dt)) is a bijection on Q, its formal inverse being
1/f(t***(d/dt)). Since 1/f(£*) is holomorphic on a small neighborhood of |&|<1/4,
1f(@+(dldet)y= >, c,(¢***(d/dt))y", with |c,|<C(A—e)*". Further holds for all k=
(k, o, v) that t***(d/dt) e D,, and ||t***(d/dt)|.<(k+1)*¢* and hence || 1/f(z***(dd?))|.
< o0, if ¢ <1/(4—¢), implying that f(¢'~*(d/dt)) is a bijection of QAM_.
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A similar argument proves b.

§ 3. Linear difference operators

Let ¢: 0—>0 be the operator defined by §D(Z a;th)= Z a(t/(1+1))’, and @: Q
—O0 a difference operator defined by @=>T7 b, b, € O and b,b,,+0. ¢ is an
automorphism of O, and its extension to the quotientfield of O would yield ¢(1/f)=
1/t41; so the substitution z=1/¢ transforms @ into a formal linear difference
operator in the usual sense. The following lemma may be found in Immink [7} §16,
but it is more convenient to see it as a special case of Lemma 9 below.

Lemma 6. Let s>2 and A € (0, o), then:
a) ¢ is an automorphism on” QAE,A_, O uv, and Q(s).
b) Ifb, e O, 4-(resp. O, 4+)) then DO, ,-)C O, 4 (resp. D(O s, 4+) TO(s,4+))-

Due to the fact that p=exp (—t*(d/dt))=> 7., (—t*(d/dt))"/n! one may regard
@ as a differential operator of infinite order >, > 7, (—A)*b,/n!(¢¥(d/dt))". To
avoid possible confusion, I shall distinguish between the two expressions for @: @ =
S abagpt, D=3 o o (—h)"b,/n!) (¢(d]dt)) = 3070 a,(1*(d]dr))".  To simplify
the discussion I assume in the sequel that v(b,)=0 for some e {0, - - -, m}. Itis
clear in which way this effects the indices that I am going to calculate.

Lemma 7. For all ne N, there exists an h(n)e {0, --.,m—1} such that
U@y s n(m) =Mi0, ¢ 1 oy V(D).

Proof. Letb,=>70b,,t7, v=min, ¢y ... ., v(b,) and a,=>7,a,;t’. Then

a,;=0 if j<v and a,,=337 . (—h)"b,,/nl. Let A=y 5 Gyim_1,0)'> b= (b1

byt and S, =(5, )" o1 Sny=(—/)"**"/(n+h—1)!, then a,=S,b. Now det S,

is a Vandermonde determinant and therefore not zero, so b=S,'a,. Since b,,+0
for some 4, a,#0, hence v(a, , »,,) =" for some A(n).

Corollary. N(D) is bordered by at most m (or even —{-+%,/m) straight lines,
that is there are at most m characteristic values for D, and the largest one equals 1.

Lemma 8. Let ¢ be fixed, then

a) t(d/dt) e D,,, with & =£—(0, 0, 1) and | td/dt|.= 1.

b) teD,,, with ¥ =k+(0,0, 1/k) and |||, = p max (2#+%, 1),

¢) For all v<0, the injection I.—1,, .., has norm 1.

d) Ifael, and v(@)=1, then ||t all,_40,m<p ' max (274, Dal..

e) Forh=0,...,mleth, el and|\b,|.<B, then||> v o(—h)"b,|.<(m+1)"*'B.

This lemma may be verified by straightforward calculation. The next lemma
verifies the last condition needed to apply Theorem 1 to D.
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Lemma 9. a) Let b, e Q‘(MJ,) for h=0, - .., m. Let (s, A)>(2,0) and <
1/(s—1), 1/A, —o0); D=3, a,(t*(d]dt))", with a,= > " o((—h)*/nY)b,. Then D e
ﬁm, with g;=k—(0, 0, h,— j./k). Moreover, there exists a k,>«, such that D— D,
D,,,.

b) Ifb,e _0‘_3, 4—» then there exists a p,>>1/A such that the same statement as in
a) is true for e <(1/(s—1), p,, -— ).

Proof. Incase a) b, e, for all &’ <(1/(s—1), 1/A, — o0), and in case b) there
exists a p, such that b, e [, for all &/ <<(1/(s—1), g,, — c0).

(#%(d)dt))" maps I, into [, .0 amy» Which is contained in /, if n>>j,. So then
by Lemma 8

e n+1
< M—B(pC)"<oo

eer m=Jg n!

oo d n
n tz’—)
n;::a ( dt

where B=max||b,|l,, and C=max (2#*'/%, 1).

If n<j,, then v(a,)> j.+k(n—h)—n>0. Let v, be the smallest integer
such that v, >j,+k(m—h,)—n: Then ¢t "a, el , and t*~(¢*(d/dr))" maps [, into
lx—-(0,0,n—(n+’vn)/k); Here n — (n+v,)k <n—nlk :_jlc/k_n + by + nfk = h,— ji/k, so
a,(t*(d/dt))" e D,,, for n<_j, and therefore D e D,,. A similar argument for D— D,
yields that this operator maps /, into /,, with x,=x—(0, 0, i, — j./k) where (h.— j!/k)
<(h,— j./k) and hence g, > k;.

Theorem 2. Let =3 7", b,0" be a difference operator and D="73 7_,a,(t*(d/dt))"
the same operator written as a differential operator of infinite order. Assume b, e _O:S’ .
(resp. O, 4+,) with (s, A)>(2,0). Then

i) X ap+(@)> — oo for all (s, A)>(s, A) (resp. >(s, A)) and equals minus
the number of zeros of Fy,, p, inside the open disc |&|<A;'.

i) X, 4-(@)>—o0 for all (s,, A)>(s, A) and equals minus the number of
zeroes of Fy,, ; on the closed disc |&]< AT

In particular one has %, (®)= — j,, and X, = — ji.» k, the smallest characteristic
value for D exceeding k,.

Proof. The theorem follows immediately from Theorem 1, Lemma 8 and 9
and the definition of _OA_S,A; resp. O ,,a+y» O, and O,

The next theorem I prove will show that every formal solution of a difference
equation is Gevrey for a clearly defined s and A4, in accordance with the results for
differential equations (Ramis [12], théoréme 1.5.14). Therefore I need a couple of
preparatory lemma’s,

Lemma 10. Let @=> " .b,0" b, ¢ QAS,A_. Assume X, (D) and %, 4+ (D) are
finite. Then @ is surjective on the following quotient spaces:
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Ouin]Os5-  fordll (o, BY(s, 4),
O4is/0 5y for all (s, BY(s, A),
0,410, 5- for all (a, BY<(s, ),

0,405y  forall (s, BY(s, A).

Proof. As an inverse limit (resp. direct limit) of Banach spaces Q‘(s, a+ (resp.
QAS, 4—) 1s a Fréchet space (resp. the dual of a Fréchet-Schwartz space). So the lemma
follows by Lemma 1.

Definition 5. Let 0<A<co. If 1@, O ,.,/0, )0, then A4 is called a
k-exceptional value for @.

Lemma 11. Let @ e Q[gp]. Then X (D)= — j,.

Proof. Let D be as usual, then v(a;)= j,—i for only a finite number of ;. Hence
the argument of Malgrange ([8], Prop. 1.3) for differential operators of finite order
stays valid.

The next theorem states that any formal solution of a linear difference equation
is of Gevrey type, the exact type depending on N(D):

Theorem 3. Let O=> 7 b,0", b, ¢ Q(S,A+)f0r all h. Letfe Q satisfy @f e
QAM_. Then either

i) feO0y 5:)\0, 5- with (s, B)>max((s, 4%), (2, 0)), kK’ =1/(1—¢) a character-
istic value for @ and B a k’-exceptional value, or

i) feOuunUlu.

Proof. Note that for ¢>>2 there are only a finite number of k’-exceptional
values, while for =2 there exists a maximal 1-exceptional value. So for all (¢, B)>
max ((2, 0), (s, A)) there are precisely defined (s, 4,) and (s,, 4,) with k, and £,
characteristic, 4, and 4, k, resp. k, exceptional, and no such pairs in between such
that max ((2, 0), (s, 4)) < (s, 4,)<(g, B) <(s,, 4,) < oo (with a small abuse of notation).
Now assume fe _OA_,, »—» With possibly ¢, B-= oo and QAW=QA, and consider the exact
commutative diagram:

0—>0 .45y —>00,5-—>0,,5-/0,,45—>0

l@ l@ l@
0——)Q(sl,A:—)—>_0_ﬂ,B——_‘>Qa,B—/Q(S1,A1+)_>O

Then X, 7 (@)=X, 5-(P) by Theorem 2 and Lemma 11. Further, by Lemma 10,
one has that the third vertical arrow is onto and hence an isomorphism. This implies
that the first two kernels are isomorphic, so f € O,,, 45 Repeating this procedure
iffe Qsh 47 leads to the result.
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The next theorem calculates X,,(9)

Theorem 4. Let O=73 7 (b,o" be a difference operator, b, e _0:(2).
a) If v(b,)=0 for all h==l', and v(b},)=0 then X, (@)= (D)=0.
b) Otherwise X,)(9)= — co.

Proof. a) Write again D=3 >  a,(t*(d/d))", a,=> ™ ,(—h)"b,/h!. Then
D=3 7 a,(t*(d/dt))"=b,.o" is an automorphism of /, , , for all p and . Hence
Xy (D) =X,(D)=0. Further a,,=b,.,=#0, so j,=0, and thus X.(9)=0.

b) In case v(b,)=0forh e H, where |H|>2,then D,=3 = > .. (—h)"b,,/n!
X (t*(d]dt))" and F, p(8)=> nen bnoe™ " =[] (€7 ¥—21,). This function has infinitely
many zeroes in the finite plane, so X, ,.,(®) is decreasing to — co if 4—0 and from
the diagram

0 Q(2) ’Q(?,A-l') ’Q‘(Z,A'F)/Q(Z) >0

Lol

0 ? _0_(2) ’ Q(2,4+) ’ Q(Z,A+)/Q(2) ? 0’

it follows that X, (@) =2, ,+,(®)—X(®, QA(Z,“)/QA(Z)). By Lemma 10 the last factor is
nonnegative, so X, (9) <X, ,+,(@) for all A, which proves the theorem.

Remarks. 1) Since @ is injective if v(a,)=0, as one easily verifies, Theorem 4
implies that in case v(b,)=0 and v(b,)>>0 if h-=/’, @ is a bijection on QAS, 4-Tesp.
O s.us, for all (2, 0)<(s, A) < oo.

2) InPraagman[10] I defined a different Newton polygon for @:if @=>7 b, 0"
then N(®) is the convex hull of the m+- 1 straight vertical half-lines: {x=~Ah, y>uv(b,)}.
The condition in Theorem 4a may also be described by: N(®) has no edge of slope
zero. In §6 the significance of both Newton polygons will become evident.

3) Duval [5] works with the operator §=¢—1. It is not very difficult to verify
the her formulation leads to the same Newton polygon N(D), and that one obtains
without any problem the characteristic functions in this way.

Denoting the solvability index for a difference operator @ e O[y], with respect
tO Q and Qa Qs: Qs,A—-a Q(s,A+)7 _0:(3) by resp' ‘(@)’ ls(m)ﬂ !s,A—(@)a l(x,A+)(@) and l(s)(@),
one now has the following weak version of the main theorem of this paper:

Theorem 5. Let @ € Ofpl. Then
a) If N(®) has an edge of slope zero, then (D)= co.
b) If N(D) has no edge of slope zero, then (@)= 1,)(P).

Proof. This follows from Lemma 10, Theorem 4, and Remark 2.

Since this approach clearly does not lead to a determination of ¢(@) in the most
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general case, I shall use the basic injections, as explained in §1 to find a more
complete answer.

§ 4. Examples; Three elementary operators

In this section I shall compute the sheafs K7 (see § 1) for the operators @=¢—1,
O=¢p—c, O=¢p—t. Moreover I shall define Stokes directions and compute these for
all three examples. But let me start with the following characterization of the sheafs
A,y

Lemma 12 (Ramis [11] Theorem 2.4 (iv)). Let fe O(V,.z) Then f e A,,(U,)
if and only if for all v, & with a<<¥ <3< there exist R', B, C>0 such that for all
te Vig:

|f(O)] < Cexp (—BJt]™").

Corollary. For all s A, is a sheaf of ideals in A.

Example 1. Let me start with the most trivial example: @=¢—1. The equa-
tion @f =0 is solved by any ¢-periodic function. First some notation.

Definition 6. For all n e Z, let e,(t)=exp (2zin/t). Define an inner product by
()
{ey,, e,,):f (e, (e (—1t)/tDdt=,,, the Kronecker symbol. Note that the sub-

stitution z=1/t relates these definitionf to the usual definitions concerning Fourier
series. Conclude from that, that {e,, e, > is independent of the choice of x!. So if
fis an arbitrary solution, then f is holomorphic on a region of the type {— co <R,
<Im (1/t)<R,< oo} and then f=3>, .,{f, e.ye,, |{f; e,)|<CR(m)", Ce R, R(n)=
R, if n<0, R(n)=R, if >0, for an x in the region of definition of f. The question
is to determine those f’s which are flat in a certain region. Therefore the next lemma
is fundamental.

Lemma 13. Let u=3}, .,u.e, ¢ O{Im(1/t)>>R}). Then Ue A,(U,,) if and
only if u,=0 for n>0. Andthenue A,(U,,).

Proof. Letue A, (U,,). Then

»(z) o
te,(t) = u, en>en<t)=j u(e)e ¢ e
x

/0= Wa+n )
=I W(t)(1 = 56))ei3d3.
1/8) = (a/x)
Since u(¢/1—6t) € A,(U,,) for all § on the integration path, this implies that u,=0 if

n>0.
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On the other hand, let u=3, ,u,e,, and let |u,|<<R" for some constant R.
Then

[u(t)lg Z (Re—-ZnnIm(l/t))n:Re—ZnIm(I/t)/(I __Re—ZnIm(l/t))SCe—B/]tl’
n<0

for |¢| small enough and arg ¢ bounded away from 0 and z. Hence by Lemma 12
U € Ao(Uos) CAo(Uss)-

This lemma yields a complete description of K? for @=¢—1 (in the sequel I
drop the @ from the K if no confusion is possible). But before I state the theorem
let me define Stokes directions for @. According to Wasow [14] § 15, a Stokes ray
is a ray at which a solution changes its asymptotic behavior. A precise definition:
let K, be the stalk of K in e, and K;=lim,.,K(U,,), K; =lim,_, K(U,,), then,
identifying « with a direction in C':

Definition 7. « is a positive (resp. negative) Stokes direction for @, ¢ ¢ X*(D)
(resp. a € 3(9)) if K,#= K (resp. K,#K;). Z(@)=2*(D)UZ- (D).

The basic property of these Stokes direction is expressed in the following
lemma, which is immediate from the definition (here again I drop the @ from X):

Lemma 14. Let u € K(U,,), let <t <d<8 and assume (a, 71N 2+ =[5, )N 2"~
=@. Thenue K(U,).

Theorem 6. Let O=¢—1. Then 3*=53"=rZ, and K=K, is described by
Do use,| 2ut e O} if 2ma<a<B<(2m4 Dz,
n<0 n<0

K(U,5)=+0 if (@, N2+,
{Douel X utme O if Cm—Na<a<p<2mr.
n>0 n>0

Proof. Let 0<a<<f<=, and u € K(U,,), then the proof of Lemma 13 implies
immediately that u € K(U,,) and hence the Theorem is a direct consequence of
Lemma 13 and its companions on U,; where ¥ =max, and = (m- Dx.

Remark. Note that K, =0 for s<2.

Example 2. The next example is slightly more complicated, although it is again of
order 1 and has constant coefficients, too: Let @=¢p—c, ¢ ¢ C*. For simplicity write
c=e""" ge R,bel0,1). Solutions of @f=0 have the form u(t)= >, su,e,(t)c'",
with a growth condition on the u,. Since u,= <u(t)c~'/¢, e,> the following lemma
may be proved analogously to the proof of Lemma 13:

Lemma 15. Letu e O ({Im (1/£)> R}) be defined by u(t)=>3, . u,e,(t)e*=@+ 1t
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and let 0<a<B<r. Then u e A,(U,) if and only if u,=0 for all n>(—b-+a cotg ).

From this Lemma and similar lemma’s for mz <a <8 <(m- 1)z follows imme-
diately:

Theorem 7. Let O=¢p—e**“** ge R, be[0, 1), (a, b)=+(0, 0).
i) Ifa=0, then 3*=X=xZ, and K=K, is described by:

{er=2t Sy e | > u,t " e O}, if 2mr<a<f<(2m+ D,
n<0 n<
K(Uaﬂ): 09 lf‘(a, ﬁ)ﬂz$¢7
{e## S e | >t e O}, if Qm—Dr<<a<f<2mn.
70 n=0
i) If a<0, then XY={a ¢ R|b+acotga € ZU{x oo}}, 2*=3N(0, z]+27Z),
>-=3N(—r, 0]+2xZ), and if a)=b+acotga then K=K, is described by:
Ki={3 e, St~ € O, f=exp (2n(a+ (b—ent @)D/},
n<0 n<0
if 2mr <a<B<(@2m+ Dz,

0’ if‘((x: ‘8) ﬂ ZTEZ# g’
Ky ={2 uenf1 2 i € O, J=expQa{a+(b+ent[—v(B)Di)/D)},

if Qm—Dr<a<f<2mr,
K NK;y i 2ma<a<2m4Dz<f<@2m-42)r.

K(Uaﬁ)z

iii) If a>0, then X={a € R|—b+tacotga e ZU{+oo}}, 3" =2 N([—=, 0]+
2zZ), X-=3N(0, z]+2xZ), and K=K, is described by (v as above):
K; = (T tnenf |11 7" € O.f =exp (26(a-+(b—entb(ED/1):
if 2mr<a<B<(2m-+Dr,
0, if (a, pNa+22Z+#0,
K:={> ue.f]> u,t" e O, f=exp Crla+b-+ent[—u(@)]i)/t},
n>0
if Cm— De<a<<f<2mr,
K:NK; if Cm—Dr<a<2m<p<(2m+1).

K(U, 5=

Remarks. 1) Note that again K, =0 if s<2.
2) In case a=0, X is finite, but if =0 X is a countable set, and zZ is the set
of accumulation points for 2.

Example 3. The last example is the operator @ =¢— ¢, which has the I"-function
as solution: if Qu=0, then u(#)=>", ., u,e,(t)/['(1/t), with some growth condition
on the 7,. Tn this case it is difficult to determine the sheafs K, completely, but the
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Stokes directions may be calculated.

Theorem 8. Let @=¢—t. Then 3* =[—x/2,0]1+2zZ, 3~ =[0, n/2]4+2xZ, and
K,=0if @ e [n/2, 37/2]+ 2z Z.

Proof. Let a € (x/2, n), then I'(1/t) e 4, ,, so if u e K, then u(t)['(1/t) e 4, ,.
So by Lemma 13 u(#)=>_, u,e,(t)/'(1/t). Assume u,=0 for n>h, u,#0. Then
u(t)=(,e, ()T (1/))(14+v(2)), with v(#)—0 if +—0. Hence u ¢ 4, ,, and thus u,=0
for all n. The same reasoning for « € (r, 37/2) yields that K,=0 if @ € [z/2, 37/2].
Thus [#/2, 37/2]+22ZN 2 =@.

To prove the statements on X, one has to prove that for all & € (—=/2, z/2)
there exists a g-periodic function which has the same growth rate as I'(1/¢) if t—0
along the ray arg t=«. Or equivalently: construct a function v which grows as

(log [#]y=!!.
Define:
u(t)= ﬁ (1+a,t), a,=exp(—exp(n)), 1>0.
n=0
This infinite product converges: if t ¢ {—a;*, —a;%, -+, —a;?, -- -} then

log | v(?)] =2010g]1+ant1g20an|t|<cm.

So v is an entire function of order zero, and v takes its maximum modulus values on
the positive real axis: max,,,_,|v(t)| =v(r). Letr>e, and N=ent[21"'loglogr].

Define:
N
v,(r) =TT (1+a.r),
v2(r)= H (1 +aﬂr):
n>N
Then:
a,- - 'aNrN+1<vl(r)<ao v -aN(2r)“"'-,
1<wy(r)<exp (1/(1—e™?),
and:

a,- - -aNsi: exp (—exp (An))=exp (——Zzi: exp /'ln)
=exp (— (exp AN+ 1)—1)/(e*— 1)) =exp (1/(e*— 1)) X (exp exp AN)*/@-¢5,

So there exist positive constants ¢,, ¢,, ¢,, ¢, depending on A, but not on r and N, such
that:
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CIRN+1— c2 <U(r) <C3(2r)N— 54’

which yields, after substituting N=ent [2~!loglogr], the estimate:
clrz—lmglog T-C2 < l)(}’) <c3(2r)2—110g10g r—cs
Let « € (0, z/2)+2xZ, and consider u(t)=v(e***)/['(1/t) in V, /oy n

[u(t)] <c exp ((log 2+ 27 Im #/|t (A" log @r Im #/|2]) —¢,))
X Kexp((Ret—1%)loglt|—Im rargt4-Re1)/|t])
<K’ exp (2(—2(w/2) sin arg t-cos arg t)|¢| ! log|t])
<K” exp (—Ljjt)),

if t—0, in a sector where (—2(z/2) sinarg¢t+cosarg?)>0. Sou e K, , if tga<{1/2x.
On the other hand, if €**/* >0 one has:

|u(t)| > K, exp (3(cos arg t—2(z/2) sinarg?)|z|-log|?]),

hence u ¢ K, if tgae>2/2x. This proves that o € X~ if tga=2/2x. Soif A varies between
zero and infinity & ranges through the set (0, z/2)+2#xZ. Similarly one proves that
(—7x/2,0)+2zZC2*. That 2zZC3* (N 2" is a consequence of the fact that periodic
functions are in general only defined on half planes while a holomorphic periodic
function defined in a small sector containing the positive or negative real axis is
entire. Finally, z/2 and —z/2 have to be included since the I" function changes its
asymptotic behavior at the imaginary axis.

The last thing to show is that « ¢ X* if € (0, z/2): Letu e K, and 7, § such
that 0<7 <d<a, and B, 5 such that 3<a <y and u e K(U,,). Let R be so small
that o(t) € V,, 5 if argt=y and t<<R. If R’ is small enough then there exists for
every t € Vi, an integer A(t) >0 such that t'=¢ " (t) € V¥, 5, and h(r) < H/|t|, where
H is a constant depending only on 3, 5, 7 and 6. Using the equation for u: Qu=0,
one gets

u(t)=u(p" (") =" (t")- - - t'u(t’).
Hence |¢]7¥|u(?)| < (148" |7 ¥|u(®)| <1+ H)™|t'|""|u(z’)|, and therefore u e K(U,;).

Remarks. 1. Note that K, =0if s<<2: If u(t)/I"(1/¢) e K,, then |u()|/|'(1/1)|
L Cexp(—B|t|™*), hence |u(t)<C’ exp(—B|t|"*—Bt|")=C"exp(—B|t|=*(1+
B'[B)|t|""**) < C’exp — B”|t|"* if k>1. Hence u(t) € A, ,, and hence by Lemma
13 u=0.

2. I have been unable to conclude whether K=K, here. The problem is that
there may exist a g-periodic function growing fast enough if Im 7—0 to disturb the
growth rate of the I'-function without disturbing its flatness. It turns out, however,
that this knowledge is not essential to prove the main theorem in §7.
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3. Essentially, nothing changes in Example 3 if one takes §=t"p—¢". Then
main solution becomes (I"(1/t))"*, leading to the same Stokes directions if m<n,
and to its reflection in the imaginary axis if m>n. This evidently still holds if m and
n are rational.

§ 5. Stokes directions

In the remainder of the paper let @=3>" b,0" € Ofp]. Itis well known that
the equation @f=0 admits m formal solutions, linearly independent over C[[e***/*]]
(Birkhoff [3], Turrittin [13], Duval [5], Praagman [10]). These solutions have the
form:

u (t)=(L(1/1))* (exp P,(t~7))t*Q (log 1),

where p e N, dividing Lem (1, ---,m), ¢, and d, € (1/p)Z, P, e C[X], degr P, <p,
P,(0)=0, and O, € O[X]. Let g,=degr P,, and let p, be the leading coefficient of
P,. One may assume that Im g, € [0, 2z) if g, =p.

Let o € R, and assume there exist 8,7 with §<<a<{¥ and Q, e A(U,;)[X] such
that 0, ~0, on Uy, and v,(t)=(I"(1/t))* exp (P,(t **))t°rQ, (log t) satisfies Pv,=0.
Then the v, form a fundamental set of sclutions on Uy, and

Theorem 9. a. o« € X% (D) if and only if at least one of the following conditions
is satisfied:
i) aenZ
i) d,<0 for some r, and a € [—x/2, 0]+ 2z Z.
i) d,>0 for some r, and « € [z/2, 7] +2zZ.
iv) d,=0, g,=p and Re 1, <0 for some r, « € (0, x)+2xZ and Im p,+Re p, cotgua
€ 2xZ.
v) d,=0,q,=pandRe p, >0 for somer, a € (—x, 0)+2xZ andIm p, +Re p, cotga
€ 2nZ.
vi) d,=0, q,<p, and « € (p/q,)arg y1, +3r/2)+(2zp/q,) Z.
b. « e X (D) if and only if at least one of the following conditions is satisfied:
1) aenZ
iy d,<0 for some r, and « € [0, z/2]+2zxZ.
iii) d,>0 for some r, and « € [z, 3x/2]+ 27 Z.
iv) d,=0,q,=p andRe p, <0 for somer, a € (—n, 0)4-2xZ and Im y, +Re p, cotge
€ 2rZ.
v) d,=0, q,=p and Re p1, >0 for some r, a € 0, )+2Z and Im 1, +-Re a, cotg ar €
2rnZ.
vi) d,=0, q,<p, and a € (p/q,) (218 pt, +7/2)+ 2z p/q,) Z.

Proof. Clearly zZ e 3+ N 3~ because of the regions of holomorphy and flatness
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of p-periodic functions. The function v constructed in example 3 yields for a suitable
choice of 1 the Stokes directions mentioned in ii) and iii) a and b, since P, and Q,
do not play any significant role in the estimates involved. For the same reason the
asymptotic behavior of v,, with d,=0 is completely determined by the leading coef-
fifficient of P,. ~Analogously to example 2 this yields iv) and v) of both a and b.
If g, <p then exp P,(t7'%) e 4,, if and only if Re(g-%/?)<0 for argt=a. So
Stokes directions are formed if Re (gt ~#/#)=0, leading to arg u,—(¢./p) argt e x/2
+xZ. And hence a €™ if ae(p/g,)(argy, +3z/2)+Q2pr/q)Z, and « e 3~ if
« € (p/q,) (arg p, +=/2)+(2pr/q,)Z. This proves the “if” part of the theorem.

Now assume u ¢ K, then u(t)=>"7,u,(t)v,(t) with u, ¢-periodic and v, as
above. Consider the matrix

(R X Q) IR () e

Since the v, form a fundamental set of solutions, this matrix is invertible (its deter-
minant is a Casorati determinant). Further the expression given above for v, yields

0 00) = (i = 2) - exp (BG4 D)) — PN jo)

X @, (log (/(jt+1)))/Q, (log v, ().

And hence the entries of the matrix above have a non zero asymptotic expansion
in U, and the same holds for its inverse (in both cases modulo an unimportant
positive or negative fractional power of ¢). Solving the equations

wm@:i@wmwmmmmm)

for u,(t)v,(t) yields that w.u, € K,. Hence the Stokes directions are completely
determined by the behavior of the separate fundamental solutions; which proves the
only if part of the theorem.

Remarks. 1) Apart from the phenomenon mentioned in Remark 2 following
Example 3 in the preceding section, the only flat solutions which are not in K, are the
solutions with d,=0, ¢,<p. This type of solution is only finite in number, and be-
longs to K, s=14-p/q, as is easily verified.

2) In the sequel it will be convenient to distinguish two subclasses of 3. For
ke(0,1) let ¥, = Uk~ (arg y, +(n/2) +xZ), the union taken over all r such that
q,/p=k. Probably this corrresponds exactly to the Stokes directions associated
with the solutions in K, s=1+-1/k, which are not Gevrey for smaller s.

3) Because of the special réle played by the real axis, and the unknown réle of
the imaginary axis, let 3, =(x/2)Z.
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4) The proof of the only if part of the theorem yields immediately the following
lemma:

Lemma 16. Let o € (8,7) and let v,, - - -, v, form a fundamental set of solutions
of Qu=0on Uy. Then K, , is the direct sum of V,, - - -, V,, where each V, is a cyclic
module over a suitable subring of the periodic functions, generated by v,. Moreover
V,=0ifv, ¢ K,

The subrings mentioned in the lemma depend on d,, y, and «.

5) For « ¢ X, one may split the stalks K, in a direct sum: for « e (0, n)\n/2
(resp. (—=, 0)\ —x/2), let K% (resp. K¥)=@V,, the sum ranging over those r for which
d,>0, or d,=0, p=g, and Re p, <0; K* (resp. K2)=@DV,, for those r with d, <0 or
d.=0, p=gq,, and Re x4, >0; and finally K;=@V, with 4,=0, p>q,. Then by
Lemma 16 K,= K2OK"®K?. LetK?, K", K° denote the associated sheafs on S\expiX,.
The reason for these definitions lies in the pattern of the Stokes directions for these
subsheafs: on its domains S\exp iX, the sheaf K” has only positive Stokes
directions, while K" has only negative ones and K° has only the Stokes directions
2 kel0,1). K?, K2 K? are defined in the obvious way.

6) Note that K?=0.

§ 6. Cohomology

Using the Stokes directions determined in the preceding section, and the de-
composition of K defined in Remark 5 of that section it is possible to obtain some
information about the cohomology groups H'(S, K,). First recall (Immink [7] Th.
18.13) that for g € n/2+rZ and =S+ =, there exists a fundamental set of solutions
Uy, + -+, U, defined on U, of the form described directly above Theorem 9. The
implies that K,(U,;)=KX(U,)®KH U, »®K(U,,) if <a<6<7 and (&, 6) N xZ=0.

Lemma 17. Let (o, 5N 2, =0 and assume (a, §) contains at most one Stokes
direction of type 3y, k' € (k, 1). Then H'(W, K,)=0 for all finite covers W of U,

Proof. Without loss of generality assume that W={W,}, W,NW,=0if h ¢
—Ljij+1,ae W, geW,, and let W,=W,NW, ., if h<n. Letu, e K(W})
be given for A=1, -..,n—1. Write u, =u? +u?+u?, with u;, € K;(W;). Depending
on the position of & and 8 and the nature of the Stokes direction of type X', several
cases should be distinguished. Since all cases may be treated similarly, assume
(@, B)C(0, 7/2), and the Stokes direction of type X, is positive. Then:

Kx(W)=K: (U Wy, Ki(W)=K:(JW), K(W)=K(JW),
J>h J<h J>h
by Lemma 14. Defining &, =73 ;.5 U5 — 3 jon W3-+ <n U3 € K(W,,) yields

Up 1 — Uy =g+ U+ Up=1l,.
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Consequently one may restrict oneself to covers of the following type: For
aelX,UXg, K e(k, 1), let U, be a small sector containing e, such that no pair of
such sectors intersect each other, and let U=.5\ U, exp iw. Then one has to consider
covers of the type {U, U,}.

Distinguish three cases: s<(2, s=2 and s>2. From Lemma 12 and the form of
the v, one immediately derives K, =0 if s<2. So HYS, K,)=0 for s<(2.

If s>>2, let K,=K,/K,. K, is a sheaf of C-linear spaces, probably finite dimen-
sional. Anyway H(S, K,) may be calculated using the method of Bertrand [1], §2,
counting the jumps at the X', e (k, 1). This yields H'(S, K,)=C ", where n(s) is
the number defined by

ns)= >, #{2eC* F, ,()=0}, counted with multiplicity.
he(k,1)

Since 0—K,(S)—K,(S)—>K,(S)—0 is exact, H'(S, K,)= H\(S, K,)®C"®. Let me
concentrate on K,.

In this case the covers U=S\exp(ir/2)Z, U,, « € (z/2)Z suffice. Let the C-
linear map

g: @K, ,—> DK DKL,
where K™* and K”- are defined analogously to K* and K-, be defined by
Bluy, s, ug, u)=(v{, v7, V5, V3, U5, V5, UF, UF)

where u;, v; are defined in =jx/2, and the v? are as follows: u, ¢ K;,,, and u,=
uy” -, with w2~ and u}~ in K27, resp. Kj7,. Also u; e K, , and hence u,=u?2*
u;~ (Note that u2* does not have to equal u?7). But the nature of K**, u2* extends
to a flat solution on Uy, ¥=jn/2, §=(j+ Dn/2, and hence u2* € K% ,,,,,. With
these notations:

— D= __ 4D+ + gt gn—
Uy =U; — Uy, Uy =Uj7" —Ujyy.

Theorem 10. H'(S, K,)=coker .

Proof. Let U, U, be a cover as defined above. Let Ur=U,NU,, and U =
U,NU,, with U,C U;,. Consider the following exact commutative diagram.

0— >K,(U) K, (D)@K, (U)——>PK,(U)——>0
lﬁ
0—>DKIUDKHNU;) —>PKUNPKAU)—>PEKNUHDKHU;)—>0

Since the first column is an isomorphism by Lemma 14, the theorem follows by
taking the direct limit over all covers of the described type.
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Let me examine the examples of § 5 to get an impression about coker g.

Example 1. &=¢—1. Then K, ,,=K?,.@K}%,, and K3, C K7}, so f may be
restricted to 0 and z. Since K, ,=K, ,=0, and KJ'} =Kt =0:

H(S, K) = K- ©K3 = 0®0.

2z —

Example 2. ®=¢—a,la|>1. Again g may be restricted to 0 and z. Since
K,,=0, K, .=CIt, t7"], Kz*=KPF; =0, Kpt =K. =O[t""], and 8 embeds C[t, 17']

2yg — 2, r —

onto the diagonal of Ot *]@O[t -] by A(p(1))=p(t;Dp(t~Y:
H'(S, K)=0®O0.

Example 3. ®=¢—t. Again restriction to 0 and =. Since X, ,=0, and K, ,
is isomorphic to a subset of O(C*), characterized by a growth condition for t—0 and
for t— o0, while K7% and K% form a subset of O(C*), characterized by just one
growth condition for t—0 (resp. t—o0), here again H'(S, K,) has infinite dimension,
having an uncountable basis.

In general a combination of these phenomena occur. FEach v, gives rise to one
of these three phenomena. So:

Theorem 11. For s<2, K,= HYS, K,)=0, while for s>2, H'(S, K,) has an un-
countable Hamel basis over C. The injection H'(S, K,)—H'(S, K,) has an finite
dimensional cokernel.

Remarks. 1) In fact K,=0 for s<2 does not provide a lot information. One
might even rightfully ask about the definition of K, since ¢ does not map 4, , into
itself for s<2.

2) It is possible to give a finer filtration on 4, to clarify the r6le of the zeroes
of the characteristic functions and of the I factors involved. This leads, however,
to very tedious technical computations.

3) The shape of the Newton polygens N(®@) and N(D) determine in a certain
sense H(S, K,): every nonzero slope of N(®) gives rise to factor involving growth
condition as in Example 3 while zero slopes yield factors O @0. Whether these arise
directly, or by an embedding on the diagonal as in Example 2 may be seen from N(D).

8 7. The main theorem

As a direct consequence of Lemma 3 and Theorem 11 one has now:

Theorem 12. The solvability index of a difference operator @ e Oly] in QAS, (D)
= oo for s>2.
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