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On Some Nonlinear Evolution Equation
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§ 0. Introduction

This paper is concerned with the initial valued problem of the following nonlinear
evolution equation

0.1 oW (D) +Au(t) 3 f(1),  0<t<T,
0.2) u(0) =1y,

in a real Hilbert space H. Here oy’ is the subdifferential of a lower semicontinuous
proper convex function ¢ from H into [0, + o] for each 7 € [0, T, and A4 is a positive
definite self-adjoint operator in H. Under certain hypothesis on ¢°, 4, f(¢) and u, we
show the existence and uniqueness of a strong solution of (0.1), (0.2).

The equation (0.1) of the form (0.1) was investigated by H. Brezis [4], V. Barbu
[2] and T. Arai [1]. In these results it was assumed that ¢’=¢ is independent of ¢;
however, in [1] and [2] 4 may be a nonlinear subdifferential 9+r. It was required that
o satisfies some compactness condition in [2] and ¢ is positively homogeneous.of order
p>1in[1].

We apply our result to the following initial boundary value problem:

0<(ou/ot)(¢t, x) < h(t, x) for ae. (¢, x) e (0, T)X 2,

v(|0u/ot [P~ %0ulot) — du=f on {0<gufot<h},

v(|ou/otP~%ulot)— du=f  on {du/or=0},

v(|0ufotP~*0ufot) — du<L f on {gu/ot="h},

u(t,)=0 on (0, T)XQ,

u(0, x)=0 for ae.xe,
where £ is a bounded domain in R" with smooth boundary, 4 is in W*¥([0, T]; L*(2))
N LX0, T; H¥(2)), and »=0, p>1 are constants. Here # may be dependent on 7,
while the results of [1], [3] and [4] can be applied only when 4 is independent of z.

The contents of this paper are the following.

The section 1 contains a brief review of the basic properties of subdifferentials
of lower semicontinuous convex functions and positive self-adjoint operators. In the
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section 2 we state our main result. In the section 3 we consider the approximate
problem. And, in the section 4 we consider the convergence of approximate solution
and the uniqueness of the strong solution of (0.1) with #(0)=u,. In the section 5 we
illustrate our result by applying it to the initial boundary value problem for a certain
differential inequality.

Acknowledgement. The autor would like to express his gratitude to Professor H.
Tanabe for his kind advices.

Notation. We use the following notation throughout this paper. H denotes a
real Hilbert space with the inner product ( , ) and the norm | |. T is a fixed positive
number and C([0, T]; H) denotes the space of strongly continuous functions
u: [0, T]—H with the norm ||y, r1, 2y = SUP; 0,77 4(s)|. Moreover for 1 < p< + oo,
L?(0, T; H) denotes the space of strongly measurable functions u: [0, T]—H such
that |#|,p(, 7, my < + 0, where

([ as)” it 1=p<+oo.

ess. sup {u(s)| if p=+4 oo.
s€[0,T]

1u|LP(0,T;H) =

W#([0, T]; H) denotes the space of strongly absolutely continuous function u; [0, T
— H such that du/dt is in L*0, T; H) with the norm

[tls. 200, 71; 20 = | W 2o, 75 oy | 4] A | 2o, 7 -

§ 1. Preliminaries

In this section we collect some well-known results on the subdifferential of
convex functions as well as self-adjoint operators. For the proofs we refer to the
books of H. Brezis [6] and K. Yosida [10].

Let ¢ be a proper lower semicontinuous convex function from H into (— oo,
+ o0]. The effective domain D(p) of ¢ is defined by

D(p)={u € D(p); p(u) <+ oo}.
For each u e D(¢p) the set
do(uy={f e H; o(v)— pu)=(f, v—u) for all v e H}

is called the subdifferential of ¢ at « and the subdifferential operator dyp of ¢ is defined
as an operator which assigns to each u the set 9p(u). The operator 9y is a (possibly
multi-valued) maximal monotone operator with the domain

D(0p) ={u e D(p); dp(u) is not empty}.
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Hence, for each 2>>0, we can define a single-valued operator J,= (14 29¢)~* and the
Yosida approximation (3¢p),=2"(1—J,) of de.
Now, for each 1>0 and each u ¢ H, we define

(L.1) () =inf {p(v)+(22)ju—vf}.
Then it is seen that
(1.2 )= p(Ta0)+ Q) |u— T

Moreover we have

(1.3) oJa)<ew)<e@)  for ue H,
(1.4) o)t o) as 1}0 for ue H,
and

(1.5) 00, =(0¢);-

For a closed convex subset X of H let I, be the indicator function of K:
Lu=0 ifuek ILyu=occ ifuek.
Then it is known that
(1.6) Py=(1+21)"! for all 2>>0

is the projection operator onto K.
Next, let 4 be a self-adjoint operator in H with the domain D(4). The operator
A is called positive if

1.7 (Av, v)=0 for all v e D(A).

In this case 4 is a maximal monotone operator, and for each 1>0, 4,=A(1+214)*
is also self-adjoint operator, and is equal to the Yosida approximation of 4.

§ 2. Statement of the main result

We state our main result on the initial value problem for the equation (0.1).
We make the following assumptions.

(A.1) {p*:0<r<T}is afamily of lower semicontinuous convex functions from
H into [0, + oo] with nonempty effective domain and there is a function g € W2 (0,
T) having the following property (x);

(x) For each t,¢[0, T, v, € D(¢*) and t ¢ [0, T] there is an element v(?) € D(p")
such that



246 T. SENBA

(1) — vyl g (1) — (1) ('*(up) + D
and

P (W) =" (vy) +8() — g (1) (9" (V) + D.
(A.2) A is a self-adjoint operator and

(Av, )= C|vf for any v e D(A)

where C, is a positive constant.
(A.3) There exists a function a € L*0, T; H) such that
o' (1 4+ed) "(v+ea(t)<¢'(v) foranyve D(p"), te [0,T] ande>0.
Next we define the strong solution of (0.1) on [0, T].

Definition 2.1. A function u € C([0, T]; H) is called a strong solution of (0.1)
on [0, T7 if the following conditions (i), (ii) and (iii) hold;

(i) wuis absolutely continuous on any closed subinterval of (0, T').

(ii) For ae. t¢[0, T], u(z) is in D(A) and (du/dt)(¢) is in D{¢").

(i) u satisfies (0.1) for a.e. £ ¢ [0, T].

Our main result is the following,

Theorem 2.2. Assume that (A.1), (A.2) and (A.3) be satisfied. Then for every

f e W-¥([0, T1; H) and u, ¢ A(f(0)— R(B¢")), (0. 1), (0.2) has one and only one strong
solution u such that

" (i) Auel~,T; H),
(ii) u, A""ue C([0, T]; H),
(i) 7w eLl*0, T; H)
and
o) @) e LNO, T).
Moreover, if uy e A='(f(0)— R(3¢")), then
(i) ' e L¥0,T; H)
and

@) ¢ W) e L0, T).

Remark 2.3. The assumption (A.1) is a modification of the assumption of N.
Kenmochi [7] and Y. Yamada [9] in the z-dependence of ¢, and it is stronger than
that of Y. Yamada [9]. Further, in the case ¢’ =1Iy,, the assumption (A.3) is the
same of H. Brezis [5].

" Remark 2.4. In the case o' =I, we show that the conclusion of our theorem
holds under the following assumption (A.1").
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(A1) @'=Iy, for each t e [0, T'], where {K(r); 0<t< T} is a family of non-
empty closed convex subsets of H. Further, let P(r) be the projection onto K(z) for
every ¢ € [0, T). There exist a real number « € (1, o) and a nonnegative constant L
such that for each & e (0, 7/2) and v e C([0, T]; H),

f“ﬂ P(t+E0(6)— P(TYu(t) [edt < (LEY-.

§ 3. Approximate problems

Let u, be in D(4). In order to construct a strong solution of (0.1) with the
initial condition #(0) =u,, we consider the existence problem of the following approx-
imate equations.

@3.0) (1) +36 () + At 3 f(5),  O<I1<T,
3.2 10 =y, (=(1 ey,
for 0<e<1.

We consider the continuity of (¢+d¢®)~' with respect to ¢. The following
lemma is due to Y. Yamada [9, Proposition 3.1] (see Remark 2.3).

Lemma 3.1. Let {¢*; 0t < T} satisfy (A.1). Then, for each 0<e<1 and
ve H, (e40¢") v is strongly continuous in 0=t < T.

The following lemma is easy to show.

Lemma 3.2. Under the assumption (A.2), for each v e H and ¢>0.
[A0|Z C(1+eC) 7 v], 48] = C*(1+CP) v

From now on we write C,, instead of Cy(1+:C3)~17,

Proposition 3.3. Let f.e W"¥([0, T1; H) and u, e A=(f(0)— R(9¢")). Then (3.1)
and (3.2) have a unique solution u, such that v, is in C(|0, T]; H).

Proof. We can rewrite the equation (3.1) as follows.
(3.3) u(t)=(e+0p") ' (f(t)—Au.(t)), O0Zi<T

For each ¢e>>0 and ¢ € [0, T, (e +3d¢") "' and A4, are Lipschitz continuous operators on
H. Further, by Lemma 3.1, we can prove that there exists a unique solution u, such
that «/ is in C([0, T; H).

To prove the convergence of {1, ; 0<¢} we need the following a priori estimates.

A priori estimates [1].
In this subsection we consider some estimates for A.u,, »/ ¢ A¥*u, and #(0).
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Proposition 3.4. There is a positive constant R,=R,(|a|20, 7,1 |f w1200, 71100
| Au,)) independent of ¢ e (0, 1], such that

T
|A.u ()| <R, EJ A u(S)Pds< R, foranyte[0,T] andee(0,1].
0
Proof. From condition (A.3) it follows that

€ 1/2,,7 2 df1 2
GH  SarOf+ AP~ (), A (o)

< { L1477 sy aOF ), (1-+4) at)]

— (@O + 1 +ed)"a(t), Au (1))

holds for a.e. ¢ € [0, T].
Further, integrating (3.4) leads to

(3.5) [l s | A ©P S Cot [ ) A1,

for 0<<e<1 and 0<t< T, where

€= LA+ SO At 70+ 1+ COC3 s H i s
and k,(1)=|f"(¢)|+|a()| € L*(0, T). Therefore,

SAWISVE+ [ ko),

(3.6) [ aruordss 40P (vE + [ kas)’

Then the estimates of Proposition 3.4 follow from (3.6).

Lemma 3.5. |u(0)|<|w,| for any e>0, where w, is the element in H with f(0)—
Auy € 9p°(w,).

Proof. Since u, is in A7'(f(0)—R(3¢")) there exists an element w, e D(d¢°)
satisfying f(0) — 4u, € 3¢°(w,). Hence we have

({10 — Aug}—{f(0)— A up, —e1j(0)}, wy—1(0))=0,
which implies

[u0)|<[w,],  for any ¢>0.
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A priori estimates [11].
Next we consider the estimate of A", and ¢'(u)).

Proposition 3.6. There is a positive constant
Ry=Ry(|a| 20, 7 i1ys | [ lwvr.300, 73 15 182200, 790 | Alhe)s [ Wo)),
independent of ¢ e (0, 1], such that

| AYH(ui(-)) |22, rm=R,, Lo (- ) 12, <R,

Proof. Let 0<t<T, N an integer and §=t/N. Putt,=ok, k=0,1, -.-

Put

V()= S(s)—eu(s)— A.u.(s) € dp*(uifs))  forsel0, T].
We have for k=0,1, ..., N—1,
(3.7 e(ui(ty, ) —ulty), Uity )+ et ) —v.(ty), u(ty.1))

+ (A (Ut ) —ute)), ul(ty.))
=(f(te.) —f (), ullt.,))

Observe that
(vt ) —v(ty), ullt, =), u(ty ) —(.(2), ul(ty)
+ ), ulty) — 2+ (8), z—ul(t; 1)
for any ze H. Now, take z e D(¢™) so that
[z—u(te ) g (e ) — 8t (@™ (Uit o ) + 1)
and
P™M(2)— = Uity 1)) Z g (e ) — g ) (0™ (Uit . )) +1).
Then,
(3.3) et ) —ve(t), ulte.1)
=Vt 0, Uity 1)) — (8, ul(t)+ §0tk(u£(tk)) — SDtHl(u;(tk )]

—|g(t . )—g(t)] (SDtHl(ué(tkn))"l' )
— gt ) —g(te) I(ﬂotkﬂ(”;(tkn))"l‘ DY v (2]

Hence, we infer from (3.7), (3.8) that

(.9 (Dt )P+ Wltir s Ut ) — 2wty )+ 8] AUt )
S (/D ul(t)f + (o8, w(t)) — (1))

249
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+ol Aty Dlute ) — W (e, ) —u(1))/5)]

+0((f(t ) — F@D/3, ul(ty 1))

+ 018t ) — g (tD/B (" ity 1))+ 1)

+0l(g (1. ) — g (#/0(e™  uti 1))+ DV ve(ty) |
Adding there inequalities from k=0 up to N—1, we get

(G10) MO0, W)~ G +5 35 | A, )
< /2O + (2.(0), () — ' (O)
O At D) — () = (1))

03 Flty ) — Sl |0 1)

N-1

1)

%=

+ (g(t1) — 8@ /o) (g™ (it . )+ 1)

ro|

=)

N

iy

+—0 Kg(tkn)—g(tk))/auvs(tk)iZ'

k=

=

N =

Moreover we note that
©.(1), ul()) — ' WU(t) = (. (1), () — ¢'(q (1)),
where g e W¥([0, T]; H) with sup,_,-r¢"(q(¢)) < co; and
P W) =|v.()lg(s)—u($)| +¢°(q(s))  forallse[0, T].

The existence of such a function ¢ is shown in [10; Theorem 1]. Taking these in-
equalities into account, we deduce from (3.10) by letting N— oo that

G1D) ERNOr+ [ | Aruords
ZERF+ v e Ol O+ 9 @)+ [ [l ds
+[ CRIE IO +Ha®D+ o)+ 11

+[ a1 s
< (&2 (e )|+ | A +1.7O) Dl
(0 + A, +HFODg @+ @)+ [ 17Ol lds
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2 [ O+ A O]+ AN a6+ (@) + s

+ G/ [ OO+ A G+ OFds
hold for z ¢ [0, T]. Rearranging this inequality we see that
e+ [ | 4o
<k [ K @lds+ [ 16 {(3 o+ 2w )
hold for any #¢ [0, T] and e € (0, 1]. Here, for each ¢ & (0, 1] and 7 & [0, T], where
K = G/l e O) ] +1F Ol

el g )P+ (A (O] DDl O]+ 6@ 0)
+G/2) [ |g G g+ Dds

+[ 11O P+ s

+G2) [ 8O 4.61+ G Da)ds
koo () ={l/"(O1 + B/ &' Ol Acu O] + |/} +(3/2)e| g’ (1)] | g ().
By Proposition 3.4 and Lemma 3.5 there is a constant

Co=Cl| a2, 7;m5 | [ lwrr.2cg0, 73,00 | A5 |W0D

such that

SUP ¢ 0,131 Kze |00, 1y S Co

sup |k,, 220,790 = Con
£€ (0,13

Further, we note that ¢“(u/(¢)) satisfies 7
o (U= —eul(t) — Au (1), 9(t)—u(2))+¢(g(1))

foreachee (0, 1] and t ¢ [0, T]. Then we have the estimates of Proposition 3.6.

§4. Convergence of the approximate solutions and uniqueness

By Proposition 3.4 and 3.6 there exist a sequence {e(k); k= 1} (0, 1] converging
to 0 and a function u e W**([0, T]; H) such that
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“4.1) w_}cif?o U y@)=u(t) inH, for0Lt<T,

4.2 w-}cifri A1+ e(k)A) ',y (1) =AY "u(t) in H,

for 01T, |

4.3) W*_;E.IB A, ey =Au in L=(0, T; H),
4.4 w—ii_rg Wy=u in LX0, T; H),
4.5 W_Enl AV (14 e(k)A) 'l gy = AV in L*O0, T; H).

Now we set D(®)={v e L¥0, T; H); ¢'(v) e L'(0, T; H)} and for each v e D(®)

q)(v)=f:¢8(u(s))ds.

Then, we note that for ¢ e (0, 1] u, satisfies

(4.6) D(v)—D(u7) ZL[ (f(8)— Asu,(s)—eul(s), v(s)—ui(s))ds

for any v e D(®).
We can show that @ is a proper lower semicontinuous convex function from
L¥0, T; H) into [0, + co]. Therefore,

@7 lim. inf{ gos(u;(,c)(s))dsgIT¢*(u’(s))ds.

k — oo
Using there sequences, (4.6) can be rewritten as
D(v)— Q(u:(k))
T T
2[ G0 00 w0t — [ Auottanfo), vie)de

+I:(Ae(k)”a(k)(t)a Uy (1))dt +I:(5(k)u£(k)(t)’ U(t) —tt(2))dt

and
j (Auayttecn(0): ey ()t
—(1/2) || @) A0 (1)l

=(1/2)| Ayt oo (T) [ — (1/2)(Auy, (1 +e(k)A)utp).
Moreover, by (4.2),
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hm mf[A‘(i)u (D) = lim. inf | 4'2(1 4-e(k)A)~u(T)|
k — o
> | Au(T)).
Therefore, by (4.3), (4.4), (4.5) and (4.7), we have
T T T
(4.8) f " (v(s))ds — J gos(u'(s))dsgj (f(5)— Au(s), v(s)—uw/(s))ds, for v e D(®).
0 0 0
By (4.1)~(4.5) and (4.8) we can show u is a strong solution of (0.1) on [0, T7] provided
Uy € A7'(f(0)— R(9¢")), and that u satisfies (i), (ii), (iii") and (iv’).
Next we shall prove Theorem 2.1 for the case in which u, ¢ 47'(f(0)— R(3¢")).
Multiplying both sides of (3.9) by ¢,,,, adding the resultant ralations from j =0

up to N—1 and then letting N— oo, we have the following inequality in a way similar
to the derivation of (3.10):

(@9 CUOF+ [ 51470 s+ {(0.(0), ()~ @)
= 602) [[ @) s+ [ {0.6), wo)— g (e}
+ [ 507, w5+ G/ 18Ol i) + s
+012) [ slg@)lvoFds
< 62 [ oo+ { —e [[uio)pds— e,y

+ L v o (), 4 ) (FO), ) — j(f’(s) ua(S))dS}

[\)

1

+{ sirOlias+e2 [ slg)
S (g @)+ |16 +1 4,1, +L/E D] +]a ()] +1)ds
+G/2) [ sl OIEAOF + A O+ SO,
for 0<¢t<T. On the other hand
(4.10)  the first member of (4.9)
2 &P+ 10,0, 4O+ [ sl A ds— 19t (a(0)
> (et /DO — g (OF +( A (O +LAD DO}
+[ sl (o) pds—19(q(0)
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for 0<t<T. Rearrenging this inequality we see that
@1) P+ [ | v s
0
t ’ 3 3 3 ’ 2
<k @+ [ 5183+ + 2@ el s
0 2 2 2

[ 5{ 218611 A0 +LSOD @ s
hold for any 7 € [0, 7] and & e (0, 1]. Here, for each ¢ e (0, 1] and ¢ ¢ [0, T], where
ki) =19 QO+ 10O+ (41,0 + OO}
O 0 LSOV ]+ [[|S N+ 42,
+G/2) [ s OHe @) +( A (5) +1/ODlg(s) + s
+112) [ s1g' @1 AP+ s
By Proposition 3.4 there exists a positive constant

C3=C3(1a|L2(0,T;H)7 |f|W1.2(0,T;H)9 lglle(O,T)a | Auy))
such that

sup |k, |re, 0 = G
£€(0,1]

Therefore we have a positive
Ry=R|a|20, 7,1 | [ wi20, 751190 18 |1200,7)5 | AU])
such that .
T
(4.12) f 1| A0 () Pt < R,.
0

Let u, (i=1, 2) denote the strong solution of (0.1) on [0, T] with u,(0)=u, €
AY(f(0)— R(@¢%) (i=1, 2), and satisfy (i), (ii), (iii) and (iv). Then we have that

(4.13) | Ay (1) — up())] S| Aoy — Uo) |, for 0<t<T.

If u, is in A7*(f(0)—R(3¢")), then there exists a sequence {u,,; n=1}CA(f(0)—
R(3¢") satisfying lim, .., Au,, = Au, in H. Let u, be the strong solution with u,(0)
=1y, By (4.11) there exists a function u ¢ C({0, T]; H) satisfying -



On Some Nonlinear Evolution Equation 255

lim A?u,=A""u  in C([0, T]; H).

n—soo

Since R, can be chosen so as to be bounded when |Au,| is bounded, there exists
a positive constant R, depending upon sup,,|4#,,| such that

il
sup | {4 (t)[fdt< R,
0

Consequently, we have

w=lim A%y, = A% in L¥§, T; H), foreachde (0, T).

700

Hence,
T
j 1| A ()Pt < R,
0

Thus we can show by an argument analogous to that for the case u, € 4~'(f(0)—
R(3¢") that u is a strong solution which satisfies (i), (ii), (iii) and (iv).
Finally we can prove the uniqueness of Theorem 2.1 by using the following
inequality.
| 4", (8) —un(2))] S| AV (i) —ups))|,  for 0=s<r<T,

where u, (i=1, 2) denote the strong solution of (0.1) on [0, 7] with u,(0)=u,, €
A~(f(0)— R(9¢") (i=1, 2) and satisfies (i), (ii), (iii’) and (iv’). Q.E.D.

§ 5. Application

In the section we apply Theorem 2.1 to the initial boundary value problem for
the following differential equations.

Let 2 be a bounded domain in R™ having a sufficiently smooth boundary. We
put 0=(0, T) X 2 and X =(0, T) X Q2. Consider the following initial boundary value
problem;

0<u,<h on Q,
v|u,P-u,—du=f  on {0<u,<h},
v|uPu,—du<f  on {u=h}
v|u P u,— Ju=f  on {u,=0},
u=0 on X,

u(0, )=u, on 2,

(Ex)

where >0, p>1 are constants and u,(x), A(?, x), f(¢, x) are given functions.
Then we have the following result by applying Theorem 2.1;
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Corollary 5.1. Let u,, f and h be given functions satisfying

he W0, T]; L(2)) N L0, T; H*(2)
Ah(t, x)<0 forae. xe andae tel0,T]

Then there exists a unique solution u of (Ex) with the following properties;
(i) ueC(0, T]; H(2)) N L=, T; H(Q)),
(i) wu, e LYQ).
Proof. We take H=L{), Au= — Au for u e Hy(2) N H*(£) and for each t ¢
[0, 71
f ) Pdx i ve K(o),
2

o' (V)=
+ oo if v e L(Q\K(1),

where K(t) is the closed convex subset of L) defined by
{u e L(0); 0<u(x) <A, x) for a.e. x e Q).

Then we see that A is a positive self-adjoint operator satisfying the assumption (A.2)
and that for 0<<t<T, ¢* is a proper lower semicontinuous convex function on L*(f).

Next we show that {p’; 0<{r< T} satisfies the assumption (A.1). We see that
for each 0<r<T, ¢’ is a proper lower semicontinuous convex function on L*(f) and
that the effective domain D(¢") is the convex closed subset K(¢). Let ¢, €[0, T] and
take v, € D(¢™). Then, setting for each x e 2 and ¢ ¢ [0, T

e, X) if v, (x)>h(, x),
vy(x) if 0Z v (x) < A(E, ).

u(t, X)= {
We can show by the assumption (A.1) that v(z, -) is in D(¢*) and that it satisfies
f Jutt, %) vo(x)]zdxgjam(z, X)—h(ty, DPdx  for 0<1<T
and
o'(u(t, D=y  for 0=2<T.

Thus (A.2) is verified.

In order to apply Theorem 2.1 to (Ex), we have only to verify that 4 and
{¢'; 0Lt < T} satisfy the assumption (A.3). The assumption easily follows from the
maximal principle, taking a(t)= — 4h(t, -). Q.E.D.
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