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Introduction.

This paper is concerned with an abstract nonlinear evolution equation of the
following form in a real Hilbert space H:

(0.) u(t)+0g'w®) 2 f(t), 1R,

where 0¢° is the subdifferential of a time-dependent lower semicontinuous convex
function ¢' from H into (—oo, 4 oo] with ¢*2z+co; f is a given function in
L2 (R; H); u is the unknown function from R into H and u,(¢) is the strong deriva-
tive of u(¢) in H with respect to z. Many results on Cauchy or periodic problems
for (0.1) were established so far. See e.g. [2, 4 11, 12, 14, 17, 18, 21, 22].

The purpose of this work is to investigate the asymptotic behavior of the system
governed by (0.1). When ¢° and f have the same period 70, i.e. ¢**"=¢' and
S+ T)=f(t) for all ¢ ¢ R, we are especially interested in the following property (x):

(x) (Asymptotical T-periodicity) For each solution u of (0.1) on [0, + co) with
relatively compact trajectory, there exists a T-periodic solution o of (0.1)
on R such that u(?) — w(¢)—0 strongly in H as t— -} co.

In Dafermos [7, 8], the notion of compact and uniform process were introduced,
and the @-limitting sets of orbits and limiting processes were discussed. The results
established there offer many suggestions to the study of the system governed by (0:1).
However, these results are not directly applicable to the investigation of the asymp-
totic behavior of solutions of (0.1), because every solution u of (0.1) is constrained
by D(¢9)={z € H; ¢'(z) <+ oo}, i.e. u(t) must belongs to D(¢’) for all ¢ € R, and the
closure of D(¢’) in H is allowed to vary with time ¢.

In the case where ¢’ is independent of 7, i.e. ¢'=¢ and f is T-periodic, the
asymptotic stability of solutions to

0.2) u () +opu(r)) » f(1), te R,

was studied in detail by Baillon and Haraux [3]; for example, it was proved that the
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difference of any two T-periodic solutions of (0.2) is a constant vector, and that the
property () corresponding to (0.2) is always satisfied. However, in our time-
dependent case of ¢‘, the asymptotic behavior of solutions is expected to be more
complicated; in fact, as was exemplified in three dimensional space by Kenmochi and
Otani [13], there exists a system governed by (0.1) such that the difference of two T-
periodic solutions is not constant and property (x) does not hold, more precisely,
there exist solutions with compact trajectories which are almost perodic but do not
approach to any periodic solutions. From these reasons, it seems to be important
and interesting to investigate the structure of the class of all 7-periodic solutions in
connection with property (x) as well as the classes of all almost periodic solutions
and of all solutions with relatively compact trajectories. We shall show (in Theorem
1) that the property (x) with “T-periodic” replaced by “almost periodic” always holds.
Also, we give a characterization of property () (in Theorem 2), and several sufficient
conditions for property () from some practical points of view (in Theorem 3).

For the basic definitions used in this paper, such as convex functions, their
effective domains and subdifferentials, we refer to Brézis [5]. Also, for almost peri-
odic functions and their fundamental properties, we refer to Amerio and Prouse [1].

§1. Main results

Let H be a real Hilbert space with norm | - | and inner product (-, -). Let {¢}
={¢’; t € R} be a family of lower semicontinuous convex functions ¢* from H into
(— o0, + oo] with ¢’= + oo, and put D(¢")={z € H; ¢*(z)<+o0}. Now, consider
the evolution equation

E(¢"5f)  ult)+04'(u(t)) 3 f(2), tel,

where J is an interval in R, 9¢° is the subdifferential of ¢* and f is a given function
in L3(R; H).

By a solution of E(¢';f) on a compact interval [#,, #,], we mean an H-valued
function uin C([t,, t,]; H) N WX(%, t,]; H) such that the relation f(¢) —u,(¢) € 34 (u(t))
holds for a.e. te[t,t]. Also, for an interval J in R, an H-valued function # on J
is called a solution of E(¢’;f) on J, if it is a solution of E(¢°; f) on every compact
subinterval of J in the above sense. In this work we shall use the terminology “c-
solution” of E(¢*; f) on J to mean a solution u such that the trajectory {u(¢); t e J}
is relatively compact in H.

We now introduce three classes &, &/ P, Z%€ of solutions of E(¢*; f) on R.

Z={w; w is a T-periodic solution of E(¢’; /) on R},
L P={w; wis an almost periodic solution of E(¢‘;f) on R},
RE ={u; u is a c-solution of E(¢’; ) on R}.
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Here u € C(R; H) is called T-periodic, if u(¢+ T)=u(t) for all t ¢ R, and is called
almost periodic, if it is almost periodic as a function from R into H.

It is well known that among these classes the following inclusion holds. (See e.g.
[11.)
(1.1) PCAPCHE.

In what follows, let 7" be a fixed positive number and suppose that the follow-
ing hypotheses (H.1) and (H.2) are satisfied.

(H.1) (i) ¢'is T-periodic,i.e. ¢'*"=¢’ for any f ¢ R,

(ii) feLi(R; H)and f(t+T)=f(¢t) for a.e. t = R.

(H2) There exists a monotone increasing function M(r, s) of two variables r
and s from [0, + 00) X [0, + o0) into [0, 4 o) such that for any 7, € R, u, € D($")
and fe L*(t, t,+2; H), E(¢’; f) has a unique solution u on [¢t,, #,-+2] with u(z))=u,
satisfying

to+2
12 [ o de < MQuel, f licoins )

(1.3) @'(u(t)) is continuous on (%, f,+2].

Remark 1. (1) Several sufficient conditions for (H.2) are known so far. For
example, assume the following condition (C.1).

(C.1) There exist an exponent « ¢ [0, 1] and three families {K,;r>0}C
[0, + c0), {a,(-); r =0} C W40, T') with f=max {2, 1/(1 —a)} (resp. f= + o) if 0=
a< 1 (resp. «=1), and {b,(-); r =0} W*"*(0, T) satisfying the following properties
(h.1) and (h.2):

(h.1) ¢4z)+K,=0for any ¢ e [0, T], r =0 and z € H with |z|<r,

(h.2) Foreachs,te[0, T], r =0 and z € D(¢°) with |z|<r, there is z’ € D(¢")
such that

(1.4) {'Z’—Zlélar(f)—axs)|(¢s<z)+1<r)a,

¢'(z)—¢'(2) =|b,(1) —b.()|($*(2) + K,).
Then (H.2) is satisfied and (1.3) is replaced by

(1.3 "(u(t)) is absolutely continuous on (¢, #,-+2] and
o]
sup {(t—1,)¢'(u(2)); 1,<t Zty+ 2 Mg, [ f ] Loceor004 25 21))-

(See, e.g. [11, 12, 17, 21, 22].)
(2) There is another important class & given by

#={u; u is a bounded solution of E(¢*; ) on R},

where “bounded” means that sup,. g |u(t)|<<+4oo. Cleatly Z¢ C % holds. In this
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paper, we leave & out of consideration. However, note that & coincides with #%¢
provided that (C.1) (see (1.3)) and the following (C.2) are satisfied.
(C.2) Foreachte[0, T]and r=0, the set {u; |u|<r, ¢'(w)<r}is compact in H.
The first main result is concerned with the almost periodicity of solutions of

E(¢"; /).

Theorem 1. Suppose that (H.1) and (H.2) hold, and that A€ c$. Then AP =
RE, and for each c-solution u of E(¢"; f) on [t,, + o), t,€ R, there exists w & %5‘
such that u(t) — w(t)—0 strongly in H as t— + oo.

A result of the same kind as Theorem ! was obtained by Haraux [10] in a more
general framework, where the result is stated in terms of “periodic contractive
process” on a fixed metric space. However, this result does not formally cover
Theorem 1, since in our setting the periodic contractive process U(t, 7) generated by
0¢° is the operator from D(¢‘) into D(¢'*), and D(¢') may vary with the time z.
Although our proof of Theorem 1 is a modification”of that of Haraux’s result, we
shall present it in Section 2 for the sake of completeness.

The second main result is concerned with the 7-periodicity of solutions of

E($*;1)-

Theorem 2. Suppose that (H.1) and (H.2) hold, and that A€ :¢. Then the
following statements (a) and (b) are equivalent to each other:

(8 For each c-solution u of E(¢°; f) on [t,, + o0), t, € R, there exists a solution
o in P such that u(t)— w(t)—0 strongly in H as t— + oo.

(b) P=%%, and hence .@—&iﬁ’—%‘f

As to the system governed by the evolutlon equation, involving the time-inde-
pendent subdifferential 3¢:

(1.5) u(t)+og(u(t)) > f(1), te R,

Baillon and Haraux [3] proved under (ii) of (H.1) that for each solution « of (1.5) on
[t,, +00), there is a T-periodic solution w of (1.5) on R satisfying u(t) —w(t)—0
weakly in H as t— +oco. Therefore property (a) of Theorem 2 always holds. The
proof of this result relies on the fact that the difference of any two T-periodic solu-
tions is a constant vector. However, for the system governed by E(¢°; f), such nice
properties are no longer expected; in fact, there exists a system (c.f. [13]) which is
generated by the subdifferential of the indicator function of a moving convex set in
R?, and for which (H.1) and (H.2) hold, but property (a) of Theorem 2 does not hold
and the difference of two T-periodic solutions is not constant. Hence it would be
worth while to investigate sufficient conditions for property (a) of Theorem 2 from
some practical points of view.
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Theorem 3. Suppose that (H.1) and (H.2) hold, and that € > ¢. Then any one
of the following conditions (\)—(iv) is sufficient for property (a) of Theorem 2:

(i) ¢ is strictly convex on D(¢") for some t=t, ¢ [0, T].

(ii) For every c-solution u of E(¢*; f) on [0, T, —u,(t) coincides with the mini-
mal section (3¢ (u(t)) —f (1))’ of 0¢'(u(t)) —f(t) for a.e. t [0, T].

(iii) There exists an H-valued T-periodic continuous function o (t) such that if
z¥ e dgi(z,); i=1,2, te R, and (zF —z¥, 2,—2,)=0, then z,—z, belongs to the sub-
space {Cayt); C e R}.

(iv) For each z e D(¢"), there exists an element z, of (0)={w(0); w ¢ #} and a
number ¢, in (0, 1) such that z,+e(z—z,) € #(0).

As will be seen from Lemma 1 in Section 2, the system governed by E(¢°; f) is
contractive. Therefore, property (a) of Theorem 2 is closely related to the study of
the fixed points of contractive mappings on closed convex sets (Cf. [6, 7, 15, 16, 19,
20]). Especially the sufficient condition (iv) in Theorem 3 is suggested from such a
point of view. We note that condition (iv) is satisfied if #(0) has at least one
internal point of D(¢").

Remark 2. As will be seen in Section 3, property (1.3) of (H.2) is needed only
for the proof of (i) of Theorem 3. Even if (1.3) is not satisfied, the following condi-
tion (i) is also sufficient for property (a).

@iy ¢ is strictly convex on D(¢") for ¢ in a subset of [0, T] with positive linear
measure.

Then in order to assure all the assumptions of (H.2) except (1.3), condition (C.1) can
be weakened slightly as follows: the property (h.2) can be replaced by the following
(h.2)’ (see [12]):

(h.2) For eachs, t e [0, T] with s<¢, r= 0 and z € D(¢*) with |z|<r, there is

Z' e D(¢") satisfying (1.4).

§2. Some lemmas

We prepare several lemmas for the proofs of the theorems. Throughout this
section, we always assume that (H.1) and (H.2) hold and Z% =x¢.

Lemma 1. (1) Let u and v be any solutions of E(¢*; f) on [t,, +c0). Then
2D lu(@)—v(@)|Z|u(s)—uv(s)|  Sfor any t Zs=t,,

and hence lim,_, , ., |u(t)—uv(t)] exists. ‘

(2) Let u be any solution of E(¢';f) on [t,, +0). Then u is bounded on
[t,, +o0) and the function t—s ¢'(u(t)) is continuous on [ty+1, +o0). Moreover
SUPzonn [Uelac,euty my <<+ 00
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Proof. The first assertion is a direct consequence of the monotonicity of 3¢°’.
Let u be any solution of E(¢*; ) on [f,, + o), and take a bounded solution v in Z%.
Then, by (2.1), |u(®)|<|v(t)|+|u(t,)—v(2,)| for all £ >¢,, Hence u is bounded on
[#, +o0). Thus the second assertion follows from (1.2) and (1.3) of (H.2). Q.E.D.

Lemma 2. Let u be any c-solution of E(¢*; f) on [t,, +o0). Then there exists
a sequence {n,} of integers with n,— -+ co as k— -+ oo such taht for each m=0, +1,
+2, -, u(n,T—mT) converges strongly in H as k— -+ oco.

Proof. Let m be any integer. Since the set {u(nT—mT); n=m+t,/T,ne Z}
is relatively compact in H, we can choose a sequence {1} With 7, —-+oco as
k(m)— -+ oo such that wu(n,T—mT) converges strongly in H as k(m)— 4 oo.
Hence, using the standard diagonal argument, we can obtain a sequence {n,} satis-
fying the desired properties. . Q.E.D.

Lemma 3. (1) Letu and v bein &, the set of all bounded solutions of E(¢'; f)
on R. Thenlim,, _, |u(t)—v(t)| exists.
(2) Letubein B. Then t— ¢'(u(t)) is continuous on R, and

SUP;e g [t1(2) 22,001, 1y < 4 00.

Proof. Letu,ve . Then, by (1) of Lemma 1, the function |u(t) — v(t)| of ¢ is
bounded and monotone non-increasing on R, whence follows (1). The second asser-
tion is assured by (1.2) and (1.3) of (H.2). Q.E.D.

Lemma 4. Let u be in #€. Then there exists a sequence {n.} of integers with
ny—> 400 as k—-+oo such that for each m=0, =1, £2, - - -, w(—n,T—mT) con-
verges strongly in H as k—+ co.

Proof. 1t suffices to repeat the same argument as in the proof of Lemma 2.
Q.E.D.

Lemma 5. Let u be any c-solution of E(¢*; f) on[t,, +o0). Then there exists a
sequence {m} with n,—oco0 as k—-+oc such that u,(t)=u(t+n,T), t e [—n, T,
4 00), converges strongly in H and uniformly in t e [—mT, + o0) as k— 4- oo for each
m=1,2, ---. Moreover, the limit function @i belongs to A€ .

Proof. First take a sequence {n,;} as in Lemma 2. Then u, is clearly a c-solu-
tion of E(¢*; f) on [—n,T+1, + o0), and by (2.1)

lu(t) —uy ()| Z|u( —mT)—u(—mT)|=|u(n, T—mT) —u(m,T—mT)|
for t = —mT and sufficiently large k, j.

Since u(n,I'—mT) converges strongly in H as k— -4- oo, it follows from the above
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inequality that u, converges strongly in A and uniformly on [—mT, 4 o] as k—
+ oo for each m=1, 2, - - .. Hence the limit function # of u, is well defined on R.
Now, let s be any number in R and v be the solution of E(¢°;f) on [s, - o0) with
v(s)=1(s). Then, by (2.1) again,

[o(2) — (1) | <[ v(t) — un(2) |+ | ui(£) — (1)) |
<[a(s) —ui(s) |+ |u(£) — () |

holds for all # >s and sufficiently large k. Letting k— + oo in these inequalities, we
find that v(z)=1(z) for all  =s. Consequently & turns out to be a solution of E(¢; f)
on R. Furthermore, since {fi(¢); f € R}C{u(t); t =>1,}, the trajectory of # is relatively
compact. Thus @ € Z%. Q.E.D.

Now, we introduce an auxiliary class, denoted by Z%,, of solutions of E(¢'; f)
on R:

RE,={u € AE ; |u(t)—o(t)|=|u(0) — (0)| for any ¢ € R and any w € &}.

Then we have
2.2) AP CRE .

In fact, for each u, v e P, |u(t)— v(z)] becomes a real valued almost periodic func-
tion and lim,__., |u(z)—v(z)] exists by (1) of Lemma 1. Hence |u(¢)—v(¢)| must be
constant for all ¢ € R (see [1] and [9]).

Lemma 6. Let u be in #%. Then there exists a sequence {n,} with n,— + oo as
k— 4 co such that u_,(t)=u(t—n,T), t € R, converges strongly in H and uniformly in
te[—mT, + o) as k—+ oo for each m=1,2, ---. Moreover the limit function ii
belongs to A%,

Proof. Letue Z%. Then, with the help of Lemma 4, we can see by the same »
argument as in the proof of Lemma 5 that u_,(¢) converges strongly in H and uni-
formly in ¢ € [—mT, + o) as k— + oo for each m=1, 2, - . ., and that its limit func-
tion @ belongs to £%. Next, let w be any element in #. Then, it follows from (1)
of Lemma 3 that d=Iim,__,, |u(t)—w(t)| exists. Hence

d=lim |u(—n,T+t)—aw(—n,T+1)|

Ko+ o0

= lm |u_,(t)—w(t)|=]d(t)—o(t)| for all t € R,
ks +oo
so that @ € Z%,. Q.E.D.

Lemma 7. Let u and v be solutions of E(¢'; f) on [t,, + o0) such that |u(t) —uv(t)]
=d for all t >t,, where d is a non-negative constant. Then, for each 2¢€ (0, 1), Au+
(1 —2)v becomes a solution of E(¢"; ) on [t,, + o).
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Proof. Let 0<2<1, and let w be the solution of E(g’;f) on [f, + o0) with
w(t,)=Au(t,)+(1—2u(t). Then, by (2.1),

|u(t) —w() | <[u(t) —w(t) | =1 —Dlu(t) —v(t,)|  for 121,
and similarly
[o(@)—w@®)|Z2|ut)—uv(t)|  for =1,
Hence we have
d=u(t) —v(D)| = |u(r) —w()|+w(r) —v(t)]|
A=) |ut)—v(t)|+ 2 |u(t)—v(t)|=d  for t =1,

Therefore, |u(t) —w(t)|=(1—2)|u(t)—v(t)| and |v(t) —w(t)|=2A|u(t) —v(?)| for ¢t =1,
which implies that w(¢)=2u(t)+ (1 —2uv(t) for t =1,. Q.E.D.

Lemma 8. Let u be in A%, and let {2,} be a sequence in Z. Then there exist
an element x, in H, a number ¢, € (0, 1), a sequence {v,} in N with y,— 4 oo as k— 4 o
and a subsequence {2,,} of {2,} such that

|u(—y, T+ 2, T)—x,| Zel Joralll, k with [I=k.

Proof. By Lemma 4, there exists a sequence {y;} with g, —+4 o0 as />4 0
such that u(—p, T+ 2,T) converges strongly in H to some x, for each ne N. Since
x,e{u(t); te R} for all ne N, {x,},cy forms a relatively compact subset of H.
Hence we can choose a subsequence {n;} of {n} such that x,,—x, strongly in H as
k— + oo. For simplicity, let us denote {2,,} by {2,} again. Now, given ¢,in (0, 1), we
take n, € N so that |x,, —x,|<e,/2, and next take /, € N so that |u(— ¢, T+ 2,,T)—x,,|
<g,/2 for all I=1,. We then have

[u(— i, T+ 2, T) — x,|<ey for all /1>1,.

We repeat this procedure by replacing ¢, by &f, k=2, 3, - - -, to get subsequences {z,}
and {2,,} such that

[t — py T+ 2, T) — x| <eff for all I=1,, k=1,2, ---.
Thus {v;}={,} and {2,,} satisfy the desired property. Q.E.D.

§3. Proofs of main theorem

We begin with the proof of Theorem 1.

Proof of Theorem 1. First we prove &/ P=A%. Since AP CHE¥, it suffices
to verify S/ POAE. In showing this, we use Bochner’s criterion (cf. [1]) for the
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almost periodicity which is stated as follows: “A function ve C(R; H) is almost
periodic on R if and only if for any sequence {c,} in R, there exists a subsequence
{cn,} such that v(-+c,,) converges strongly in A and uniformly on R as k— + c0.”
Now, let u € Z% and let {c,} be any sequence in R. Put

c,=4T+a, 2,¢Z 0Za,<T.

Then, by virtue of Lemma 8, there exist x, € H, ¢, ¢ (0, 1), a sequence {y;} in N and
a subsequence {n,} of {n} such that

(3.D a,—>a,€ [0, T] as k——> 4 oo,
and
3.2 lu(—v, T+ 2, T)—x,| Zef for all [, k with [>k.

For each ¢ R and ¢,,, ¢,, € {c,,}, choose € N so that />max{p, g} and —»,T<1.
Then it follows from (3.2), (2.1) and (2) of Lemma 3 that

lu(t+c,,)—u(t+c, ) =|u(t+a,,+2,,T)—u(t+a,,+2,,T)|
<lu(t+a,,+2,,T)—u(t+a,,+2,,T)|
+|u(t+a,,+2,T)—u(t+a,,+2,,T)|
s|lu(—vT+2,,T)—u(—vT+2,1)|+la,,—a,|*L
S|u(—v,T42,,T)— x|+ |u(—,T+2,,T)—x,|
+la,,—a,,[""L
<e+ef+la,,—a,|"’L, for all e R,
where L=sup,¢ g |U;|z25,54 7, 1y << + 0. Hence, by (3.1), u(- +c¢,,) converges strongly
in H and uniformly on R, whence u ¢ &/ %.

Next, we prove the second assertion. Without loss of generality, we may assume
that #,=0 and u is a c-solution of E(¢’;f) on [0, +o0). Then from Lemma 5 it
follows that there exists a sequence {n,} in N such that u(¢+n,T) converges to some
i(t) € A% strongly in H and uniformly in ¢ € [—mT, 4+ o0) for each m=1,2, - - -, as
k—+oco. Since il € A€ =/ P as was seen above, there exists a subsequence {k;} of
{k} and an element w € /&

a(t—n,, T)—w(t)—>0 strongly in H and uniformly in 1€ R as j—+ oco.
Let ¢ be any positive number, and choose j, € N such that
[u(t+n,, T)— ()] <ef2 for all 10 and j > .,

or equivalently
|u(t) —d(t—n,, T)|<ef2 for all 1zn,,T and j = .,
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and such that
[t —u, , T)— (1) |<e/2 forall e R and j =}..
Then we have
lu(t)—o(t)|<e for all t =n,, T and j = j.,
which implies that u(#) — w(?)—0 strongly in H as r— + oo. Q.E.D.

Now, recall the class £%,, which is introduced before the statement of Lemma 6
in Section 2. Then Theorem 1 and relation (2.2) give

(3.3) AP =RE = RE.

Proof of Theorem 2. (Proof of (a)—(b)) Let u be any element of 2% =%%,.
Then, by (a), there exists w € & such that lim,_,, ., |u(?) —w(¢)|=0. Since |u(t)—w(?)]
=|u(0)—w(0)| for all ¢ ¢ R, it follows that u=w ¢ Z.

(Proof of (b)—(a)). Let u be any c-solution of E(¢°; /) on [t,, + o0). Then, by
virtue- of Lemma 35, there exists a sequence {n,} such that wu,(¢)=u(t+n,T), t €
[—n,T 41, + o0), converges to some & € #¢ =4 strongly in H and uniformly in
te[—mT, 4+ o0) for each m=1, 2, - - -. Furthermore, we see from (1) of Lemma 1
that d=1im,_, ., [u(z)—(t)| exists and

d=lim |u(n,T)—6(n,T)|= lim |1,(0)—i(0)|=0.

k— 4 o0

Thus (a) is derived. Q.E.D.

By virtue of (3.3) and Theorem 2, property (a) in Theorem 2 is equivalent to the
relation Z=%%,. Therefore, in order to prove Theorem 3, it suffices to derive the
relation Z=%%, instead of (a) from each of the conditions (i)-(iv).

Proof of Theorem 3. (Proof of )—“"P=X%,") Let ue A%, and we 2.
Then, from the definition of subdifferential it follows that

(fO)—w(0), u(t)—o()) <o (u(t)) — ¢'(w(?)) for a.e. t ¢ R,
and
(@) —u(1), o) —u(t)) ¢ (0(t)) —¢'(u(r))  forae. teR.
Adding these inequalities and noting that |u(¢) —w(z)|=Const. on R, we see that
0=(u(t) — 1), u(t)— (1))
=(f(t) — o 1), u®)—w(®))+(f(t)—ult), o(t)—u(t))
' () — g (@)} + {"(w() — ¢'(u(1))}=0  fora.e. teR.
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Therefore,
(3.4) (f()—ut), o(t) —u(®))=(f(1) — o), o(t)—u(?))
=" (o(1)) — B (u(1)) forae. teR.
Moreover, for any 2 & (0, 1), we infer from (3.4) that
H' (1)) — ¢ (@)} =2/ () — (1), u(t) — w(?))
=(f(t) = 1), 2u(t)+ (1 —Do(t) —o(t))
<¢'(Au(t)+ (1 —Da(1)) — ¢*(w(t))
<268 () + (1= D' (1)) — ¢ ((1))
S A (w(t)) — ¢ (w(1))} for a.e. t € R,
so that
3.5) ' (Au(t) + (1 — Do(t)) = 2¢"u(t)) + (1 — D (w(2)) forae.feR.

Furthermore, since |u(t) — w(z)|=]u(0)—w(0)| for all t e R, Au+(1—2Aeo is also a c-
solution of E(¢‘; f) on R by Lemma 7. Hence, by (1.3) of (H.2), ¢*(u(2)), ¢'(0(2))
and ¢*(Au(t)+(1—2Dw(1)) are continuous on R. This implies that (3.5) is valid for
all ¢ ¢ R, in particular, for t=t,—nT, n=1, 2, - - -. Accordingly, the strict convexity
of ¢ yields that u(t,—nT)=w(t,—nT) for all n=1,2, - - -, so that u=w ¢ Z.

(Proof of ()—~“P=R%,"). Letue A%,and we &#. Then, since |u(t)—w(t)]
=Const. on R, we have

(3.6) (u*(t) —w*(2), u(t) —w(t))=0 for a.e. f € R,

where u*(t)=1(¢) —u,(t) € 3¢"(u(?)) and w*(t)=f(t)—o(t) € 3¢*(w(t)). Now, let us
recall that d¢’(-) is cyclically monotone (cf. Brézis [5]). Then, for any z¥ € 9¢4'(z,),
i=1, 2, 3, we have

(z¥, 2i—2)+ (25, z,—z) + (2, 2,—2) =0
which is equivalent to
(3.7 (zf—z§, z,—2)+ (2§ —z§, 2,—2,) 0.
Taking z,=w(t), z¥ =w*(t), z,=u(t) and zF =u*{¢) in (3.7), we obtain
(w*(t)—u*(?), ot)—u(t))+ W () —z*, w(t)—z)=0 for any z* € 3¢'(z).
Hence, by (3.6),
w*(t)—z¥%, o(t)—2z) =0 for any z* e 9¢'(z),

so it follows from the maximal monotonicity of d¢° that uw*(t)=f(1)—u,/t)e

a6 (1)), i.e.,
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(3.8) —u,(t) € 3¢ (w())—f(2) foraeteR.
Similarly we get
(3.9) —a,(t) € 04 (u(2))—f(2) for a.e. ¢ R.

Also, by assumption, —u,(t)=(0¢(u(t))—f(?))* and —w,(t)=(34(w(t))—f(2))° for
a.e. € R. Since, for any closed convex set 4 in H, the minimal section 4° denotes
a unique element with the least norm in A4, the above equalities together with (3.8)
and (3.9) give |u,(t)|=|o,(t)| for a.e. t € R, so that u,(t)=w,(t) for a.e. te R. Thus
u=w-+Const. on R, soue Z.

(Proof of (ili)—>“P=RE,") Let ue A%,and w ¢ #. Then we have (3.6) just
as in the above proof. Hence, by assumption,

(3.10) u(t)—o(t)=c(t)a,t), c(t) € R, for a.e. t e R,
and hence
(3.11) lu(t)—o(t)|=|c(t)||a(t)|=d, d e R, for all t e R.

If |e,(2)|=0 for some ¢, € R, then (3.11) implies that u=w ¢ #. Therefore we have
only to derive u € # for the case that |ay(t)|2:0 for all e R. In such a case, multi-
plying (3.10) by «,(¢), we get

ce(t)=@(t)—olt), a(t)/|alt)} for all f e R.

Clearly c(-) is continuous on R. Hence, by (3.11), c(¢)|a(t)|=d or —d forall te R.
Then we deduce, by (3.10),

u(t)=w(t)+da(t) or w(t)—da(t) for all t e R,
where a(t)=c(t)/|at)|. Since a(-) is T-periodic, we get u ¢ 2.
(Proof of (iV)—>“P=R€,") Letuec A%, Then,
(3.12) Ju(—(n+1)T)—z|=|u(—nT)—z| for all ze #(0), ne N.

Since x,,,;=u(—n+1)T) € D(¢~"*"T)=D(g"), it follows from our assumption that
there exist z, € £(0) and ¢, € (0, 1) such that

ZyF-eo(X i1 —2,) € P(0).
Putting z=2z,+¢y(x, .1 —2,) in (3.12), we get

a —Eo)zlxnﬂ—Zolzzlxn“’zo_eo(xmx_Zo)lz

=Ixn—-ZOlz—}—sglxn+1—20l2—260(xn‘_20, xn+1_20)'

Since |x,,,—z,|=[x,— 2| by (3.12), it follows from the above equalities that
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|xn+1—_20|2=(xn-zoa xn+1_ZO)7

whence follows x,=x,,, namely, u(—nT)=u(—(n-+1DT)forall n e N. Thusue &.
Q.E.D.

Remark 3. As is understood from the proof of Theorem 3, the T-periodic solu-
tion of E(¢*; f) is unique under condition (i), and the difference of two T-periodic
solutions is constant under condition (ii) or (iii) with «,(¢)=a,.

Finally we prove

Proposition 1.  Suppose that (H.1) and (H.2) hold. Then & and o/ P are convex
and closed in the topology of pointwise convergence.

Proof. Let u, ve & (resp. #%). Then, since |u(t)—v(¢)|= Const. (=d) for
all ¢ e R, it follows from Lemma 7 that w=2u+(1—2)v is also a solution of E(¢'; f)
on R for any 1€ (0, 1). Clearly w is T-periodic (resp. almost periodic) on R. Hence
we P (resp. L P). Thus P (resp. Z/P) is convex. Next, in order to show the
closedness of & (resp. o/ P), let {u,} be a sequence in & (resp. .o/ %) such that u,(¢,)
—u,(t)—0 strongly in H as n, m— -+ oo for some t,& R. Then, since |u,(t)—u,(t)|
=|u,(t)—u,(t,)| for all ¢ € R, u,(¢r) converges strongly in H and uniformly in ¢ e R
as n—+oo. It is clear that the limit function u of u, is T-periodic (resp. almost
periodic) on R. Moreover, as in the proof of Lemma 5, we can show that u is a
solution of E(¢’; f) on R. Thus u e & (resp. o/ P). Q.E.D.

§4. Applications
Let 2 be a bounded domain in RY with smooth boundary I" =02, and define
a5 ) Wh Q)X WhP(Q)—R, 2< p<oo, by

N
0,20 2)= 3 [ 12,0000 2 020 for 7, 2, € WHHQ),

where x=(x,, x,, - - -, xy) € RY and z,, denotes the partial derivative of z e W-?(Q)
with respect to x;.
Given function g,(-, 1) e W*~(2), i=0, 1, t ¢ R, we put

K(t)={z € W"?(2); g(x, N Zz(x) < g(x, 1) for a.e. x € 0}

for each ¢ e R, which is closed and convex in W*?(Q). Now, consider the following
parabolic variational inequality on an interval J in R:

4.1) ue C(J; L)Y N Wil(J; L) N LE(T; Wh2(2)),
“4.2) u(-,t)e K(1) forae.teJ,

and
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4.3) L (uy(x, 1) —f(x, O)ulx, 1) —z(xNdx+a(u(-, 1), u(-, 1)—2) =0
for any z e K(¢) and for a.e. t € J,

where u, =9u/ot and fis a given function in L (R; L*(2)).

We are going to investigate the asymptotic behavior of solutions of the problem
(4.1)-(4.3) by applying Theorems 2 and 3.

Now we suppose that the following conditions (g.1)-(g.4) hold for a fixed posi-
tive number 7

(g1 g(-,t+T)=g(-,t)in Wh>() for any f ¢ Rand i=0, 1.

(2.2) There are positive numbers ¢, and ¢, such that

gi(x, )—gx, )=c, for a.e. x € £2 and any 7 € [0, T

and

‘gi(x’ t)l+|g1,zk(x9 t)lécl
forae xef,anytel0,T), k=1,2, .-+, Nand i=0, 1.

(g.3) There exists a function a(-) € W"*0, T) such that

18:(x, 1) —gulx, s)|=|a(t)—als)|
forae. xe Qanys, te[0, T] and i=0, 1.
(g.4) There exists a function b(-) € W**(0, T') such that
|8,0i(Xs 1) —81,0(%, )| =|b(2) — b(s)|
forae. xeQ,anys, te[0,T], k=1,2, ---, Nand i=0, 1.
Also, we define a proper lower semicontinuous convex function ¢’ on L*(£) for each

t € R by putting

1 .
(4.4) 5(2) = S ifze KO,

+ o otherwise.

Clearly, by (g.1), ¢° is T-periodic, and the problem (4.1)~(4.3) can be rewritten in the
form

4.5 u,(t)+ 04 (u(t)) > (1), teJ,
in the Hilbert space L*(2) (cf. [12]).

Lemma 9. The family {$*} of convex functions on L*(2) given by (4.4) satisfies
hypothesis (H.2).
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Proof. Given s, t e [0, T] and z € D(¢*)=K(s), we take

2 =) —g(x, ) S D& D) o gy
2%, 5)— g%, 5)

Then, by some elementary computations, we see that there is a positive constant C
independent of s, ¢, z such that
12" — 2|y < Cla(t) —a(s)| (2] 1200y + 1)

and
|¢°(z")—¢*(2) | = C{la(r) — als)|+[b(2) — b(s) (1 +¢°(2)).
This shows that (C.1) holds for

4 O=Co+a() and b (0=C [ 1)+ 1) .

Then, as was remarked in (1) of Remark 1, (H.2) is satisfied. Q.E.D.

Proposition 2. Suppose that (g.1)-(g.4) hold and f e L (R; LX(Q)) and f(-, t+T)
=f(-, t) in LX) for a.e. t e R. Letu be any solution of the problem (4.1)-(4.3) on
[# + o), t,€ R. Then there exists a T-periodic solution w of the problem (4.1)-(4.3)
on R such that u(t) —w(t)—0 strongly in L*(9) as t— 4+ co.

Proof. We have seen in Lemma 9 that the family {¢'} given by (4.4) satisfies
(H.2). Conditions (H.1) and (C.2) are clearly fulfilled. Also, by a result in [12;
Theorem 2.3.1], there exists at least one T-periodic solution of (4.5). Furthermore,
the statement (iii) of Theorem 3 holds. 1In fact, let z} € 9¢'(z,), i=1,2. Then it is
easy to see

(zf—z5, 2,—2,) 2 a,(z;, 2, —2,) — a,(2,, 2,—2;) =0.

Therefore (zF —zF, z,—2;) 120y =0 implies that z, ,, =z, . forall k=1,2, .. -, N, that
is, z,=z,+ Const., so that (iii) (with «(#)=1) of Theorem 3 holds. Thus we can
apply Theorem 3. Q.E.D.

Finally we notice that Theorems 2 and 3 are able to be applied to many other
parabolic variational inequalities associated with various time-dependent convex
constrains K(¢). As typical examples, we can consider the following families {K(#)}.

(A) Given functions g;, i=0, 1, on I' X R, we put

K(t)={ze W"?(Q); gfx, 1) <z(x)<g\(x, t) for ae. xel}

for each t € R. In this case, under suitable assumptions on g;, we obtain the same
conclusion as in Proposition 2.
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(B) Let £(t), t € R, by a relatively compact domain in £ with smooth bound-
ary, and put

K(t)={z e W"2(Q); z(x)=0 a.e. x e 2\2()}.

Then, the parabolic variational inequality (4.1)~(4.3) on J associated with this family
{K (t)} represents the problem

o {ut(x, 0= 3 (ol s D =f(5 1) on | 00X (1),
' u(x, £)=0  on |JaQ(t) x {t}.

If the mapping ¢+ £2(¢) is smooth in a suitable sense and T-periodic, then the family
{#°} given by (4.4) fulfills (i) of (H.1), (C.1) and (C.2) (cf. [12, 17, 18, 21, 22]) as well
as (i) of Theorem 3. Therefore, any solution of (4.6) converges strongly in L*(2) as
t— 4 oo to a unique 7T-periodic solution of (4.6).

(©) LetI'(t), te R, be a closed subset of I with positive surface measure, and
put

k(t)={z e W"?(2); z(x)=0 for a.e. x € I'(¢)}.

Then the parabolic variational inequality (4.1)~(4.3) on J associated with this family
{K(#)} is formally equivalent to the problem:

U8 1) = 37 (iP5, D)oy =f (1) om QX

.7 u(x, 1)=0 on UJF(;) x{t},
I{i (un g, 1)) o =0  on tLeJJ \L@) x {1},

where (y,(x), vo(x), - - -, vy(x)) is the unit outward normal vector at x e I". If the
mapping z— I'(¢) is smooth in a suitable sense and T-periodic, then (i) of (H.1), (C.1)
and (C.2) hold (cf. [12]). Furthermore, (i) of Theorem 3 holds. Therefore, (4.7)
has a unique T-periodic solution and by Theorem 3, any solution of (4.7) converges
strongly in L*(£) as t— + oo to a unique T-periodic solution.
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