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§ 1. Introduction

We are concerned with global problems for the hypergeometric system
(1.1) (t—B)%:AX (teC),

where B=diag(4,, 4, - -+, 4,) and 4 € M, (C). This system of linear differential
equations has only regular singularities at t=2, (j=1,2, ---, n) and t=oco in the
whole complex t-plane and hence is Fuchsian. By an appropriate transformation,
evrey single Fuchsian differential equation always can be reduced to (1.1). In general,
B has multiple eigenvalues, i.e.,

n, ny n,
. —— ———  —
(12) B:dlag(lls "'921’ 129 STt 123 zp! ] lp)
(Z'L¢2J (17&.]3 15]: 1’ 2’ . 'ap)s nzgl (l: Ia 25 v '517)5 n+n,+- - +np:n)~

In this case, since (1.1) is invariant under the linear transformation X= DY, where D
is a block-diagonal constant matrix of the form

D=diag(D,®D,®---®D,),

the D, being n, by n, matrices, we may assume that when we denote A=(4,;; i,j=
1,2, - .-, p), where the A,; are n, by n; matrices, the diagonal blocks 4,; (i=1, 2,
-+ -, p) are of Jordan canonical form.

We here assume that A is similar to a diagonal matrix, i.e.,

(1'3) A Ndiag(Vb Voy = **y Vn)
together with the condition:
(14) Diio’ lJi—ur:éuj (mOdZ) (li‘]’ i,j=1,2, . ',n)'

Now, if all 4,, (i=1,2, ---, p) are diagonal and their diagonal elements p,,
(j=1,2, - -, n,) are not negative integers and not congruent to each other modulo
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Z, then there appear no logarithmic solutions for (1.1). Near each regular singularity
t= 1, there exist n, non-holomorphic solutions of the form

(15) x“(t)z(t—li)"” ijO sz(m) (t—"zz)m (]: la 2’ MY ni)

and n—n, holomorphic solutions given by putting p,,=0in the above, and near t= co
there exist » non-holomorphic solutions of the form

(1.6) PO= S HSC k=12, -, n).

In the paper [1] we have solved the connection problem between these fundamental
sets of solutions near t=2, and ¢= oo, that is, we have clarified how to determine the
connection coefficients T}, (o;;) depending on p,; in the expression of linear combina-
tions

(7 (D=5 THe) (O (=1,2 -+, p).

On the other hand, K. Okubo [3, 4] proved that there holds the extended GauB
formula for the non-holomorphic solutions x,,(¢) (j=1,2, - - -, n;; i=1,2, - - -, p):

(1'8) W(t):dCt [xll(t)n R} xlnl(t)b e ,’x'pl(t)5 tt xpnp(t)]

1T 11 (¢=2)"I'(o,+1)

i=1 j=1

Iﬁll"(vk—kl)

b4

which played an important role in the systematic calculation of monodromy groups
for (1.1).

Now, in the case when one of 4,,(i=1,2, - - -, p) is not diagonal or when for
some 7, p,;=p,, (mod Z2)(j£k;j, k=1,2, - - -, n,), there appear logarithmic solutions.
As is well-known as the Frobenius theorem, the logarithmic solutions are given by
derivatives of the non-logarithmic solution (1.5) with respect to the parameter
(characteristic exponent) p,,. The purpose of this paper is to show that the Frobenius
theorem holds in the large, that is, the connection coefficients of the logarithmic solu-
tions also can be given by derivatives of those T7,(p;;) of the non-logarithmic solution
with respect to the parameter p;,;,. Moreover in §3 we shall prove a formula similar
to (1.8) for a fundamental set of non-holomorphic logarithmic solutions.

Hereafter we shall consider the hypergeometric system (1.1) with (1.2) and, for
simplicity, we shall treat of the case where A4, (i=1, 2, - - -, p) are consisting of one
Jordan canonical block of the form
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01
01 0
|
0 0

where the superscript * denotes the transposition of a matrix. However, in more
general cases where the A, consist of a finite number of Jordan canonical blocks,
the diagonal elements of A,; are negative integers or are congruent to each other
modulo Z and so on, we only need a slight modification of the consideration which
will be stated below.

Throughout this paper, together with the assumptions (1.3) and (1.4), we assume
that p; (i=1, 2, - - -, p) are not negative integers, and p; %y, (mod Z) (i=1,2, - - -, p;
j=1,2,---,n). It is also assumed that the singularities 2, (i=1,2, - - -, p) lie on
the apexes of a convex polygon. As to a detailed investigation on weakening the
above assumption for the location of singularities, see [5]. '

§2. Frobenius’ theorem

One can easily verify that near each regular singular point (= 2Pi=12,---,p)
there exist n—n, column vectorial holomorphic solutions of the form (1.5) with
p:;=0 and an »n by n, matrix solution involving logarithmic terms:

2.1 XO=XO0e—-2)" (=12 ---,p),

where X,(7) is convergent power series of the form
@2) R=(=2)" 3 Gmt—2)"  (i=1,2 -+, p).
m=0
The coefficient matrix G,(m) satisfies the system of linear difference equations
2.3) { (B—2){(m+0)G(m)+ G (m)J }=(m—14p;— AG(m—1)+G(m - J;,
B—2){0.G.(0)+G.,(0)/,}=0, G(—r)=0 r=1,2, ---).

From now on we consider an n by N matrix solution X (t) of the form (2.1) with
(2.2), where the suffix i is dropped, and we regard p as a parameter. So when we put
p=p; and N=n, in the last stage of the analysis to follow, X(¢) gives the matrix

solution X;(2).
Putting

% Since the hypergeometric systems are invariant under the translation of the variable (£ —a),
we may -assume that ;%0 (i=1, 2, ---, p). This assumption is needed only in the process of
proof. ) v
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X()=(x(2), xO(), - - -, x¥-(1))
=(x(t), £O@), - - -, RY-DON(E—-2)’,

J being an N by N shifting matrix, we shall rewrite the expression (2.1) with (2.2) in
the following column vectorial form:

XO)= (=2 3 Gem(t—2)",
ey < 7
XON=3] — (log ((— DY £0()  (j=1,2, -, N=1),
(-1

where

«

@2.5) 2O()=x(1), £O@O)=@E—2° ] GOm)t—D" (I=1,2, -+, N—1).

m=0

The column vectors of the matrix G(m)=(G(m), GV (m), - - -, G¥~V(m)) satisfy the
systems of linear difference equations

2.6), (B—)(m+p)G(m)=(m—14p— A)Gim—1),
(2.6), (B—2{(m+ p)G 9 (m)+ 64~ (m)}
=(m—1+p—AGP(m—1)+GY " >(m—1),
where
Q.7 GO(m)= G(m).
From those difference equations we can observe that G (m) (j=0,1, ..., N—1)

are functions of m and p, in particular, of m+p.
Now let us define the differential operators 8 (I=1,2, - -.) by

1 &
2.8 Ol= — = I=1,2,--.
2.8) T )
and put
2.9) GO (m)=a’[G(m)] (j=L2,.--.,N=1).

Then, combining the relation
216U (myl=jG 9 m)
do
with the differential of (2.6);, with respect to p, one can see by induction that the

G (m) are particular solutions of the non-homogeneous linear difference equations
26),(=12,.--, N=1),1ie,
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(2.10) G(m)=(G(m), 9[G(m)}, - - -, 3" '[G(m)])

is a particular matrix solution of (2.3).
The above choice of the coefficient G(m) implies that

@2.11) 2 [x(t)]= goaf[(t—zya(m)](z— "

I (G AL I
—x00) (=12 N 1),

This is just the Frobenius method.
We here make some remarks.

Remark 1. Since G(m) is a function of m+p, the differential operators 3* may

be replaced by
al
om’

a;:% I=1,2,:--)

in the above.

Remark 2. One can see that
GO(m)=GP(m)+ 33¢,GI0m)  (j=1,2, -+, N=1)
l=1
also become particular solutions of (2.6),, i.e.,
(2.12) G(m)=G(m)C,
where
C=1 +C1J+CZJ2+ e +CN-1JN_1>

satisfies (2.3). This fact is also seen directly from the commutative property CJ=JC.
By the choice (2.12) we have a matrix solution X(#)C.

From now on we regard G(m) and G¥(m) (j=1, 2, - - -, N—1) as functions of
the complex variable m. Then, by the theory of linear difference equations in the
complex domain, we take G(m) as the particular solution of (2.6),, which is holo-
morphic in the right half-plane and meromorphic in the whole complex m-plane,
having simple poles at m = —p+p,—r (r=0,1, - - - ; k=1, 2, - - -, n) which are the
poles of (m+p—A)~*, (m+1+p—A)~", - - -. In particular, for p=p, (i=1,2, - - -, p)
G(m) has zeros of n;th order at m= —r (r=1,2, --+).

In the paper [1] we have considered the connection problem between any non-
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logarithmic solution near =2, and a fundamental set of solutions y*(t) (k=1, 2,
., n) near t=oo. Here we shall cite the results to be needed from [1].
The coefficients H,(s) (k=1, 2, - - -, n) of (1.6) satisfy the systems of linear dif-
ference equations ‘

(s—vi+A)H(s)=B(s—1—v)H(s—1),

(2.13) {
(A—v)H,(0)=0, H(—r)=0 (=1,2,.--), (k=12 ---,n).

Let us introduce the functions depending on m+-p and s:

m:(mJ'p)F(l’l’l+p—|—S—V,C)Z—m_‘°"S.+”’°
2.14 , :e g k:1,25 Ty
@14 glm,s) Pt E DTG—s) ( )

which satisfy the equations

(i) (m+pgdm s—1)= (vk—s—kl)gk(m—l 5)s

(2.15) {
(i) l(m"{_p)bk(m: =—s—p—m+Dg(m— I, s).

Then we proved that the series
(2.16) Fm)= 3, Hf)gm,s) (=12, n)
5=0

are convetgent in the left half-plane Re(m+p—v,)<<a, « being a constant, and
satisfy (2.6),. Let F,(m) be analytically continued to the right half-plane through
(2 6)0, and then the F,(m) are meromorphic functions with simple poles at m= —p
—r (=01, -..). :
We have obtamed the following result of the Mittag-Leffler type.

Proposition 1. In the left half-plane G(m) can be expressed in the form
@17 Glm)= > TuFlm) + E(m),

where E(m) is a holomorphic solution of (2.6),. The constants T, are given by the
residue of G(m) as follows:
(2.18)  Res[G(m): —o+v,]=T; Res[F(m): —p+v,]
=TH©Oe () =12, m).
‘ T
It should be noted that since G(m) is a function of (m+p) and hence in the left-

hand side of (2.18) the residue of G(m) at m+p=y, is not depending on p, the T,
are constants independent of the parameter p.
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Now, as in [1], we here assume that G(r) has the asymptotic behavior
2.19) G ~mr@—2)  (jargm| < T,

7 being a constant, where 2, is the singularity nearest to 2, i.e., Il—zolzmjn {12—=2,1;
A=%=2;}. Then we have for |1—2|<|2— 2] ’

(2.20) x(1)=(t— 2 3, Gln)(t—2)"

- (oo

where the path of integration ¢ is a Barnes-contour running from oo —ia to co 4-ia
(¢>max |Im (v, —p)|) such that z=m (m=0, 1, - - -) lie to the right of ¥ and z= —
k

p+vi—r (r=0,1, ---;k=1,2, - - -, n) lie to the left of ¥. Then, according to the
theory of Barnes-integrals, we slip the path & far to the left and then deform the path
derived to the so-called Mellin-Barns’ line-contour running from — ocoi to ooi, ob-
taining the analytic continuation of x(t) in the domain |[t—2|=[1—2,| and
0<arg(A—t/2—2,)<2x.

In that analysis, we must calculate the residues of the integrand in the left half-
plane. For p=p,(i=1,2 ---,p), G(z) has zeros at z=—1, —2, ..., and hence
these points are no longer poles of the integrand. So, by Proposition 1, we have
only to seek the following residues at z= —p+v,—r (r=0,1, - - -):

221 2. Hi(s) Res[gy(z, s)(t—D)°p(2)],

where we put

which is a periodic function with period 1. The sum (2.21) becomes y*(¢). And
consequently, for p=p, (i=1, 2, - - -, p) we have the connection formula

2.22) XO=21 Ty () O<argl—1/a—2)<2m),
k=1
where
(2.23) Fuo)= Smee™ 1 (k=1,2, .., n).
sin (v, —p)

See §3 in [1] for the detailed proof.
Now we consider the connection formulas for logarithmic solutions x“(¢)



256 M. KonnNo

(j=1,2,---,N—1). From the asymptotic behavior (2.19) we can also see that the
G (z) are of the exponential order and hence there hold

2.24) XD()=(t—2) i:OG(f)(m)(t——Z)”‘

_ (=2 —?)"I GO(Dp(E)t— Ay dz
27 Je
(!t—2!< IX—ZOI;J: 1, 25 s, N— 1)'
Following the consideration stated above, we now have only to calculate the residues
of the integrand in the left half-plane. From (2.9) and (2.17) we have
@.25) GO ()= 3 THF+ER)
k=1

and moreover, since we can see from (2.13) that the H,(s) are independent of the
parameter p, we have

(2.26) FIF(2)]= z H)[gz )] (k=1,2, - -, 7).

Remark 3. Foreachj(j=1,2, ---, N—1), 0’/[F(2)] is a particular solution of
(2.6),. This fact is verified by combining (2.13) with the differential of (2.15) with
respect to p.

Now we substitute (2.25) with (2.26) into (2.24). For p=p,(i=1,2, ---, p),
because of the initial condition G¥(—r)=0 (r=1, 2, - . -,), we can observe that the
residues of the integrand of (2.24) in the left half-plane are given only by

227) 3 T3 Hyls) Res[o'Tg(z 9] p@) (e — ).

Now, since the g,(z, 5) are also functions of z+p, as stated in Remark 1, we
may replace 9° by 3%, and taking account of the fact that each g, (z, s) has simple
poles at z= —p+y,—s—r (r=0,1, - - -), we can carry out the calculation as follows:

(228)  Res[o/[gu(z, 9)]p(2)(t—2)]
=Res[(—1)’gu(z, $)3][p(2) (1 — )]l

= Res| gz, 9= D(— 13} - Qogt—2)'34- 12|

Moreover, since from periodicity we have

229 o P@Ne= -5 -r =0 [P@)= - 1= (= 1) 0 [ pv—p));

we consequently obtain
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e30) 0= Lro{ng G tsemya-| S )

sin n(y,

=370 {5 toea—yar 11,01}

=0
(0<arg(A—t/2—i)<2m;j=1,2, -+-, N—1).

Substituting these into (2.4), we have

2.31) XO(t) = 3Tx(t)] = 2 OO
O<arg(A—t/2A—4)<2z;j=1,2,.-.,N—1).
This is easily verified as follows: Putting
Tx(P) a[fl([o)] . -8”"1[T1(p)]
T)=|Tp) ATp)- - - [T
7o) AT (o) - -0~ [To(o)]

we can rewrite (2.30) in the form

(x(0), £, + -, £V O)= A0, 37(0), - -+, 7OV~

and substitute this into

X(1)=(x(t), £O(1), « - -, EY V@)1 — ),

obtaining

(2.32) XD =D, YD), - - -, ()T (o).

(2.31) just implies the Frobenius method in the global sense, that is, in order to obtain
the connection formulas for the logarithmic solutions, we may merely differentiate
both sides of the connection formula for the non-logarithmic solution with respect
to the parameter p and we put p=p;.

We shall summarize above results as those for the hypergeometric system (1.1)
with (1.2) and (1.9) as follows:

Theorem 1 (Global Frobenius Theorem). Let y*(t) (k=1,2, - - -, n) be a funda-
mental set of solutions near t=o0. For eachi(i=1,2, - .-, p), let x,(t) be the non-

logarithmic solution and x{(t) (j=1,2, - -+, n;—1) the logarithmic solutions associ-
ated with x,(t) near t=4,.
Then there hold
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(233)  x()=2 Ty 2o yxr)  (0<arg(R—t/A— i) <27),
=1 sinz(y,—p;)

and

n j 3 Tl
@34 x2()=3Tu— 0[S 3r) (0 <arge— 12— 20)<29),
=1 " j! dp! Lsin m(v,—p,)

G=,2,---,n,—1),
where the T, are given by (2.18) in Proposition 1 and 1., is the singularity nearest to .
As to the similar result for the Birkhoff system of linear differential equations,
see [2].
§3. Gauf-Kummer’s formula

In this section we shall prove the extended GauB-Kummer formula similar to
(1.8) for suitably chosen logarithmic solutions X,(¢) (j=1,2, ---,p). To this end,
we had better introduce one more parameter p into (1.1) as follows:

ax
(L), (1—BY 2 =(4+p)X.

Then, as seen in §2, we have p logarithmic matrix solutions depending on
(31) Xl(t’ ﬂ)zyl(t? #)(l‘_’IZ)Jz (l: ]5 27 tt p)’

where

(G2 Xl )=(=2r S Glm =2 (=12, p).
Obviously,
3.3) X (H)=X/t,0) @i=12,---,p).
Now the differentiation of (1.1), with respect to ¢ leads to
(t—BYX"(t, g)=(A+p—1)X(t, 2,

whence it can be easily seen that the derivative of X,(z, 1) becomes the non-holo-
morphic matrix solution near =2, of (1.1),_;. So we shall investigate the relations
between X(t, 1) and X,(t, #—1), and thereby between X,(t, p) and X,(z, p—1) (i=
1,2, -, p)

The coefficient G(m, p), where the suffix i is dropped again, satisfies the system
of linear difference equations
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(B—D{(m+p+p)G(m, 1)+ G(m, p)J}
3.9 =(m—1+p—A)Gm—1, py+Gm—1, p)J,
(B—-R){(p—i—y)G(O, F‘)+G(0’ y)]}:(), G(—r, w)=0 (r=1,2,---).

According to §2, we can immediately obtain a particular matrix solution G(m, )=
(G(@m, 1), GO(m, ), -+ -, GYD(m, p)) of (3.4), where G(m, p) is a solution of the
system of linear difference equations

(3.5) (B—2)(m+p+p)G(m, p)=(m—1+p—A)G(m—1, 1)

subject to the condition G(—r, 1)=0 (r=1,2, --.), and GV(m, p) (j=1,2, ---,
N—1) are given by

(3.6) GO(m, )=3[Gm, )] (j=1,2, ---, N—1).

We here consider the relation G(m, p) and G(m, p—1). For that purpose, we
put

L'lo+p+1)
3.7 Glmypy=—" "7  K(m
GD D= Tt otutD) O

and substituting this into (3.5), we have
(3.9) (B—=DK(m)=(m—1+p—AHK(m—1),

which is now independent of the parameter p. So we take the solution K(m) of (3.8)
subject to the conditions K(0)=G(0, ©)+~0, K(—r)=0(r=1, 2, - - -) and then define
G(m, 1) by (3.7). From the above determination (3.7) we have

(m-+o+4p)G(m, W= (o+)G(m, p—1),
whence by the Leibniz rule

(m+p+ )G (m, 1)+ G9=(m, 1)=(o+p)GP(m, p—1)
(i:1: 29 . ':N—l)'

Consequently, we have
(3.9) (- p+ PG, 1)+ G(m, )= (o+ )G(m, p—1).
We are now in a position to prove the following

Proposition 2. Let X (t, 1) (i=1,2, - - -, p) be the logarithmic matrix solutions
of (1.1),. Then we have
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d
@.10) | g Xd6 =Xt =Dl
(A+#)Xi(ta /,!):(t—B)XZ(t’ /"'—1)([’1""#) (l: 1’ 2’ .. ‘,P)-

Proof. We have already explained that X7(7, ) is a non-holomorphic matrix
solution of (1.1),., near t=21,. Since

XUt p=1X1t, )+ Xit, (= 2)" T}t —2)
= mi::o {(m +po:+ ll)Gi(m» #) +G(m, /J)Ji}(t — QYT reetesite

from (3.9) we immediately obtain
Xi@t, =X, p—D(os+ ).

Combining this with (1.1),, we obtain the second formula of (3.10). Thus the proof
is completed.

Now we shall consider the Wronskian of the form

(3.11) W(t, py=det[(X,(t, 1), X(2, 1), - - -, X,(¢, )]
=det[(X,(¢, p), X8, 19), - - -, X, (8, 1)
X diag((t—2)"*®(t—2)"*® - - - D(t—2,)77)]
=det[(X,(t, ), Xo(t, 1), - - -, Xt gD,

which is, as easily verified, a solution of the Jacobi equation
(3.12), W'(t, p={trace[(t— B) (A +wI}W(, 1)

= {zi %} w, w.

Using the second formula of (3.10), we obtain the recurrence relation

[l e [ W@ o= [ [T =20+ Wt ),

whence

n

’ [ D+ DT T oit D)
(313) W(t, 0): W(t’ ‘a) I;[l (t_zi)—;mi k=1 i=1

11 Gt o0+ D[] T+ 1)

Then, letting p tend to infinity in (3.13), we can derive the explicit value of W(z, 0),
which is just the required formula. For that purpose, we must investigate the
asymptotic behavior of W(t, p), i.e., X.(, ) for sufficiently large values of p. Taking
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account of (3.7), we see that the X, {t, ) are considered as the generalized factorial
series expansions in . From the Stirling formula it follows that

; _~hyf Tete+bD  Ta-
Gm, = 39| U)ok o

=p ™I[Km]+o()} (=12, ---,N-1)

and hence

(3.14) G(m, p)=p~™{(K(m), S[K(m)], - - -, 3"~ '[K(m)])+o(1)}

for sufficiently large values of y. In particular, G(0, p) is independent of x and is
equal to

(3.15) : G0, 1)=(K(0), a[K(0)], - - -, 3" '[K(0))).

For later use, we here calculate the value of (3.15). It is easy to see from (3.8) that
K(0) is of the form

n .y N ongy, Ry
A\ PN N PAN N
K(O)Z(O, - 0, k(0)5 0, - ) 0)*,

where k(0) must satisfy —J*k(0)=0. Hence we take k(0)=(0, - -, 0, )*. The
differentiation of (3.8) with respect to p leads to

B—'[K(m)]=(m—1+p— ADF'[K(m—D]+3 ' [Km—1)]  (I=1,2,--.),

whence it is again observed that

mn ny N nyy, n,
N AN PaN 2N A
FKO)]=(0, ---, 0, FkO)], 0, ---, 0)*

and the 9'[k(0)] must satisfy —J*3'[k(0)]4-0"~'[k(0)]=0 (/=1,2, --.). Hence we
obtain

k(0)=(, - --, 0, 1)%,
(3.16) a[kg0)]=(o, «e, 0,1, D%,
aN“[k;(O)]=(1, 1, o, ¥,
Now, from (3.14) and (3.15) we have

(3.17) X, )= (t—2)7+{(KL0), KO, - - -, 3V [K,O)])+o(1)}
(i= 19 23 .t '9p)
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as p—oo for |t—2;|<|2;,—2y| —e, ¢ being an arbitrarily small number.

We shall return to the investigation on the asymptotic behavior of the Wronskian
W(t, p) as p—oo. Let D, be the intersection of circles of convergence of X,(z, )
(i=1,2, ---,p). We here assume that D, is not empty. For instance, if lli—2,]>
[2:|>0 (i#j;i,j=1, 2, - - -, p), then D, is certainly non-empty. Then from (3.17)
we have

(3.18) w(t, p)= ijl (t_,zi)wumnz]
X det{(Ki0), a[K,O)], - - -, " [KOD; i=1,2, - - -, p}{1+o(1)}
= [” 040‘“*”“];1 (=Dl 4 o(1)}

as p— oo in any compact set of D,. Substituting this into (3.13) and letting p— oo,
we consequently obtain

s

(= YDA D),
St 1 =2y
’l—:[lp(”k"f'l)

(3.19) W(t, 0)=-

i=1

in any compact set of D,. In the above calculation we have used the Fuchs relation
(the invariance of trace)

D n
2. Tp= D g
i=1 k=1

Moreover, taking account of the fact that W(z, 0) is a solution of the Jacobi
equation (3.12),, and by the analytic continuation, we can observe that the identity
(3.19) holds in the so-called star domain.

Lastly we make a remark on the assumption that D, is not empty. In the above
proof we only used the local expression (3.2). However, by more detailed investiga-
tions, one can obtain the expression of X,(¢, 4) and its analytic continuation in the
star domain in terms of factorial series in g under the more weak assumption. Such
detailed investigations will be referred to the paper [5].

We write the result derived so far in the form

Theorem 2 (GauB-Kummer’s Formula). For each i (i=1,2, - - -, p), let X,(t) be
the logarithmic matrix solution defined by (2.1) and (2.2) with the initial value (3.15)
near t=2; and also let us denote its analytic continuation by X,(t). Assume that
Dy=¢. Then we have the identity

M= D5 (o, Dy,
(3200 det[X(0), X, - -, X (D)= T G20,

[1.76s+1)
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which holds in the whole plane except for the half-lines running from 2, (i=1,2, - - -, p)
to infinity. The identity (3.20) implies that X,(t) (i=1, 2, - - -, p) form a fundamental
set of solutions of (1.1) in the large.

As an example of the application of our theory, we shall deal with the connec-
tion problem for the Gaul3 equation

(- - e

0 1// dt a P
where p=7—1is a positive integer, p=7—a—p—1and a,.= -7 —a— 17T —p—1).
Since the characteristic exponents at t=0 are 0 and —p, there certainly exists a

logarithmic solution near t=0.
Let X,(¢) be a matrix solution near =0 of the form

Xo(1)=(x,(1), x°())

= (x%,(2), £°(ENe7,

where

xo(t) =33 Go(mr™,
(3.22) N
F(0)=177 3 GO myt™.

The coefficients G,(m) and G{"(m) are given by solutions subject to the conditions
G(—r=GP(—r)=0(r=1,2, - - ) of the following linear difference equations for
0=0; ‘

(3.23) B(m+p)G(m)=(m—1+p—A)G(m—1),
and
(3.24) B(m+p—p)G®(m)+ BG(m—p)

=(m—14p—p—A)GO(m—1)+G(m—1—p),

respectively.
On the other hand, we have a fundamental set of solutions near = oo of the
form

Fla, a—7+1; a—p+1; t7Y)
yl(t)=t~a< ! - )

(3.25) (T—a—1)F(a, a—7+2; a—p+1;5 17
yz(t)zt"ﬁ(F(ﬁ, ‘B_T+1; ‘B—a+1; t—l) )
(T—ﬁ—l)F(,B, ,B‘—T—}—Z; ﬁ—a+1; 177 >
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where F(a, b; c; t) denotes the hypergeometric function.
Now we seek the connection formulas between X,(z) and (3.25). For that pur-
pose, according to our theory, we first solve (3.23), obtaining

(3.26) Gmy=_Lm+p—wl(mtp—v) ( 1 )
L(m+p+p+ DI (m+p+1) \m+p+p
(V1= —, YUpy= —ﬁ)

Then the relation (2.18) becomes

I'(ve—vy0) ( 1 >=Tk< 1 )eﬂi(vk—i-I) sin 7y, (k=1,2)
Fe+p+ DI+ D\ve+p vi+p T T

thereby, together with (2.23), we obtain

evrip n.l’(yk_ua—k)e— i (vg+1)

sin ”(Vk—.o) F(”k+]’+1)r(”k+1)

(3.27) Tlp)= (k=1,2).

Putting p=0 in (3.27), we immediately obtain the connection coefficients between'the
holomorphic solution x,(¢) and (3.25).
We now investigate the form of x{"(t). From (3.24) we can observe that

(3.29) X0(1)= t“"jgoGg”(m)t’"—}— mi:pGg“(m)t’”‘p

=172 5GP+ 3 AG e,
where the first p coefficients G§"(mn) are determined by

B(m—p)GP(m)=(m—1—p—A)GP(m—1)  (0=<m=<p—1)

subject to the initial condition

—(1+AG(p—1)= BG(0).
When we rewrite the first sum in the right hand side of (3.28) in the form
(3.29) t-» goagv(;n)tm: gég‘)(m)t‘m“,
the coefficients éé"(m) are given by solving

{ (m+1+A)GP(m)=B, G (m—1),
—(1+A)GP(0)= BG,(0),

whence
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(3.3 G (my= I'(m+1D(—1" sin n(—v,) sin 77(“1{2)( 1 )

T(m+2+v)(m+24v)[(p—m)z*\ p—m—1

Fron this we have the Barnes-integral representation

sp0=— L[ Gre( 7 )=

sin 7z

S G G (C

whee it can be easily seen from (3.30) that in the left half-plane

Res[Gp@( 7 ) (—n-=]=0.

sin zz

Coruequently, we can reduce the above problem, where the characteristic exponents
diffe: from the other by integers, to that considered in §2. From Theorem 1, we
hav e the connection formula

G31) X§0)= 5 G+ Y, oGl
— AT (]P0 + LT )]0,

wheré we put p=0. The first element of (3.31) just implies that

(3.32) Mg(a, BT 1)

I'(p+1D
At W A V: S5 A P DO P
_<ﬁm)r(_a+p+l)’ Fla, a—7+1;a—p+1;17")
— \ I'a=Pr@ . o
+<sinzﬁ>]’(_‘3+p+l)t PR, B—T+1; f—a+1;17Y),

where

(333) gla g:7: 0= —(—n'S, P @=l=mt Da—ptmIE=ptm) _

m! T (@)

+ 23 OB tmflog 4 gtk m) +-9(a-Em—y G-+ m) =414,
Y(z) denoting the logarithmic derivative of I'(2), i.e., y(z2)=1"(2)/'(z). Let Re (7 —
a—pB)=p+1—Re(a+p>0. Then, letting ¢ tend to 1 in (3.32) and using the GauBl
formula
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') (c—a—b)
I'(c—a)['(c—b)

F(a,b; c; D)= (Re(c—a—b)>0),

we have

(334  gla, 751
_(_sinn'ﬁ = __sinza T ) I'(p+DI'(p+1—a—p)
~\ sinza sinz(8—a) sinzg sina(@—p)/ I'(—a+p+DI(—p+p+1)

_ (=D I+ DI @=p) ' (E—p)
I'(e+8—p)

which is also derived from the Gau3-Kummer formula (3.20) slightly modified for this
case.
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