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§0. Introdaction.

Let 4 be a real diagomal matrix [4;, - - -, 2,] and let V(¢) be a locally integrable
n X n-Hermitian matrix-valued function on R. Then the differential operator

L=iddjdt+V(t)  in LXR)"

with domain {f e L*(R)"; f is absolutely continuous with iAf’+ Vf e L*(R)"} is
selfadjoint. Let, further, &, I) be a solution of

(1) @Adldt+V—Do=0

with intial value @(0, [)=E, (the unit matrix-in M,), and let p(2) be the spectral
matrix for L with respect to @(¢, 7). In [6] the spectral matrix has been discussed
under the condition that, roughly speaking, ¥(¢) tends to zero as t—+oco. In this
paper two cases will be considered; the first one where V() tends to zero as t—— oo
while | V(¢)| diverges as r—oo and the second one where | V(¢)] diverges as t—+ co.
As a variation of the first case, the condition that V'(¢) tends to zero as #—— oo and
| V(¢)] diverges as t—1 is also treated(Theorems 1, 2 and 3).

Let v(t) be a locally integrable real-valued function on R such that, again
roughly speaking, v(¢) tends to zero as #—— oo and v(t) diverges to infinity as t—oco.
Then the differential operator

M=—d%d*+u(t) in LX(R)

is selfadjonit with domain {u e L*(R); u and u’ are absolutely continuous with —u”
+uvue L(R)}. Let ¢,(t)=¢,(t, 1) (=1, 2) be solutions of the equation

(2) ‘ (—d*dt*+v(t)— )¢ =0

with initial values (¢;, ¢,),-o=F,. The spectral matrix for M with respect to ¢;
(j=1,2) can be described satisfactorily (Theorem 4). Our result is better than
Theorem A 12 [4]

Theorems and examples are collected in §1 and § 5 respectively. In §2
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Theorems 1 through 3 are proved by the aid of a fundamental Lemma 4, whose
proof is given in § 3. - The § 4 is devoted to the proof of Theorem 4.

Finally we shall explain our notation. R is the set of real numbers and R_=
(—o0,0), R.=(0, o). Cis the set of complex numbers and C, ={/ ¢ C; =Im />0},
C.={l e C; Im [=0}, where Im / denotes the imaginary of . M, stands for the set
of n X n-matrices and GL,={X e M; det X=£0}. For X=(x;,) in M, ‘X and X*
denote the transposed and the conjugate matrix of X respectively. The norm | X is
equal to max; (¥,|x,,[), while rank X means the rank of X. E, is the unit matrix
in M,. Let ¥V be a vector space. V" stands for the vector space {*(v, - -+, U,);
v; € V}. For £§=(§,) € C" the norm |&| is equal to max; ((&;)). If an fis an abso-
lutely continuous function on some interval of R, f” means the derivative of f.

8§ 1. Theorems.

To begin with we shall assume the following conditions on 4 and V(¢).

C-1) There exist real d, a locally integrable real-valued function ¢(¢) on [d, o) and
an Hermitian matrix H e M, such that ¢(¢)>0, lim,_,, g({)=0c0 and V()=
q(t)H on [d, o).

C-2) Al characteristic roots of (i4)~' H have non-zero real parts,

C-3) V(1) is integrable on (— oo, d].

The condition C-2) implies that 7 is even (Lemma 2).

Theorem 1. Under the conditions C-1) through C-3) the spectral matrix p(2) for
the operator introduced in §0 is an absolutely continuous function having a continuous
density o’ with rank p/(2)=n/2.

In place of the condition C-3) we now assume the following ones.

C-4) There exist real c, a locally integrable real-valued function on (— oo, 0] and an
Hermitian matrix G € M, such that g(s) >0, lim,__,, ¢(s)= oo and V(5)=g(s)G
on (— oo, c]. . '

C-5) The characteristic roots of (i4)~' G have non-zero real parts,

Theorem 2. Under the conditions C-1), C-2), C-4) and C-5) the spectral matrix
0(2) for the operator L is a step function with rank (o(2)— p(2—))=n/2, where p(2—)
denotes the left limit of p at 2.

As a variation of C-1), consider the following condition.

C-1") There exist real d(< 1), a locally integrable realvalued function ¢(z) on [d, 1)
and an Hermitian matrix H € M, such that ¢(¢)>0, lim,_, ¢(t)=0c0 and V(¢)
=q(¢t)H on [d, 1).

Let L=iAd|dt+ V() be a differential operator in L*(— oo, 1)* with domain {fe L?

(— o0, 1)*; fis absolutely continuous with i4f"+ ¥Vf e L*(— oo, 1)"}.
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Theorem 3. If the operator defined above is selfadjoint under the conditions C-
1), C-2) and C-3), then the spectral matrix p(2) for L with respect to ®(t,2) is an
absolutely continuous function having a continuous density o’ with rank p'(2)=n/2.

Let v(¢) be a locally integrable real-valued function on R with the following
properties. ‘
C-6) There exists real ¢ such that v(z)=c for t=0.
C-7) The function v(¢) tends to oo as t—oo.
C-8) There exist real-valued functions v, and v, on (— co, 0] such that v=v,4v,
and that, v, being absolutely continuous, v; and v, are integrable on (— oo, 0].
In particular, we may assume that v,(¢) tends to some real v_ as f—— co.
As is well known, —d*/dt*+v is in the limit case at =+ oo ([3, p. 231 and p.
255] and [11, Theorem 4.2]). Define the differential operator M in L*(R) and func-
tions ¢,(j=1, 2) for this v as in §0. Then M is selfadjoint. We refer to [3, p. 250]
for the definition of the spectral matrix for M with respect to the generalized eigen-
functions ¢,(t, 2) (j=1, 2).

Theorem 4. Let p(2) be the spectral matrix for the operator M with respect to
$,(j=1,2).

(i) p is an absolutely continuous function on (v_, oo) having a continuous
density o’ with rank p’(2)=1

(i) p is a step function on (— oo, v_) with rank (p(2) —p(A—))<1. The possible
discontinuous points are bounded from below, and the accumulation points, if any, is
equal to v_.

Remark. The statement (ii) of Theorem 4 is known. We cite it above for the
sake of completeness. The condition C-7) can be replaced by Molchanov’s one [1,
p. 528].

§2. Proof of Theorems 1,2 and 3.

To begin with we remark on the condition C-2). Let H be an Hermitian matrix
in M, and set B=—(i4)"'H.

Lemma 1. If A is positive definite, then Re a=0 for any characteristic root a
of B.

Proof. Let ¢(t) be an arbitrary solution of the equation iA¢'+ Hp=0. Then
(¢*Ap) =0, which results in the boundedness of ¢ on R. This is possible only if
Re a=0.

Lemma 2. Assume C-2). If a is a characteristic root of B of multiplicity m,
then —@ is also a characteristic root of B of multiplicity m. In particular, n is even,
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Proof. The characteristic polynomial P(x) of B is proportional to Q(y)=
det (idx+ H) (y=ix). Clearly Q is a real polynomial. Thus, if i is a root of Q
of multiplicity m, then ia(s£ix) is a root of Q of multiplicity .

Assume the conditions C-1) through C-3), until the proof of Theorem 1 com-
pletes. Without loss of generality we may assume 2;7'>-- - =4, >0>- .- =21, for
some 1<p<lm. Set

n/2

P+:diag[17 T s fﬁoa "'70]’ Q+:dlag[17 Y 19 0’ "')0]

and P.=E —P,, Q_ =E,—Q,. It turns out later on that P, =Q, under the
condition C-2) (Lemma 3). The equation (1) can be rewitten as

¢ =@q@O)B+IiN g,  B=—(MNH"H

£

on [d, o). By the substitution rzf q(s)ds and (z) =¢(?) the above equation takes
d

the form

(3) V=B,  Q)=04)"/q().

Let &; (1=<j<k) be all characteristic roots of B with positive real part. Then there
exists a T € GL, such that

By(ay) 5
I By(ay) _[B 0
T-'BT = () —[0 2|
-0 T
B_(—a,)
where B;(«) is of the form
J(O{, ml) O
Bi(a)=
J(O(9 mn(i))
with
ap O
Ja,my=] *.". 1eM,.
0 ap
o

Under the similarlity transformation by a diagonal matrix p(+0) can be arbitrarily
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small. We may assume that every characteristic root of the transformation U—B, U
—UB_ in M, has positive real part, because it is nearly equal to «; @, for some
1<, j<k provided g is small enough.

Lemma 3. Assume C-2).  The number of positive eigenvalues of A is equal to
n/2. In particular, P, =Q..

Proof. We shall show that the matrix X=Q_ .7 'P,+Q_T*P_ is non-singu-
lar. Let X£=0 for some & e C". Denote by ¢(¢) a solution of the equation i4¢ +
Hg¢ =0 with ¢(0)=P,&. Since ¢*/A¢p does not depend on ¢, it is euqal to (P.£)*4 X
(P.£). On the other hand, x=1""¢ satisfies ’=7T-'"BTX with 2(0)=T"-'P,& and
Q.%(0)=0. Thus X(¢) tends to zero as t—oo, which results in (P, &)*A(P,£)=0.
Namely P,£=0. In a similar manner we can show that P_£¢=0. Consequently the
matrix X is non-singular. Now that rank X'=n, we conclude that P, =0Q,.

By the substitution () =Ty(r) in (3), we obtain
(4) Y =(T"'BT+IT7'Q(x)T)y.
Fix now , € R and set U(})={l € C; |I—],|<1}.

Lemma 4. There exist 7,>>0 and a fundamental solution Y(z) = Y(z¢, 1) of (4)
with the following properties.

(i) Y(z, ]) is defined on [z,, 00) X U(l,) and holomorphic in I.

(i) Define Y, i(z) e M, (i,j=1,2) by Y(z)=(Y,(2)). Then Y, (7) (i=1,2)
are non-singular, and Y, Y3, Y, Y35', Y5', Y,, and Y., convere to zero as t—>co.

We defer the proof until §3. As to asymptotic behavior of a fundamental
solution of (1) near = — oo we have

Lemma 5. [6, Lemma?2] There exist real c, a bounded neighborhood U, (I)C C.
of I, and a fundamental solution Y (t)=Y.(t,]) of (1) with the following properties.
i) Y.(t, 1) is defined on (— oo, ] X U.(l,) and continuous in L.

ii) Forle U.(p)NC.
lim Y, (¢, 1) [exp il A7 (t+ )| =E,,

f—>—oo

while for l e U.([) N R
lim [expild-'(¢+o)}Y.(¢, D)= W*(l)’

t——co

where W, (resp. W_) is of the form
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AN

The fundamental matrix @(t, /) of (1) can be expressed as

Y., DC.()  (t~—o0, £Im/=0)

(5) o0, = {TY(-:, DD()  (t~oo).

Clearly D is holomorphic in U(/,) and C, is continuous in U, (L).

Lemma 6. The function Q,DC;'P,.+Q_ T 'P. is GL,-valued and continous in
U.(ynuy.

Proof. Denote by X.(/) the value of the function. We shall prove the lemma
for Im/>=0. The another case can be treated similarly. Assume X,(/)¢=0 for
some § € C", and set £.=P.§. Let ¢ satisfy id¢’+Hgp=0 with ¢(0)=&_. Then
X=T"'¢ satisfies X’=T""BTX with Q_X(0)=0. Consequently X(1)—0 as t— — co.
Since ¢*A¢ is constant, ¢*Ap=0. Thus &.=0. It remains to show that &, =0.
Since O, DC1'¢, =0, Y(¢r) DC;'&, tends to zero as r—oo by virtue of Lemma 4.
Consequently ¢(2)=TY(z)DC;'¢, tends to zero as r—oo. When ¢ is near — oo,
#()=Y,(t)&, in view of (5). In case Im />0, ¢(¢) tends to zero as t——oo by
virtue of Lemma 5. Observing that (¢*4¢) =2 Im I¢*¢, we conclude that a mono-
tone function ¢*A¢ (hence ¢ as well) is identically equal to zero. Thus &, =0. In
case Im /=0, ¢*/A¢ is equal to a constant, which is equal to zero because ¢(7)—0 as
t—co. If tis near —oo, ¢*Ag is equal to

§XY . (1)* [exp —ilA~'(t+ o)) Alexp idl A7 (t4-c)]Y (2)E,,
which tends to EXW*AW &, as t—— co by virtue of Lemma 5. Thus &, =0.

Lemma 7. The function C;'P,{Q.DC;'P,+Q_T~'P_}'—CZ'P_{Q,DC-'P_
+Q_T-'P,}~" is GL,-valued and continuous in U . (I)N U_(I)N UL,).

Proof. Denote by X(/) the value of the function, and assume X(/)&=0 for
some & € C™. It suffices to show that £=0. Consider a solution
$(1)=0()CTP Q. DCT'P.+Q_TP}i¢
of (1). We shall show that ¢=0. Put&,=P.{Q ,DC;'P,+Q_T 'P.}"'¢. Since

X())&=0, ¢ can be rewitten as Y.(1)é, near —oo in veiw of (5). As in the proof
of Lemma 6, we obtain

t——oo
Thus ¢*A¢=0, which implies &, =0 by (6). Since P.=Q. and Q,DC'P.+
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Q_T-'P. is non-singular, it follows that £=0.

Proof of Theorem 1. Let s and ¢ be near — oo and oo respectively. Using (5),
we obtain for +-Im />0

(7) (D(5)+D(1) ' O(t) =(E,, + 0(1) "' D(s))~*
=C{DC+(TY ()Y ()} 'D.

We shall show that the above matrix converges to

(8) N,=C;'P {0, DC'P.+0Q.T'P.}0, for £Im />0

as s——oo and ¢ (or z)—>oco. Assume Im />0. Recalling the definition of Y, (see
Lemma 4), we rewrite {DC;'+(TY ()Y, (s)} " as

(DCT+TY @Y V@)Y (e)ettt 00 imr s} 1

:eilP.qA—l(s-I»C){[En/g 0 ]Dclle”P—A_l(s‘PC)

0 Yy
O o e [ 0],

where Y,(r)= [YO“(T) v (S)] , T()=TY(2)Y,(z) " and ¥, (s)=Y,(s) [expilA~-'(s+¢)].

By virtue of Lemmas 3 and 4, T(z) and ¥,(s) tend to 7 and E, as t—co and s—
— oo respectively. It is now clear in view of Lemmas 4 and 6 that (@(s) +9(¢))'0(¢)
tends to N, as s—— oo and t—>co. The case Im /<0 can be treated similarly. Let
1> A(u<2) be continuous points of the spectral matrix p and let [, 2] be in U, (/)N
U.()NU(). Then

oo = tim [ —(V.o+io—N_—io)id) dv

(cf. [6, Proposition 2]). On account of Lemma 6, the right-hand side is equal to

1 (v~ N e e,

2ri Je

where N, (v+ic)—N.(v) as e—-+0. By Lemma 7 the integrand p’(v) is a continuous
function with rank p’(v)=n/2. Theorem 1 has been proved.

We now turn to the proof of Theorem 2. By the substitution ¢= —Ic q(u) du
13
(t<c) and Y{(c)=¢(?), the equation (1) reduces to
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(9) VW =(A+I1Q0), A=—(0D7CG, Qo)=(M"/q().
Let Se GL, be as T for B=—(iA)"'H, and set
A, O
S!AS = .
o]

In particular, real parts of the characteristic roots of -4, are positive, and the char-
acteristic roots of the linear transformation U—A4,U—UA_ (U e M,,,,) have positive
real parts. Substituting Sy(¢) for (o) in (9), we obtain

(10) Y =(SAS+IS"1Q(0)S)y.

Fix now /, € R and set U(},)={/ e C; |/—/,|<1}. The analogy to Lemma 4 runs as
follows.

Lemma 8. There exist 0,<0 and a fundamental solution Y(¢)=Y(s,!) of (9)
with the following properties.

1) Y(o, 1) is defined on (— oo, a5l X U(ly) and holomorphic in .

il) Define Y; (o) e M, (i, j=1,2) by Y(0)=(Y,;(0)). Then Y, (o) (i=1,2) is
non-singular, and Y, Y3, YV, Y5', Yy', Yy and Y, converge to zero as g—>— 0.

The generalized eigenfunction @(z, /) of the operator L can be written as

SY(e, ) Cl)  (t~—oc0)

an o, l):{TY(r, DD (t~co).

Clearly C and D are holomorphic in U(}). Define X,,(/)e M,,, (i, j=1, 2) by
DC'=(X;,).

’Lemma 9. The matrix X,(I) defined above is non-singular for non-real I.

Proof. Assuming Q. DC~'Q . £=0 for some & ¢ C", we shall show that 0 ,£=0.
By the assumption and Lemma 4 ¢(¢)=TY(z) (DC'Q,&) is a solution of (1) tending
to zero as t—»oco. Since ¢(1)=0()C'Q. E=ST(0)Q.,&, ¢(t) converges to zero as

t——oo0 by Lemma 8. Now a monotone function ¢*/A¢ on R must vanish identi-
cally, which yiels ¢*¢=0 (recall that (¢*Ag) =2 Im ! $*@). Thus ¢=0 and Q.&=0.

Proof of Theorem 2. It suffices to show that for non-real /
X -1
(12) (@G, 1)+, D) 0(, l)aC(lr‘(O 20 g)p(z)
as s——oo and t—oo. Indeed, denote by N(/) the right-hand side of (12), and let

pand 2 (z<<2) be continuous points of the spectral matrix p with [y, AJC U(L).
Then ;
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3

o) — p() = 2_17 lim [ — (N i) — N — i) (id)-dv.
Tl e—+0

3

Since N(/) is meromorphic in U(/), Theorem 2 follows. We shall prove (12).
Using (11), we can rewrite the left-hand side of (12) as

(13) CYDC-+(TY(2)) S ¥(0)} D
=CHDC '+ Y(r)"Z(o, 7)Y 4(0)} ' D,

Y, O

0 Yy
[ 11 X5 0
show that the matrix { }-* in (13) converges to
0

where Y, =< ) and Z(g, ) =Y, (0)Y(z)"'T-'SY(c)Y,(c)~". It now suffices to

>. Set Z(a, 7)=(Z;, (0, 7))
¢

(Zi;e M, 0,j=1,2) and 7(o, 7) ={DC'+(TY(2))'SY(0)} ¢ (§ € C"/{0}). Aso—
— o0 and r—o0, Z(o, 7) converges to 7-'S by virtue of Lemmas 4 and 8 while
7(a, 7) tends to some 7 e C* because (P(s)+D(t))"'d(z) converges. Note that Q_z
=0. Otherwise, {DC'4-(TY(c))"'SY(0)}y(o,7), which is equal to &, turns out to be
unbounded as ¢——oo. In fact, let P be a diagonal matrix in M, such that P*=P
and rank P=rank PT'SQ_=n/2. The existence of P is clear, since 7-'S is non-
singular. There exists positive ¢, such that rank PZ(e, z)Q.=n/2 for —a, t>¢,
Denote by Z,(o, t) the matrix in GL,,, obtained by deletting zero column vectors and
zero row vectors of PZ(g, 7)Q_. In the equality

PZ(o, 1)Y(o)(o, 1) =PZ(o, 1)@ Yo(0)Q .70, 7)
+PZ(G> T)Q— Yd(O')Q_ﬁ(O', T)a

the first term on the right-hand side converges to zero as ¢— — co because of Lemma
8, while the norm of the second term is greater than | Y,,(6) "' Zy(s, ©)~'|'| Q-%{0, 7)),
which tends to co as g0— — oo since Y,,(0)'—0 as 6——oc0. Summing up, the as-
sumption Q_»+0 yields the unboundedness of Y,(c)}(TY(z)) 'SY¥(a)y(o, ) on (— oo,
¢,), a contradiction. To complete the proof of (12), we shall next show that Q,»=0
provided 0.£=0. Indeed, expressing & in terms of 7(o, ), we obtain

Q+‘=&:(Q+DC_1+ a. Yd(z')_lQ+Z(o‘, f)Q+ Yd(U)Q+
+0.Y,(0)'0.Z(0, 1)0_Y (0)Q )5(0, 7).

The second and the third terms on the right-hand side converge to zero as t—oo
since Y;(z)'—0 as r—co. Consequently Q,&=Q,DC"'y, which is assumed to
equal zero. Since Q_»=0 and X,, is non-singular (see the passage proceeding

Lemma 9 for the definition of X;,), Q,7»=0 as desired. Now the proof of (12) is
complete.
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We now turn to the proof of Theorem 3. Since Proposition 2 in [6] holds for the
operator L and since the analogy to Lemma 4 also holds, we can argue as in the
proof of Theorem 1.

§ 3. Proof of Lemma 4.

We shall prove two auxiliary lemmas first. Let A be a matrix in M,, and let 2
be a bounded region in C. Let, further, f(z, x, /) and g(z, /) be C™-valued functions
on [0, co) X C™ X 2 with the following properties.

i) fand g are holomorphic in / and f(z, 0, /) =0.

ii)y There exist positive § and a locally integrable function r(¢) on [0, co0) such
that

/@& x, D@y, DI=r@Olx—y], (8 DI=r(@),
lim r()=0

t—o

provided | x|, |y|<0.
Consider a differential equation of the form

(14) X =Ax+f(t, x, [)+g(t, D).

Lemma 10. If the real parts of all the characteristic roots of A are negative,
there exist positive T, and &, such that there exists uniquely a solution x(t) of (14) de-
fined on [T, o) with

lim x(#)=0, x(T)=¢

t—oo

Sfor any & (|&|<8y). The solution x is holomorphic in 1.

Proof.  Arguing as in the proof of Theorem 3.1 [3, p. 327], there exist positive
T; and 9,(<9) such that every solution ¢(¢) of (14) |¢(T})|<4, (T, =T,) satisfies | 4(2)|
<90 (tz=T)) and ¢(t)—0 as t—oo. Let K, N and « be positive constants such that
|e4*|<Ke=** (t=0) and 0<(8/2+1)/(N—1)<<§/2. Let T, be chosen so that sup r(z)
<a/(NK) (t=T). Defining inductively x,(, ) (k=0) by x,=e4¢-70¢ (|&|<6,) and

X, (t, [)=eAt-Tog 4 j L A0 f(s, xu_y, D)bgls, D)ds  (k=1)
T1
we can show by induction that |x,|<4 and
sup [x(8) =X ()| SNF+ sup [2:(8) — x(2) -

From this estimate follows the uniform convergence of x, on [T}, c0)X 2. The
limit function x(¢, /) is holomorphic in 2 and a solution of (14) with x(T,, [)=&.
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Let y(¢) is a solution of (14) with y(T;)=¢&. Since x and y satisfy the same integral
equation, we can show that sup |x(¢)—y(£)|<N~' sup [x(1)—p()|(t = T,). This
means x =}.

The following lemma is less obvious.

Lemma 11. If the real parts of all the characteristic roots of A are positive,
there exists positive T, such that a solution x(t) of (14) on [T}, o) satisfying lim,_,..x(t)
=0 uniquely exists. The solution x(t, 1) is holomorphic in £.

Proof. Let K, N and « be positive constants such that e 4¢|< Ke «* (1=0)
and §+1<N. There exists positive 7, for which sup r(¢) <<ad/QNK) t=T,). We
can define x,(¢)=x,(¢, ) (k=0) on [T}, o) X 2 recursively as follows; x,=0 and

x0) == [ eI e Dl D) ().
13
Indeed, it can be easily seen by induction that |x,(¢)|<8/2, |x(2)|<d and

sup x,(0)— x| J)  sup |00 —x,0)

for k=2. Thus the sequence x, converges uniformly on [T}, [) X 2. The limit func-
tion x(z, /) is holomorphic in £ and a solution of (14). Let y(¢) be a solution of
(14) tending to zero as t—oo. As long as |y(s) <0 (s=1)

as) 20 == [ et fGs, 7, D+ (s, D).

We denote sup |y(s)| (s=1¢) by M(¢). From (15) we obtain M(z) <(M(t)+1)3/(2N),
equivalently M(#)<4§/(2N—35)<d. By this observation we conclude that |y(#)| <o
for t=T,. Since x(¢) also satisfies (15), it follows that

i;‘%'x(”—y(’)lézfvgg |x() =),

which implies x=y.

Proof of Lemma 4. Let Y(2)=(Y,;(z)) (Y.; € M,;, i,j=1, 2) be an M ,-valued
solution of (4), and denote by F(z, [)=(F,,(z, I)) the matrix T-'BT+T-'Q(z)T(F;; ¢
M, i,j=1,2). If Y,,(z) (i=1, 2) are non-singular, then

(16) Zy=Yy Zn=Y,Y}, Z,=Y,Y5 and Z,,=Y,

satisfy the following equations.
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an Zi =(Fu+FuZ:)Zn
(18) Ziy =Fy+ FpZy—ZyFyy— Z, F 1,7,
(19) Zy=Fy+FuZy—ZFy—ZFZ,
(20) Zty=Fpt FuZ ) Zy,.

On account of Lemma 11, there exist positive 7, and a solution Z,(z, [) of (19) such
that Z,(z, 1), being defined on [z, o0) X U(l;) and holomorphic in /, tends to zero as
r—oo0. This Z,, substituting for Z;, on the right-hand side of (20), it follows by
virture of Lemma 10 the existence of positive 7,2>7;, and a solution Z,(z, ) of (20)
such that Z,(z, I), being defined on [z, /) X U(l,), holomorphic in / and non-singular,
tends to zero as r—oo. There exist positive 7,=>7, and a solution Z,(z, /) of (18)
such that Z,,(z, [), being defined on [z;, o0) X U(/,) and holomorphic in /, tends to
zero as t—oo. Clearly a GL,,,-valued function Z,, is a solution of (17) if and only
if

(21) (tzﬁl)/: - t(F11+F12Z21)th11-

Substituting Z,(z, [) defined above for Z,; in (21), and applying Lemma 10 to the
equation (21), we obtain a solution W(z, [} of (21) such that W{(z, /), being defined on
[0, 00) X U(ly) (zo=17,), holomorphic in / and non-singular, converges to zero as z—

oo. Put Z(z, D="W(r,)-! and define Y,,(z, ) (i, j=1,2) by (16) for +=z, and
e U().

§4. Proof of Theorem 4.
Let ¢,(t)=¢,(, ) (i=1, 2) be the solutions of (2) defined in §0. Denote by
m_(0) for [ e C, the limit '

—lim D).
=z By(t, I)

As is well-known, m, is holomorphic in C, with +Im m_({)>0.

Lemma 12. (i) There exist an infinite sequence 2,<<2,< - - - tending to co such
that m, is a meromorphic function on C whose singular points are simple poles at 2;
(G=.
(i) Ifl,>v_, the limit
m_(l)= lim m_()

1-10,l€C +

exists and Im m_(1)<<0. In particular m_(2) is continuous on (U_, o0).
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Proof. The statement (i) is a consequence of Theorems 1.13, 4.3 [12] and
Theorem 2 [16, p. 210]. The existence of m_(/,) with Im m_(/,)<<0 has been estab-
lished (see (39) and Lemma 10 [6]). It is an easy excercise to show that m_ in con-
tinuous on C, U (v_, o).

Proof of Theorem 4. Define a square matrix M =(m,,) (j, k=1, 2) by
(22) my=(m_—m )", my=my=(m_+m ) my/2, my=m_m,m,.

If the spectral matrix p for M is continuous at 1 and u (A>>p), then
2
(23) p(N)—p(w) =L lim j Tm M(v+ie)dy
T e—~+0Jp

by virtue of Theorem 5.1 [3, p. 251]. The limit

Im M(y)= lim CIm M) v>v)

l—v,l€

exists on account of Lemma 12, even at y=2, >v_, where

Tm M) = [g _ Im?n_(v)]'

Thus Im M(/) is continuous on C, U (v_, oo ), which resutls in the absolutely con-
tinuity of the spectral matrix p on (v_, co) with p'(v) =Im M(v)/z. Applying Lemma
11 [6] to Im M(y) (v+4,), we conclude that rank p’(v)=1 (v>v_), since evidently
rank Im M(2,)=1. The assertion (i) of Theorem 4 has been proved. We apply the
splitting method ([16, pp. 208-209] or [1, p. 520]) to the operator M. In view of
Theorems 2 and 5 [16, p. 210 and p. 214] as well as Theorem 3 [1, p. 522], it follows
that p(2) is a step function on (—oo, v_). Besides, the jump point of p, if any, are
bounded from below and they can accumulate only at v_. To see the simplicity of
M’s eigenvalues, it suffices to recall the domain of M (cf. Remark [6, p. 42)).

§5. Examples.

Example 1. Let k be a positive half-integer and denote by 4, the diagonal
matrix 2[k, k—1, - - -, v, - - -, —k} in M,,,,. Let H, be an Hermitian matrix in
M, ., with (v, v+ 1) and (v, v— 1) components (v=k, k—1, - - ., —k)

—iV(k—)(k+v+1) and iv(k—y+Dk+v)

respectively, other components being vanishing. Then Theorem 1 is applicable to
the operator id  d/dt+e'H, in L*(R)*** [cf. 8].

Example 2. Let k and A4, be as above. Denote by V, the Hermitian matrix
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in M,, ., with (v, v+1) and (v, v—1) components (v=k, k—1, ---, —k)

— v (=) +v+ Dk —v)(k+v+1)

and

— U=+ DI+v)k—v+D(k+v)

respectively, other components being vanishing. Here / is also a half-integer not
less than k. Then Theorem 3 can be applied to the opeator id,d/dt+V,/sh t in
L*(R.)™*!, because we have

Proposition 1. (i) The characteristic roots of (iA,)"'V, are
+U+k), £U+k—=2), ---, £(—k+1).
(ii) The operator L,=iddjdt+V,jsht in LX(R.)*** with domain C3(R,)™*" is
essentially selfadjoint.

Proof. Let F, , be the differential operator sending C*(R,)**" into C~(R,)***
of the form

F, ,=iB,{d/dt—(k+1)coth t}+Y,/sht,

where B, € M,, ., is a diagonal matrix with (v, v) component 2v/(k—v+ 1)(k+v+1)
(w=k+1, .--, —k—1)and Y,’s (v, v+ 1) and (v, v—1) components are equal to

—V{U—=)(I+r+Dk—v)(k—v+1)
and

NV(I—v+ D) (I+v)(k+2) (k+v+1)

respectively y=k+1. - - -, —k—1), whereas other components of Y, vanish. It is
convenient to identify f='(f,, ---, [ € C*(R)**" with “0,f;, ---, s, 0) €
C>(R.)*** and 4 e M,, ., with an element of M,,,, accordingly. By this convention
the following equalities hold on C*+'.

Ak+1Yk+1+ Vlc+lBlc = YkAk+Bk Vka

_(k+ I)Ak+1Bk+ Vk+1Yk = Yk Vks

Ak +1Yk+(k+ 1)Vk+1Bk :(k+2)Bk V.
It is now [immediate that L,.F e=F., .L,, where L, is the differential operator
id,d/di-+V,/sht with domain C=(R.)*™*'. Let Q,(x) be the characteristic poly-
nomial of —(i4,)~'V,. We shall show by induction on k that
(2] 0.(0)={x"—(+k)7} - {X*—(—k+ 1.

Denote by I the matrix in M,,,, corresponding to the isometry of C**! assigning
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{g,) to (¢_,). Clearly I4,7=— A4, and IV, I=V,, which results in the equality
0,(x)=0Qu(—x).

In case k=1/2, simple calculation yields (24). Assume that (24) is valid up to k<{/.
To complete the induction procedure it suffices to show that Q,(x-+1) divides
Q..1(%), since Q,,, is even. If F, . f=0 for an fe C(R,)*™*", f=0, since (k+1, k)-
compoment of Y, is nonzero. Let a; (1<j<2k+-1) be roots of the polynomial
0.(x). Since t=0 is a regular singular point for the equation

25) (id, dldt+V,[sht—2)=0,
there exist linearly independent solutions ¢, (1= j<2k+1) of (25) of the forms

B, (1) =1"j(s;4-thy(t, log 1))

in a neighborhood of #=0, where s, € C***! and 4, (¢, log ¢) denotes a polynomial in
log t with holomorphic coefficients ([3, p. 136] or [10, Lemma A.2]). Since (i4,'V,
—a;)s; =0, the k-th component of 5; does not vanish. It is now immediate that ;=
F., ., takes the form ¢%-'(5,+th; (t, log 1)) in a neighborhood of #=0 and that ,
satisfies (25) provided 4, and V', are replaced by 4, ., and V., respectively. Since
(dyer WViai—a;+1)5,=0, O, (x+1) divides Q,.,(x). We now turn to the proof
of (ii). Let an f'e L*(R,)**' be orthogonal to the image (L,—2)Cg(R,)™** with Im
z=+0. We must show that f=0. Since f turns out to be a solution of (25),
(f*4,.fY =2Imzf*f. In particular, f*4,fis a monotone function on R, which is
integrable. Since f belongs to L*(R.)**', f is a linear combination of ¢,(«a;>0),
hence, tends to zero as t—0. Now a monotone and integrable function f*4, f on
R, must vanish identically, which implies f=0, as desired.

Example 3. Consider a differential operator M, = —d*/dt*+2kpe~ " +7fe” in
L¥R) with 2k € Z and >0. Theorem 4 can be applied to M,. As to the eigen-
values, we maintain

Proposition 2. The above M, has an eigenvalue if and only if k<<—1/2. In
case k<< —1J2 the eigenvalues are —(k+-1/2°, —(k+3/2)%, -+-, —1/4 (or —1) ac-
cording as k is an integer or a half-integer.

Proof. It is convenient to introduce operators
F, ,=—dldt+1/2+ (e " +k).
We can easily verify

F—,k+lF+,k:—Mk_(k+1/2)25 F+,k—1F—,k:_Mk_(k_‘l/z)z'

From the two equalities it follows immediately that
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F+,kMk:Mk+1F+,k9 F~,kMk:Mk—lF~,k‘

If u is an eigenvector of M, corresponding to an eigenvalue 4, then v, =F, ,u is an
eigenvector of M, ., corresponding to an eigenvalue 4 provided u, 0. Fo see this,
note that #’ and e~* u belong to L*(R) since [, [ and (2kpe=*+5’e ) u_ [ are inte-
grable on R [11, p. 344]. Clearly u, is smooth and belongs to L*(R). Thus u,
belongs to the domain of M., and is an eigenvector of M, , corresponding to
eigenvalue A, provided u, 0. M, (k=0) has no eigenvalues. Any non-zero solu-
tion of F, _,,u=0 does not belong to L*(R). Thus M _,,, has no eigenvalues either.
Assume k<—1/2 and let /—k be a non-negative integer. Let u, be a nonzero
solution of F, ,u=0. It can be easily seen that u, is an eigenvector of M, corre-
sponding to eigenvalue —(/41/2)". It is not difficult to show that u,, F_ ,_u;_,,
e Fo o Fo _u_(or F_ ,_,---F_ _y.u_,,) exhaust the eigenvectors of M,.

Remark. The operators M, above arise as restrictions of the Laplacian of the
group SU(1, 1) with respect to a unitary representation induced by one of three one-
parameter subgroups of SU(1, 1). In connection with other two subgroups of SU
(1, 1) we come across the following operators.

M, =—d*|di*+Qkn cht+ K +n'—4-Y/sh*t in LXR,) (k, ne ZJ2),
M, = —d|di*+2ky sht— k4 +4-)/ch* s in IXR) (ke ZJ2, p < R).

Tatsuuma obtained an exact form of the density of the spectral matrix for A, and
M, when either k=0 or |k]=1/2 [17]. Qualitative description of the spectral
matrices for M, and M, can be found, for example, in [12, p. 940] and [6, Theorem
4] respectively. The operators

F, .=—djdt+2" cotht+(k ch T+n)/sht,

F,,=—d/dt+2"tht +(ksht4n)/cht

play the same role as F, ,.

Acknowledgement.. The author expresses his sincere thanks for referre’s valuable
sugestions, which, among others, simplied the proofs of Lemma 3 and Theorem 4.
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