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On a System of Nonlinear Diffusion Equations

By

Mitsuhiro NAKAO

(Kyushu University, Japan)

§ 1. Introduction.

In this note we are concerned with the following system of nonlinear diffusion
equations:

(1) u— 3 (e ") HfG =0 in QX (0, o0)
(2) 0= 33 (00D ~kf G )=0  in (0, o)

with the initial-boundary conditions |,,=v|,, =0 and

(3) u(x, 0)=uyx), v(x, 0)=v,(x)

where £ is a bounded domain in R¥, k is a constant with k<1 and
(4) S, v)y=u|v]**, a>0.

We are interested in the nonnegative solutions.

When m=1 our problem is sometimes called as Martin’s problem and has been
investigated by several authors (Conway & Smoller [4], Alikakos [1], Masuda [8] etc.).
Our problem is also motivated by the single equation of the form:

=35 Q") 1@ =0,

This is a prototype of nonlinear parabolic equation and has been treated from
various points of view both in pure and applied Mathematics. Thus it is reasonable
to expect that our system (1)-(2) is meaningful in applications.

Here we assume m>>1 and, in addition to the existence-uniqueness theorem, we
derive some regularizing and decay estimates. Although each step of our arguments
is rather standard, the result obtained is new. Indeed, to my knowledge, no result
has been published for the systems like (1)—(2).

For simplicity we restrict ourselves to the typical case f(u, v)=uv**'. But, it is
clear that our result can be generalized to a certain class of functions f(u, v).
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§2. Preliminaries.

Let 2 be a domain in RY and 4 be the closure in LP=L? (2) (I<p< o) of
the operator

Aou:i (u,, " 'u,,),., With D(4)=CH2)N CY2)
=1

(m=1). Then it is known that 4 is a m-accretive operator in L? for 1 <Vp< o0, and
the problem

(5) Y0, w@=welr

PRy

has a unique solution u(¢) (in the sense of nonlinear semi-group theory) for each
fe L. ([0, 00), L?) (cf. Attouch-Damlamian. [3]). Moreover we know (cf. Evans [6])

t
(6 @S ol + [ 176,
where ||-||, denotes L”-norm. In this context, our problem is formulated as follows:

Lu+ o +ulpl =0, u© =1,

P) ‘
%v(t)Jr‘Au(t)_ku{v]w:o, w(0)=v,

with the condition u|v|*+! e Li,, ([0, o0); L) for some p=>1.
The following lemma will play an essential role in our argument.

Lemma 2.1. Let u(t) be an appropriately smooth function satisfying:
[u@ = Colluollzoz =,  1=3p,=<oco
and '

di;llu(t) 5+ GA+p) P (uP/ ™ Pu) |7 <0

Sfor any pzo and some v>0 (C, denéte positive constants). Then,
()] < Clom, ) =
where C(m, N) denotes constants depending on m and N, and
o= am-+ D{(py— D+ 1/{(m-+ Dpy-+(n— DN}

and
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ao={(m+Det,+ N}/{(m+ Dpy+(m—1N}.

Proof. The proof is given quite similarly as in Alikakos & Rostamian [2] or
Herrero & Vazquez [7] (see also Veron [11]) and omitted. [

We have also:
Lemma 2.2. Let Q2 is bounded, and we assume
feLi ([0, 00); L) and u,e Wy™+' ().

Then, the solution u(t) of the problem
d
—u+Au=f(t), u(0)=u,
dr
satisfies
(1
(1) @ = Clom Nl oy [ 79 s}

(8) < Clm, M= 1) £5)

where we set

N . 1/(m+1)
(1= ([, 25 i)
21i=1

Proof. The proof is essentially included in [9] and omitted. (See also [10].) 3

§3. Modified Problem.

To prove the existence of solution we first consider the modified problem:

%u—{—Au—l—fM(u, v)=0, u(0)=u,
Py 4
-dTv—}—Av—ka(u, v)=0, v(0)=v,
with u,, v, € W™+ L, where f*(u, v) is defined in such a way that
(i) f"w v=ulvlt  if|u], [v|[SM
(i) [fwv)|=CM) and |[f*(u, v)— (@, )| CAMN{u—i|+|v—7]}
with some positive constant function C(M), and

(ii)) f™(u, v) u=0 and (0, v)=0.
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Let T>>0 be fixed arbitrarily and set X=L? ([0, T]; L*). For any (u, v) € X*=
X X X we can define (U, V) e C([0, T]; L*)? through the equations:

a
dt

% Vet AV —kf"(u, v)=0

U+ AU+f"(u, v)=0
(9)

with U(0)=u, and V(0)=v,.
We shall show the mapping J: (1, v)—(U, V) has a fixed point in X2
Continuity of J. Let (U, V))=J(u,, v;) (i=1,2). Then, by the theory of non-
linear semi-groups and (ii),

10O = UOk+ V0= VO LECODA+E) [ (=t l+] v~ v, ds

which proves the continuity of J.
Boundedness. Similarly as in the above

NU@ =l + C(M)T=a(T)
and
VO l.= v+ C(M)T=b(T).
Thus, setting
B={(u, v) € X*||uls<a(T)W T and ||v|x<b(T)W T},

B is a closed, bounded, convex set in X, and it follows easily that J(B)C B.
Compactness. Multiplying the first equation of (9) by U,(¢) and integrating,
we have

2
m+1

1) [ued+ 2 VOIS COL D+ 2
0 m+1

Similar inequality is valid for V(¢). Since Wy™*' is compactly imbedded in L* we

see (Aubin’s compactness theorem) that J(B) is compact in XZ.

Thus, by shauder’s fixed point theorem, J has a fixed point in B, which is a
solution of the modified problem (P,). Uniqueness follows from the Lipshitz conti-
nuity of f#(u, v). Moreover, if u,, v, are nonnegative the solutions v and v are also
nonnegative. To see this we consider the problem (P,) with f#(u, v) replaced by
J(u, v), where

f(u, v) if u, v=0
0 otherwise.

fj“’(u, v):{
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Let (4, v) be the solution. Setting u* =sup (», 0) and multiplying the first equation
by u* —u, we have

¢ d ¢ N
[ —ulps— [ 53 Qi ) 0 ), s
0 dS 0J 2 i=1

t N
+[ ], {2 s =0 72 v 6~ dxds =0,
0J 2 U=1
Since the last two terms equal to zero and the second one is nonpositive we have
lu*(®) —u(®) = us —uo ;=0

or u(t)=0. Similarly v(r)=0.
We summarize above result in the following:

Proposition 3.1. Let u,, vy Wi™*'. Then the problem (P,) has a unique
solution (u, v) such that

u, Ve C([0, 00); L) N Lz ([0, o0); Wi™+Y)
and
u;, U, € L ([0, 00); LP).

Moreover if u,, V,=0, u(t) and v(t) are nonnegative.

§4. Existence and decay.

The solution (u(¢), v(¢)) of the problem may depend on M. Here we shall
derive L= estimates for u(¢) and v(¢) under the assumption u,, v, € W™+ L* and
4y, U,=0. From these estimates we shall see that they are infact independent of M
if M is sufficiently large and consequently (u, v) is the nonnegative solution of the
original problem.

Multiplying the first equation of (P,,) by u?+! (p=0) we have

d +2 (p 2)2(”1 1)m+1 J‘ m+1 m+1
11 — ret P(ujpom+n dx<0.
( ) dt “u(t)”p+ (p 1)m+1 gl (|u] u)l X=>

From (11) it follows immediately that
(12) lu@h=Cllu(@) o= Ct=""= and [[u(?) [l < ty]|.o

where C denotes constants independent of u, and v,. Thus, applying Lemma 2.1
with p,=1,v=m—1, ¢,=0 and «,=1/(m—1), we have

3 |u(®)]. < C(m, N)t-1/m=-b
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and also by (12)
14) [u(€) . < Cm, N, [[uy]|)(L+1)~" =0,

Next, adding two equations of (P,,)
(15) _d‘.it—(u+v)+,4u+Au§0.

Multiplying (15) by (u+v)?*! and using the inequality
(x" "' x+]y[" P x+y) = Cm)(x+ )"
we have, for w=u+4-v,

d C(p 2)2(“1 1) i m+1 m+1
16 — o+l - P(wlp/m+Dyy|m+1 <0
( ) P HWHp 2 ( 1)m+1 H (IW| W)” 1=

and hence, as in the above,
[w®)l.<Ct=m=2 and  [|w(t)]l. = C([woll)(A+8)7"0,
Now, we have proved the following theorem.

Theorem 4.1. Let uy, v, L>N Wy™*! and u,, v,=20. Then, the problem (P)
has a unique solution (u(t), v(t)) such that

u, =0, u, ve C([0, 00); L) N L=([0, co); W™ )N L=([0, c0) X 2)
Uy, U, € Liu([0, o0); L?)

and
[u@® = Clty|l)A+) "D and  |[v(2) | = C([toll, || Vs]l) (T 42)= 0,
Concerning Wj™*! estimate we have:

Theorem 4.2. Let (u(?), v(t)) be the solution in Theorem 4.1. Then,

2t
[ 15) el 52 S Ot (14 1) 070
o+ Ot [0l )1 1) om0,

17

The same estimate holds also for v(t) provided that C(|u|l m.1) is replaced by
C(volls, m+0)- '

Proof. By the estimates in Theorem 4.1,

0 o C (.o [ 0y (A - £) = CD70m =0,
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Therefore, applying (8) of Lemma 2.2,

lu()ta=C {t ~me /=D 1 O]y [ ) jiﬂ a +s)—2<a+2>/<m—1>ds}
< CEm D ([ L) (14 1) 9D,

Next, multiplying the equation by u, and integrating on 2 X[, 2¢], we obtain the
20

estimate forf lu(s)|zds. O
¢

§ 5. Regularizing effect.

In this section we consider the case u,, v, & L?°, p,==1. Let us begin with:

Lemma 5.1. Let u,, v, € L? (p,=1), u,, v, be nonnegative and (u(t), v(t)) be a
solution of the problem. Then,

[u@lpe=lltollp, and [V, =Clthollpo+ Vo ll5)
for a certain C>0.

Proof. 1If P,=2 the estimates follow from (11) and (16). To prove the case
1< p,<<2 we take a sequence of functions 8,(s), /=1, 2, 3, - - -, such that

lim 6 ,(s)=|s|P°~"sign, s forse R
Jooo

and
|s[ro=1>16 ()| (Cf. Crandall [5])

where sign,x=1if x>0, 0 if x=0 and —1 if x<{0. We may assume 6, are piece-
wise smooth, Lipshitz continuous, monotone increasing and odd. Multiplying (1)
by 6,(u), we have

m+1

dx<0

d u (L) N
a f J 9, (s)dsdx—i—f 0/(w) S
dt Jalo 2 i=1

d

u
ox;
and hence

% 2%0(
f f (” @(s)dsdxgj f ? 9,(s)dsdx.
2J0 2J0

Passing j to oo we get |[u(?)||,,<| ], Similarly we can show ||u()+v(?)|,,<
4o+ Vsllpe- O

Using above we obtain:
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Lemma 5.2. Under the assumptions of Lemma 5.1,

(18) ()] < Cllup 13 =
and
(19) [0 L (|t 31| Vol o) 12 =

where C is a constant independent of (u,, v,) and we set

= N and 1,= MED@—Dm+1
(m—+1)p,+(m—1)N (m+1)po+(m—DN

Proof. The proof follows immediately from Lemma 2.1, 5.1 and inequalities
an, ae). O

Now our main result in this section reads as follows.

Theorem 5.1. Let u,, v, e L* with p,>(ae—m+2)N/(m+1) and p,=>1, and
Uy, V,=0.  Then the problem (P) has a unique nonnegative solution (u(t), v(t)), satis-
Jying the estimates (18) and (19). Moreover the estimate (13) holds for u and v.

Proof. Let us take sequences {u, .}, {v,,.} C C;(2) such that u, ,—u, and v,
—U, in L, and let (u,, v,) be nonnegative solutions with the initial data (u, ,, U;,,)
(We may assume u, ,>0 and v, ,=>0). Then, by the semi-group theory

1000 Z 1) = 10O [ 11057 — 05

St =t o C [ a5+ 0,5 |
X (” u"(S) —le(S) Hpo+ || Un(S) - vm(s) ”po) dS.

Similar inequality is valid for ||v,(t)—v,(*)|l,,- Thus, by Lemma 5.2,
0) 5 (S50 w( O+ C [ 57e0rx, (s

where x,, ,(t) = | t,(t) — 4, () || po + | V(1) — 0, (1) ]l,,. From (20) we have
0 X, () Zx,, ,(0) exp {C J': s'<“+‘>"1ds}

under the assumption (a+1)g,<<1 which is fulfilled if p,>(a¢—m-+2)- N/(m+1).
Thus we can conclude that

u,(t) —>3u(t) and v,(t) —> () in Ly, ([0, o0); L?°)
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as n—oo. Moreover we see

S0, va(1)) —> f(®), v(®)  in L, ([0, 00); L7).

Therefore (u(?), v(?)) is a desired solution. Uniqueness follows from an inequality
like 21). O

Concerning W™+ estimate (near ¢=0) we obtain:
Theorem 5.2. Under the assumption of Theorem 5.1 the solutions satisfy
u, ve Ly, (0, c0); Wo™*') and  u,v, € L, (0, o0); LF)

and, for w=u, v,
2L
L [ wi(s) [2ds +[|w(@) [Tk = CL{E =D/ D ([t V[l )70 7722 =710+

where T,, o, are the ones appeared in Lemma 5.2, § =max (2a+4—p,, 0) and C is a
constant independent of (u,, U,).

Proof. Since, by (18) and (19),
v = [ ttllaqs s [V s = C ]y V] ) ot 072 ~o20s2

we have from Lemma 2.2

13
O = {2l ol | s-vas)
t
20
which implies the estimate for u(z) in Wiy™*+'. The estimate for | | u(s)|2ds follows

immediately from above, and the same inequality holds for v(z). z O

Finally we state a corollary which shows decay properties of the solutions with
initial data belonging to L*.

Corollary 5.1. Under the assumption of Theorem 5.1 we have that for YT >0,

there exists a constant C=C (|||, | Usllpp T) Such that

2¢ —

[ I s+ w0 [ S T4 1) mwrim (1 1) emmeorenn)

2

and
W)l <C(141)-/em=b

for w=u,vand t=T.

Proof. The proof is clear from Theorems 4.1, 4.2, 5.1 and 5.2. [
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