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§1. Introduction.

The theory of semidynamical system has been developed by Bhatia and Hajek
[3]. Numerous authors contributed to the theory and we mention here the work in
[2], [6] and [10] which is closely related to this paper. One of the principal motiva-
tions behind the study of semidynamical systems is that they describe some classes
of functional differential equations, partial differential equations of evolution, Vol-
terra integral equations and control systems [10].

Roughly speaking, a semidynamical system is a dynamical system which is de-
fined uniquely and has a global existence in one direction of time (either positive or
negative) and lacks uniqueness or existence in the other direction. We will restrict
ourselves here to those systems that possess global existence in both directions of
time but lack uniqueness in atmost one direction of time. Such systems will be
called semidynamical systems with nonunique global backward extensions. In [10]
Hajek showed that such systems describe normal control systems (see Example
3.6).

Formally, a (positive) semidynamical system is a pair (X, ), where X is a to-
pological space and n: XX R*—X is a continuous map such that (1) azO=a for
ae X and (2) (arnt)xrs=anr(t+s) for each ae X and ¢, s € R* (R* denotes the set of
nonnegative reals). Let 7 be any interval of the form (— o0, 0], (—a, 0] or [—a, O].
Then following [3] a function ¢: I—X is called a negative solution of (X, x) if
o(—t+s)=0(—1t)rs whenever se R*, —tel and —it+sel If domain ¢=
(— o0, 0], then ¢ is called a principal negative solution. A subset of X is called a
negative trajectory through a point @ ¢ X if it is the range of a left maximal solution
o with ¢(0)=a; a principal negative trajectory if ¢ is a principal negative solution
[3]. For a classification of various types of negative trajectories, the reader may
consult [3]. The following sets are of special interest.

(1) The funnel through a ¢ X [3];

F(a)={b|brt=a for some t € R*},

(2) The attainability set of a e X at —¢, € R~ or a cut of the funnel through

a[3];
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F(a, —1)={b|bat,=a},

(3) The attainability set of 4CX at SC R~ or a section of the funnel through

A [3];
F(4,S)={b|bas=a,aec A, —s e S}.
A point a € X is said to be a start point [3] if F(a)=4.

Our techniques are based on the theory of inverse limits which will be further
developed here. To each semidynamical system (X, z) we associate a dynamical
system (X.,, 7.,) which is the inverse limit of an inverse spectrum induced by (X, x)
and such that the points in X., corresponds to principal negative trajectories in X.
Hence instead of dealing with negative trajectories in X we will be dealing with more
simpler objects; the points in X,,. It was Brown [5] who first studied the inverse
limit of a family of discrete semidynamical systems. He defined an inverse limit as
the least upper bound of an inverse system of discrete semidynamical systems, a
deviation from the classical definition, in order to avoid the problem of existence of
an inverse limit. In this paper we will not follow Brown’s definition and we will
adopt the classical definition of an inverse limit [14]. This is because the classical
or the explicit definition is what we need to study dynamical properties and notions
in semidynamical systems. Thus care should be taken when comparing our results
with Brown’s.

In section 2 the inverse limit (X, x,,) of a semidynamical system (X, x) is con-
structed. It is shown that (X, z) has a global backward extension iff the maps
m': X—X, t ¢ R* are surjective iff (X*, z*) is a semidynamical system, where X * =
XU {co} is the one point compactification of X and z* is an extension of z to
X* (Theorem 2.6). Then McCann’s Theorem [11] on extensions of semidynamical
systems is recast and slightly extended to say that (X*, z*) is a semidynamical sys-
tem iff the attainability sets F(4, P) are compact whenever 4 and P are compact in
their respective spaces (Theorem 2.5). In section 3, attainability functions F: X X
R~—X are considered as setvalued maps which take (¢, —¢) to the attainability set
F(a, —t). Using Michael’s result on hyperspaces [12], it is shown that F is contin-
uous in ¢, upper semicontinuous in x and upper semicontinuous in (x, —¢) (Theo-
rem 3.2). Then we show that the attainability set F(4, [—¢, 0]) is compact and
connected whenever A is compact and connected (Theorem 3.3). An example is
given to show that this result is false if [—¢, 0] is replaced by a compact connected
subset of R~ which does not contain 0 (Example 3.5).

In Section 4 we list some of the dynamical properties that if possessed by either
(X, =) or (X.., n..), then it is possessed by the other. Among those listed properties
are (1) Liapunov stability, (2) equicontinuity, (3) distality (4) almost periodicity,
(5) recurrence, (6) weakly equicontinuity, (7) strongly characteristic 0*. This list is
not intended to be complete and it will be a good exercise to add more properties
to the above list.
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Throughout this paper (X, z) will denote a semidynamical system with the
phase space X always assumed to be locally compact and Hausdorff, unless otherwise
specified. For a net {a’} we say that a’—co if {a’} has no convergent subnets.

§ 2. Construction of inverse limits.

Let (X, r) be a semidynamical system and let X=T],cx+ X, be the product
space over the index set R* directed by the usual order relation on the reals and
X,=X for all t e R*. Define the map 7: Xx R*—X by #(x, s)=(x,rs), where x=
(x) e X and se R*. Then (X, 7) is a semidynamical system [2] which is usually
called the direct product or just the product of the semidynamical systems
{(X, n)|X,=X, te R*}. Let X ={x=(x,)e X|x,=xa(s—t) for s, te R* with
s>t}. Define a map n.,: X.. X R—X,, in the following manner:

for reR* and x=(x)eX.,,
xx b= |y, =xm(r—1), for 0<t<r and y,=x,, if t>r);
and xn'w(—r):(ztlzt:xh-”r)'

For t,s € R* with t<ls let w,,=n*"*: X,—X, defined by r,,(b)=br(s—1t) for b e X,
=X. Itis clear that x,, is surjective for each r<(s if n‘ is surjective for each t € R",
where z‘(b)==r(b, t).

Lemma 2.1. The set X, is closed in X and positively invariant in (X, 7).
Proof. The proof is simple and will be omitted.

Lemma 2.2 The maps r,.: X,—X, for all s, t € R* with t <s are surjective iff’
the maps p,: X..—X, are surjective for eachle R*, where p, is the canonical projection
on the I-coordinate (p,(x,)=x,).

Proof. Assume that the maps z,, are surjective for <Cs. Letae X,=X. We
now construct a point x=(x,) € X,, such that p,(x)=a=x,. For ¢t/ put x,=
ar(I—t). We choose a point from the set {b € X|bzl=a} and call it x,,,. After
choosing x,,, we choose a point from the set {b ¢ X|brl=x,,,} and call it x,,,.
Inductively, we choose x;. , from the set {6 ¢ X|brl=x,,,_,} forn=1,2,3.... Let
re R*, r>1 such that r==/+n. Then there exists a positive integer £ such that
[+k—1<r<l+k. Let x,=x,,,7(l4+k—r). Hence the point x=(x,) € X has
been completely defined. Furthermore, it is easy to see that x € X, and that p,(x)
=x,=a. This proves that p, is surjective. The converse is straightforward.

Recall that a map +: (X, 7)—(Y, v) is called a homomorphism if + is a con-
tinuous map from X onto Y and y{(a@)vt=+(art) for allae X and t ¢ R".

Theorem 2.3. If the maps =n': X—X are surjective for each te R*, then the
following statements are valid.
(1) The triple (R*, (X,, 1), &,,) is an inverse spectrum [5], [14].
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(2) The pair (X.., r..) is a dynamical system
) (X., n.)=inv lim,. 5. {(X,, x)} [14].

Proof. (1) Leti, j, ke R* such that i<j<k. Consider the digram (A).
(Xka )

A) / \

(X 7) e (X5, 1)
iJ

Since = is surjective for each 7 ¢ R*, the maps =, n;, and z,; are surjective. It is
clear that the maps 7, 7;, and 7,; are homomorphisms. Furthermore, the diagram
(A) commutes. Hence according to [5] or [14] the system (R*, (X,, n), m,,) is an

inverse spectrum.
(2) The proof of this part follows immediately from the definition of X, and
oo
(3) Lett, se R* with <{s. Consider the following diagram (B).

(Xeos 7o)

(B) D: Ds

(Xt’ ﬂ') ‘ﬁ——‘ (Xsa ﬂ)

To show that (X, z..)=inv lim {(X,, z)|# € R*} we need to show that

(i) all diagrams (B) commute and

(1) if (Y, v) is another dynamical system with homomorphisms p,, i € R* for
which all diagrams (C) commute, then

(Y, )

© p/ \1

(e (Ko )

there exists a homomorphism + from (¥, v) onto (X.,, n.,) such that all diagrams
(D) commute.

x,v

(D) / \"i

(X s o) GT‘ (X;, m)
5
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Part (i) can be easily verified. To prove (ii) we need to define . For each ye ¥,
let y(»);=p,(y) for each j e R*. Then p;¥(¥)=p,(y) and consequently the diagram
(D) commutes. This shows that (X, z..)=inv lim {(X,, 7)|t e R*}.

Remark 2.4. Let us define an ordering < on the class of all dynamical systems
in the following way. We say that (X, x,)<(X,, =) if there exists a homomorphism
Y from (X,, #,) onto (X,, #,). In this case (X,, x,) is called a factor of (X, x,) and
is usually denoted by (X;, x,)|(X,, =,). Using part (3) of Theorem 2.3 one could
say that (X.., x.,) is the smallest dynamical system that has (X, x) as a factor in the
sense that if (¥, v) is another dynamical system which has (X, ) as a factor, then
(X, x..) would be a factor of (¥, v). Henceforth, (X.., z..) will be called the inverse
limit of (X, x) and this will be denoted by inv lim (X, ) =(X_, r..).

Theorem 2.5. Let (X, n) be a semidynamical system with no start points. Then
the following statements are pairwise equivalent.

(1) (X, =) can be extended to the semidynamical system (X*, ©*).

(2) The negative escape time (in McCann’s sense) N(a)= oo for each a € X.

(3) The attainability set F(A, P) is compact if both AC X and PC R~ are com-
pact in their respective spaces.

Proof. (1) implies (2) McCann’s definition of the negative escape time N(a)
of a € X [14] in the absence of start points in X is as follows: N(a)=inf{¢ ¢ R* there
exist nets {#,} in R* and {¢‘} in X such that ¢,—¢ with each #,<¢, a'nt,=a, a**'e
F(a', R™), a*—>oo}. Suppose that for some b€ X, N(b)=r<oco. Then there are
nets {$’} in X and {z,} in R* such that ¢t,—+'(¥'>r) with each t,<r’, b'xt,=b and
b'—co. Since n*: X* X R*—X* is continuous, b=>b'r*t,—>cor*r’' = co and we then
have a contradiction. Thus N(b)=oo for each b ¢ X. (2) implies (3). Let ACX
and PCR- be compact. Then from [14; 3.3] it follows that the attainability set
F(A, P)={be X|bat=a for some ae 4 and ¢ e P} is closed. Since P is compact,
there exists s € R* such that PC[—s,0]. Hence F(4, P)CF(A4,[—s,0]). By [14;
3.8] we have co=inf {N(a)|ae A}=N(4)=sup {se R*|F(4,[—s, 0]) is compact}.
Consequently, the set (4, [—s, 0]) is compact. Thus F(4, P) is compact. (3) im-
plies (1). To show that (X'*, z*) is a semidynamical system, it suffices to show that
the map z*: X* X R*—X* is continuous at co. Let {»*} and {¢,} be nets in X* and
R*, resepectively, such that b*—oco and #,—¢. Assume that b'z*t,—>ae X. Put
bin*t,=b'nt,=a’ for each i. If A={a'}{a} and P={s,}U{¢}, then both 4 and P
are compact in their respective spaces. Thus F(A4, P) is compact. Since {b}C
F(4, P), it follows that b4 co and thus we have a contradiction. This completes
the proof of the theorem.

We remark here that the equivalence of parts (1) and (2) was proved by McCann
[11]. However our proof is different from his.
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We now give an equivalent definition of the negative escape time using the
terminology of negative solutions. It can be shown easily that for a e X, N(a)=
inf {t| there exists a negative solution ¢ with ¢{0)=a and a net {#,} in R* with ¢,<t,
t,—t such that o(—¢,)—o0}.

The following theorem is crucial in the study of semidynamical systems with
nonunique global backward extensions.

Theorem 2.6 Let (X, n) be a semidynamical system. Then the following are
equivalent.

(1) The maps ©': X—X are surjective for all t ¢ R*.

(2) All negative trajectories in X are principal and for each a € X there exists at
least one principal negative trajectory passing through a.

(3 (X, r) can be extended to the semidynamical system (X *, =*) and X has no
start points.

Proof. The equivalence of statements (1) and (2) is easy to verify. We now
show that (1) and (3) are equivalent.

(1) implies (3): Since the maps #* are surjective for all ¢ e R*, it is clear that
X has no start points. Thus to show (3), it suffices, according to theorem 2.5, to
prove that N(a)=oco for each ae X. Suppose that for some b e X, N(b)=r+oo.
Then there exists a negative solution ¢ passing through b and a net {¢;} in R*, 1,<<r’
(r">r) with t,—»r’ and ¢(—t)—oco. Since all negative solutions are principal,
o(—r’) exists as a point in X. Since ¢ is continuous [3], ¢(—¢,)—>0(—r’) which is a
contradiction. Thus N(a)= oo for each a € X. The proof of this part is now complete.

(3) implies (1): Suppose that for some ze R*, n*: X—X is not surjective.
Then there exists a € X such that a ¢ Xzz. Consider the set S={se R*|a ¢ Xzus}.
Then clearly S5 ¢ and is bounded below. Hence r=inf (S) exists. If r ¢ S, then
ae Xzr. Thus car=a for some c ¢ X. Furthermore, ¢ is a start point. For if ¢
is not a start point, then there exists m>0 and d e X such that dem=c. Hence
da(m~+r)=car=a. Furthermore, for r<t<m-r, (da(m-+r—1t))zt=a. Thusr>
inf (S) and we then have a contradiction. This shows that ¢ is a start point which
contradicts the assumptions of (3). We now conclude that r ¢ S. There exists a
positive integer k such that »r>>1/k. Then for each n>k, choose a" ¢ X such that
a'n(r—(1/n))=a. Assume that a"—ee X*. Then a"r*(r—(1/n))—ex*r. This
implies that ex*r=a. This is false since r € S. This completes the proof of the
theorem.

Remark 2.7 Assuming that for each 7e R*, the map =‘: X—X is surjective,
then there is a one to one correspondence between X., and the set I" of all principal
negative solutions in X. To prove this we define the function f: X.—I" by letting
f()=f((x,))=0, where o(—t)=x, for each te R*. Since each principal negative
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solution gives rise to a principal negative trajectory and vice versa, a one to one
correspondence can be established between X, and the set of all principal negative
trajectories in X.

This remark reveals the whole mystery about using inverse limits as a major
tool in our study of semidynamical systems. For instead of dealing with the rather
ambiguous notion of negative trajectories we deal with more simpler objects; the
points of X...

Standing terminology. A semidynamical system which satisfies any one of the
statements (1), (2), (3) in theorem 2.6 will be called a semidynamical system with
global backward extension (g. b. e).

Lemma 2.8 The family B={p;'(U)| U is an open set in X and t € R*} is an open
base for the topology on X., inherited from the product space X.

Proof. The proof is straightforward and will be thus omitted.

Theorem 2.9 Let (X, n) be a semidynamical system with g. b. e. and (X .., .,) be
its inverse limit. If X is locally compact, then X, is locally compact.

Proof. Assume that X is locally compact. Let x=(x,) e X.. Let U be an
open neighborhood of x, with compact closure U. Then p;{(U) is an open neigh-
borhood of x € X,. For each t e R*, p(p;(U)=F(U, —r1). Tt follows from the-
orem 2.5 that p,(ps(U)) is compact in X. Since py(U)C[] {p(ps'(U)) |t € R*}, it

follows that p;*(U) is compact. Hence p; '(U) is compact. This shows that X, is
locally compact.

Standing hypothesis. Throughout the rest of the paper we will consider only
semidynamical systems with g.b.e..

§ 3. Attainability functions.

The following scheme of topologizing a collection of closed sets is due to
Michael [12]. Let 2* be the set of all nonempty closed subsets of X. For any subset
Uof X, let L(U)={4e2*|ANU%¢} and M(U)={4 e 2| ACU}. Then the to-
pology generated by all sets L(U), where U is an open set in X, as a subbase is called
the lower semifinite topology 7, on 2% and the topology generated by all sets M(U),
where U is an open set in X, as a base is called the upper semifinite topology T, on
2%, The smallest topology on 2% containing both T, and T, is the finite topology
T,. The topology T, can also be generated by the sets

(U Uy - -, Un>={Ee 2|Ec (YU, ENU#$ fori=1,2, n}
i=1
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where all U, are open sets in X. A setvalued function g: X—Y is said to be {lower
semicontinuous (I. 5. c.)} {upper semicontinuous (u.s. c.)} {continuous} if the correspond-
ing function g: X—27 defined by g(x)=g(x) is {T,-continuous} {7,-continuous}
{T';-continuous}.

Theorem 3.1 (Michael [12]). A4 setvalued map . X—7Y is

(1) wu.s.c ifthe set {x e X|f(x)N A==} is closed in X whenever A is closed in
Y;

(2) Ls. c.ifthe set {x e X|f(x)NA£¢} is open in X whenever A is openin Y
and

(3) continuous if it is both u. s. c. and I. s. c..

Note that the attainability sets F(a, —1), defined in the introduction, can be
regarded as images of a setvalued map F: XX R-——X. The map F is called the
attainability function. It is clear that the function F is surjective.

Theorem 3.2. The setvalued map F(a, —1t) is

(1) continuous in —t,

(ii) wu.s.c.inaand

(iii) w.s.c.in{a, —t) foreveryae X andte R*.

Proof. (i) Let B be an open subset of X and let S={(a,, —¢)| F(a,, t) N\ B+¢},
where q, is a fixed point in X. We will show that S is open in the subspace {a,} X R~
of XX R-. Let {(a,, —1,)} be a net converging to (a,, —¢,) and such that (a,, —1,)

¢ Sforalli. Then F(a,, —t,) B=¢ for alli. Claim that F(a, —t,)NB=¢. To
prove this claim assume the contrary; that is there exists b, € F(a,, —%)N B. This
implies that byrf,=a, Choose a point x=p;'(b,) € X... Then clearly x,,=b, and
xy=a, If the net {x,,} in X does not have any convergent subnet; that is x,,—oo,
then ag,=x,=x,x%t,—con*t,=o0 and hence we have a contradiction. We may
assume that x,,—c. Without loss of generality, we may either assume that all ¢,<¢,
or all #,>>1,. Suppose first that ¢,<t,. Then x,=x,x(t,—t)—>x,a0=x,=>b,.
This implies that F(a,, —?,;) "\ B=F(x,, —t,) N B+¢ for all i>>i, and hence we have
a contradiction. On the other hand, if ¢,>>7,, then x,,=x,,z(¢;—t,)—>cz0=c. Con-
sequently, we have x,,=c¢ and x,,—x,,=5b,. Again by the same argument above
one could obtain a contradiction. Hence F(a,, —1,)V B=¢ and consequently S is
open in {g,} X R*. Hence, according to Theorem 3.1, F(a, —¢) is Ls.c. in —¢.
To show that F(a, —t) is u.s.c. in —t, let A be a closed set in X and let T=
{(ap, —t)| F(ay, —t)N A#=¢}. We need to show that the set T'is closed in {a,} X R*.
Let {(a,, —?,)} be a net in T which converges to (a,, —%). Letd’e F(a,, —t,)NA.
Then dizt,=a, for all i. Let P={—¢t}U{—1}. Then P isa compact subset of R".
Furthermore, {d*}C F(a,, P). Since F(a,, P) is compact, we may assume, without
loss of generality, that d*—>de A. Hence drt,=a,. Consequently (a, —1) €& P
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and P is thus closed. This implies by Theorem 3.1 that F(a, —¢) is I.s.c. in —¢.
Thus F(a, —t) is continuous in —¢.

The proofs of the remaining parts of the theorem are quiet similar to the one
given above and are thus omitted.

Theorem 3.3. The attainability set F(A, [—t, 0]) is compact, connected whenever
A is compact and connected.

Proof. We first remark that according to Theorem 2.5 the sets F(4, [—¢, 0])
and F(a,[—1,0]), ae A, are compact. Claim that F(a, [—¢, 0]) is connected for
each ae A. To prove the claim assume that for some a ¢ 4, F(a, [—t, 0)=B,U B,
is a separation of F(a, [—¢, 0]) into two nonempty disjoint compact sets. Suppose
that F(a, 0)=ae B,. Let

P={—se[—t0]|F(a, —s)CB,} and P,={—se[—t, 0]|F(a, —s)N B, #¢}.

Then it can be easily seen that [—¢, 0]=P,U P, is a separation of [—¢, 0] and hence
we obtain a contradiction. This complete the proof of the claim. Now suppose
that F(4, [—¢, 0]) is disconnected. Then F(4,[—t, 0)=F,U F,, where F, and F,
are two nonempty disjoint compact sets. Let 4,={a e 4|F(a, [—¢, O) N F,+#g¢}
and 4,={a e 4| F(a,[—1,0)NF,#¢}. Then A, and A4, are nonempty. Further-
more, it follows from Theorems 2.2 and 2.1 that 4, and 4, are closed. Since
F(a,[—t, 0]) is connected for each a ¢ A4,

Ai={aec A|F(a,[—t,0)CF} and A,={aec A|F(a,[—1t 0)CF}.

This implies that 4,N A4,=¢. Thus 4,UA4,=4 is a separation of 4 and conse-
quently we have a contradiction. This completes the proof of the theorem.

Remark 3.4. The above Theorem is the best thing we could hope for. The
set F(A4, P), with both 4 CX and PC R~ are compact and connected (P=[—t, —1,])
may fail to be connected if #,=0. This is in contrast to the situation in a dynamical
system in which F(4, P) is always connected whenever 4 and P are connected.
The following example will demonstrate this phenomenon.

Example 3.5. Let X={(x, y)| —1<y<}U{(x, W|y=x+nne Z, y<—1} U
{Ge, Wly=—x+n,neZ, y>1} be a subspace of R%. Let (x, y)zt be the point at
distance 7 from (x, ) along the trajectory through (x, y) as shown in the diagram.
For any point (n, +1), n € Z, the sets F((n, +1), [—1¢, —¢,]) is not connected if £,0.
(Z is the set of integers.)

We now give an example of a semidynamical system with a global backward
extension that arises from a control system.
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Example 3.6. (Hajek [10]) Consider the control system
(S) x=Ax+Bu,

where A, B are constant nXn and nXm matrices respectively, and the controls u
are restricted by |u,| <{1. Assume that (S) is normal. Let

R(t)= {I: o4 Bu(s)ds| [us)| < 1, u & L,[0, z]}

be the attainability set at time 1>>0 and let R= U {R(¢)|¢ >0} be the attainability set.
Then to every point x € R we associate an optimal solution y: [0, co)—R" of (S)
through y(0)=x. Define z: RX][0, co)—>R by x(x, t)=y(t) for t >0. Then (X, 7)
is a semidynamical system with nonunique global backward extension.

§ 4. Properties of inverse limits.

Due to some technical difficulties in dealing with iterated limits in nets we will
assume throughout this section that the phase space X is first countable and hence
nets may be replaced by sequences.

Lemma 4.1. If {a'} is a sequence in X converging to a e X, then there exists a
subsequence {a"*} in X and a corresponding sequence {x"'} in X. which converges to
x € X, such that x}'=a™ and x,=a.

Proof. Let {da'} be a sequence in X converging to a. For each i, choose x’ e
pi'(@). Then xi=da". Let B={x{}U{x,}, where x,=a. Then B, is compact.
Hence by Theorem 1.10 the attainability set F(B,, —1) is compact. Since {x{}C
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F(B,, —1), there exists a subsequence {x'} € X., of {x’} such that {x¥} converges
to a point which will be denoted by x,. Let B,={x{**}U{x,}. Then F(B,, —1) is
compact. Since {x;"'}U F{B,, —1), there exists a subsequence {x%*} of {x} such
that {x¥*} converges to a point which will be denoted by x,. Similarly, for each
neZ* there exists a sequence {x*»} which is a subsequence of {x%»—'} and such
that {x’;"} converges to x, ¢ X. Then, according to the well known procedure, the
diagonal sequence {x%7} is a subsequence of {x'} and for each n e Z*, x¥-i—x,. If
t € R*—Z~, then there exists k € Z * such that k—1<t<k. Then x¥/=x¥ix(t—k)
—xn(t—k). Let us denote x,(t—k) by x,. Thus a point x=(x,) € X has been
constructed in such a way that for each ¢ ¢ R*, x##—x,. The proof of the Lemma
is now complete.

Corollary 4.2. Let {0,} be a sequence of principal negative solutions for which
{o(0)} converges to a e X. Then there exists a principal negative solution ¢ with ¢(0)
=a and a subsequence {0,} of {0} such that o,(t)—a(t) for all t ¢ R*.

Proof. This follows immediately from Remark 2.9 and Lemma 4.1.

Definition 4.3. For a point a € X, we have the following [3] and [13]
(1) The positive limit set of a;
Lt(a)= N{an(t+R*)|t e R*},
(2) The first positive prolongation set of a;
D*(a)={VzR*|V is a neighborhood of a}
(3) The first positive limit of a;
JH @)= N{D*(art)|t € R*}.

The corresponding notions in X* will be denoted by Li(a), Di(a) and J{a),
respectively. We say that a e X is of strong characteristic 0+ [8] if whenever there
exist nets {¢‘} in X and {#;} in R* with a*—a and a’xt,—b, then azt,—b. A point
a € X is (positively) weakly equicontinuous [7] if Di{(a, a)) C4,, where 4, denotes
the diagonal in X*X X*. A semidynamical system is said to have a property if
every point in its phase space has that property.

The following Lemma is crucial in lifting properties that may be characterized
'by prolongations.

Lemma 4.4. Let a,be X withb e D*(a). Then there are points x, y € X., with
Xy=a, Yo=>b and y € D*(x).

Proof. Since b € D*(a), there exist sequences {¢*} in X and {#,} in R* such that
a*—a and a'nt,—b. Put y,=b. Then according to Lemma 3.1 there exists a se-
quence {x%i}, which will be denoted for simplicity by {x'}, in X., converging to x €
X, such that xi—x,, xi=a’ and x,=a. Since xizxt,—b, it follows by Theorem 2.10
(as in the proof of Lemma 4.1) that {x'z..t;} has a subsequence {x*'x_.z,, ,} such that
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{x{"*zt;, .} converges to a point which will be denoted by y,. Repeating this process
one can find, as in Lemma 4.1, a diagonal sequence {x*/zt, } such that Xt =Y,
for all t e R*. Consequently, y € D*(x).

Theorem 4.5. (X, n) is of strong characteristic 0 iff (X.., ©..) is of strong cha-
racteristic 0*.

Proof. Assume that (X, ) is of strong characteristic 0*. Let x, y ¢ X., such
that x’—x and x’z..t,—y for some sequences {x’} in X, and {z;} in R*. Hence for
each t e R*, xi—x, and xizt,—y,. Consequently, x,z¢t,—y, for all te R*. Thus
xr..t;—y and therefore x is of strong characteristic 0*.

&Conversely, assume that (X, #.,) is of strong characteristic 0*. Leta, be X
such that a’—a and a’nt,—b for some sequences {¢'} in X and {t,} in R*. Then it
follows from [3] that b € D*(a). Then by Lemma 4.4 there are sequence {x'/} in X.,,
{t;} in R* and points x and y in X, such that x—ux, XNt Y, Xi=x"=a",
Xp,=a, y,=>b and {4} is a subsequence of {a¢‘}. This implies that X t,;—>y. Con-
sequently, arnt; =x,nt;—y,=b. This proves that a is of strong characteristic 0*
and the proof of the theorem is now complete.

Theorem 4.6. (X, 7) is (positively) weakly equicontinuous iff (X., z..) is posi-
tively weakly equicontinuous.

Proof. This follows immediately from Lemma 4.4.

Since X is locally compact T, it is completely regular. It is well known from
general topology that this implies that X is uniformizable [14]: that is there exists a
uniform structure % which is compatible with the topology on X. This will induce
a uniform structure % ., on X, generated by the sets {p;'Xp;(a)|a e U}, te R* as
a base. Furthermore, % .. is compatible with the topology on X...

Definition 4.7, A semidynamical system (X, #) is said to be positively equicon-
tinuous [9] relative to a uniformity % on X if the family of maps {z*|ze R*} is
pointwise equicontinuous on X ; that is for each index o € U and a € X there exists an
index 8 e U such that whenever (a, b) then (ant, brt) € « for all £ € R*. The system
(X, =) is positively distal [9] if given a, b € X with a=£b, there exists an index o e ¥
with (art, yat) ¢ « for all £ € R*.

Theorem 4.8. (X, x) is (positively) equicontinuous iff (X, x..) is positively equi-
continuous.

Proof. = Assume that (X, r) is (positively) equicontinuous. Suppose that the
family {z*|# € R*} is not equicontinuous at x=(x,) € X,,. Then there are sequences
{x}, {¥*}in X, and {#,} in R* and an index P;'Xp;' (@) € U.,, for some a e U and
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s € R*, such that x*—x, y*—x and (x'z.t;, y'w.t,) ¢ p7* Xp7(«). This implies that
(xint,, yint)=p,Xp(X'n.t;, y'n.t;) ¢ « for all i. There are indices B, 7 € % with
72Ca and such that whenever (x,, b) € 8 then (x,xt, brt) e ¥ for all r € R*. There
exists i, such that (x,,x) e g and (x, y9) e g for all i>i,. Thus (xixt, yint,)=
(xint,, xt)(xmt,, yirt,)=7 o7 Ca for all i >i, and hence we have a contradiction.
This shows that (X, x.) is positively equicontinuous. Conversely, assume that
(X.., 7..) is positively equicontinuous. Then (X, =,,) is positively weakly equicon-
tinuous [7]. Suppose that the family {z*|7 e R*} is not equicontinuous at a point
a e X. Then there are sequences {5’}, {¢’} in X and {z,} in R* and an index ¢ e U
such that b*—a, c*—a and (b'nt,, c¢'nt,) ¢ « for all i. Apply Lemma 4.1 on the space
X X X and the corresponding inverse limit (X X X).,=X.,X X.. Then there exists a
subsequence {(b", ¢™)} of {(b%, ¢}, a corresponding sequence {(x"¢, y")} in X.. X X..
and x e X, such that (x™, y")—(x, x), x3i=>b", ysyi=c™, x,—a. There exists an
index g e U such that whenever (x, z) € p;' X pi'(f) then (xr..t, zr..t) € py' X py '(7),
where 7 e U with "Cw«. Hence (x"nt,,, y*int,,)=(x"znt,,, xzt, )(xxt,,, y*=at,,) €
PitXpa () o prt X pi'(7) for all n;>i,. This implies that

(b'nt,,, c'nt,)=(Vi'rt,,, Xpint,)ET o7 Ca for all n,>i,
and we then have a contradiction. The proof of the theorem is now complete.
Theorem 4.9. (X, ) is positively distal iff (X.., n..) is positively distal.
Proof. The proof is easy to establish and will be omitted.

Theorem 4.10. (X, ©) is positively almost periodic iff (X., x..) is positively
almost periodic [9].

Proof. =Let x=(x,) € X,, and p;*(U), for some open set U in X, be an open
neighborhood of x. Then clearly U is an open neighborhood of x, in X. Hence
there exists a relatively dense set 4 in R* such that x,7ACU. Lette R*. If t<s,
then

xxA=xm(s—t))rAd=(xmA)a(s—1)C Ur(s—1)
and if ¢ >, then
xmAra(t—s)=(x,ax(t—s)nA=xmxACU.

Hence xz,ACp;%(U) and consequently x is positively almost periodic. Thus
(X.., &..) is positively almost periodic. <&The converse is straightforward and will
be omitted.

Theorem 4.11. (X, ) is (positively) recurrent iff (X, n..) is positively recurrent

[91.
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Proof. The proof is similar to the one given in the preceding Theorem.

Definition 4.12. [3] A subset M of X is said to be (positively) Liapunov stable
if for every open neighborhood U of M, there exists an open neighborhood ¥ of M
such that VzR*CU. The system (X, x) is positively Liapunov stable if arR* is
positively Liapunov stable for each a € X. The system (X, ) is said to be (positively)
Lagrange stable [4] if arR* is compact for each ¢ ¢ X.

Theorem 4.13. Let (X, n) be a (positively) Legrange stable semidynamical
system. Then (X, x) is (positively) Liapunov stable iff (X.., z..) is positively Liapunov
stable.

Proof. = Assume that (X, x) is (positively) Liapunov stable. Let x € X, and
let U, be an open neighborhood of xz.R*. Without loss of generality, we may
assume that U,={_J7_, p;'(U,) for some open sets U,in X, i=1,2, .-.,n.  Since
xwR* is compact, it follows that py'(x,zR*) is compact and consequently, xz..R* is
compact. This implies that p,(xz.R*)=p,(xr.R*)=x,zR*. Hence there exists an
open neighborhood V of x,mR* such that ¥zR*C | J7_, U,. Then

xr.R* Cpy' (xR Cp' (VYU pi'(U) .
i=1

Furthermore,
py'(VzR* Cpa‘(VnR*)cml(U Ui) =U..
i=1

Hence xz.R* is positively Liapunov stable. The proof of the converse is easy and
will be omitted.

Conclusion. At the risk of being obvious we pose the following problems:

(1) Ttcan be shown easily that (X, ) is (a) topologically transitive [9] (b) of
characteristic 0+ [1} if (X, z.) has, respectively, the same property. It is not
known to the author whether the converse of the above two statements is true or
false.

(2) Does Theorem 4.13 remain true if the assumption of Lagrange stability is
omitted ?

(3) Tt is desirable if one could develop section (4) without assuming that X is
first countable.

(4) There is a lot of work to be done concerning the negative versions of
dynamical properties such as attraction, stability, characteristic 0*, recurrence, - - -
etc.. Some work in this direction can be found in [9]. In a forthcoming paper the
author is going to investigate such notions.
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