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§ 1. Imtroduction.

In the present paper we consider the nonlinear Volterra integral-functional equa-
tion of the form '

x(t):F(t, j:‘(” £t 5, X(s))ds, - - -, j :’(” Ft, s, x(s))ds,

(1)
x(ﬂl(t))a Tt x(ﬂm(t))’ u),
where x is an unknown function. The special cases of equation (1) were considered
by many authors, for example, see [1-5, 9, 10, 14] and the references given therein.
One of the simplest problem which can be reduced to a particular case of equation
(1) is the initial value problem for the functional differential equation of neutral
type of the form

(2)  xW(O=F(t, x(er(0), X' (1), -+ -, X" (ar(2)), X VB, - - -, X (B (D)),
(3)  x(0)=x(0)=---=x""0)=0.

Equations of the type (2)—(3) arise in many areas of applied mathematics as mathe-
ma tical modles of physical processes (see, [6-8]). Recently, in [11, 13] equation (1)
when u=0 were discussed by using comparative method developed by Wazewski [15].
In this paper, we study the existence, uniqueness and continuous dependence of solu-
tionis of equation (1) by using the well known Banach contraction mapping principle
[12]. The results on the existence of maximal and minimal solutions of equation
(1) (when u=0) are also established by using the monotone iterative method and the
notion of upper and lower solutions.

§2. Existence and uniqueness.

In this section we shall establish our results on the existence of a unique solu-
tionn and continuous dependence on parameter of solutions of equation (1). For
con venience we first list the following hypotheses.
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Hypothesis 1. (i) Let (B,]|-|) be a Banach space. The functions a;,, 8, €
ClL1], fe ClI’XB, B], j=1,---,r,i=1,--.,m; Fe CIIX(B)*™X R, B], where
I=[0, 00), R=(— 00, o).

(11) For ueR, (tazl’ Trts Zyy Uyt ey Up, u), (ta Zis oot Zyy Uy v, Up, u)e
IX(B)""™XR,
”F(taZl, Tty Zpy Upy vy Uy, u)_F(t9 Zyy vt 5 Zpy Uy - '7nm’ u)”

gj}.n:‘le ”ZJ—ZJ‘”‘*‘; M, \u,—a,;
and for each j=1, ..., r,

1/t 5, 2)—f (8, 5, DI <N, | z—z]],

where L;, M, and N, are nonnegative constants.
(iii) Let L be a positive number. For every fixed u € R there exist a constant
P>0and (t,z, -+, 2, Uy, + -+ Uy, 4) € IX(B) "™ X R such that

a1(t) ar(t)
|'F<t9 f .fl(ta s, O)ds9 ] j fr(ta s, O)dS7 07 ] 0: u)
0 0
< Pexp(Lt), tel

(iv) There exist constants a,, @, such that 0<{a,+a,<1 and
i L7L,N, exp (La(t))<a, exp (Lt), tel
i=1
3" M, exp (L)) <a, exp (L1), tel.
i=1

Hypothesis 2. There exist a constant k>0 and a function 4: I—TI such that
foreveryteL,u,ve R, (2, -+, Zp, Uy, -+ -, Uy,) € (B)*™,

“F(ts Zla Tt Zr’ u19 ) um’ u)_F(ta Zn ttty Zn uu Tty um’ U)|I£A(t)[u—v][,
and

sup [4(¢) exp (— L] <K,

where [w|| denotes the absolute value of w.

Let G be a space of those functions ¢: I—B which are continuous in I and fulfil
the condition

(4) 40 =0 (exp (L))

In the space G we define the norm (see, [2])
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(5) |61 =sup [1 ()] exp (— L)

It is easily seen that G with norm defined in (5) is a Banach space (see, [3]).
We note that the condition (4) implies that there exists a constant M >0 such
that | #(2)|| <M exp (Lt), t e I. Using this fact in (5) we observe that

(6) lg|<M.
Now we shall prove the following

Theorem 1. Let Hypothesis 1 be fulfilled. Then for every u e R there exists ex-
actly one solution x e G of equation (1), given as the limit of successive approximations.

Proof. Letuc R be fixed. For x e G we define the transformation @=T(x),
where T(x) is defined by the right-hand side of the equation (1). Now we shall
prove that @ maps G into itself. Evidently by (i) & is continuous in 7 and &(t) ¢ B
for t e I. We verify that (4) is fulfilled. Using (ii) and (iii) we obtain

lo@|
< HF(t j;”m £t 5, xX(s))ds, - - L” £t 5, X()ds, x(BD)), - - -, X(Bo(t), u)

ay(t) ar(t)
—F(I,J r, s, O)ds,---,J Y £t 5,0)ds,0, -, 0, u)
0 0

+ HF<I9 J‘al(l)ﬁ(n S, O)dS, ] Jwr(t)f‘r(ta S, O)dS, O: DY 0: u)
i 0 0

< LN, [ 136)] exp (— Ls) exp (Es)ds
2 M. () | exp (= LB(0) exp (LA)+P exp (Lr)
<|x| JZ L-'L,N, exp (La,(1))+| x| }’"j M, exp (LB(1))+ P exp (Lt).
Using (iv) and (6) we obtain

19@) |<[Ma,+ Ma,+ P exp (Lt).

From which it follows that @ ¢ G.
Now we verify that the transformation @ is a contraction map. We assume
that x, ye Gand @=T(x), ¥ =T(y). From Hypothesis 1, we have

oS 0]
| ax(t) ar(t)
=[P (e [ At s w0, [ 05 0, 3O, - 380, )
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—F(t [ At s s, o [T s ),
ORI RN

<

<3N, [ 56— 306) ] exp (~ Ls) exp (Ls)ds

+§ M, [|x(B.)) — y(BLe) | exp (— LBE(1)) exp (LB(1))

<oy 3 LL N, exp (Lea()-+x =] 3 M, exp (LA(0)
<(a,+a) [x—y]| exp (L0).

Consequently, we have

(7) DT |<(a,+a) |x—y|.

By using the known Banach’s fixed point principle for contraction maps [12], for
every fixed u ¢ R there exists a unique fixed point of transformation T, i.e. there is a
unique solution x € G of equation (1), and it is given as the limit of successive ap-
proximations. This completes the proof of the theorem.

We next establish the following theorem which deals with the problem of con-
tinuous dependence of solutions of equation (1) on a parameter u.

Theorem 2. If Hypotheses 1 and 2 are fulfilled, then the solution x(t, u) of equa-
tion (1) belonging to G is continuous with respect to the variables (t, u) in I'X R.

Proof. For x € G we define the transformation 7,(x) by the right side of the
equation (1). From (7) we have

(3) | (%) — T(»)|<(a+a) | x—y|.
Next, from Hypothesis 2, we obtain

(9) {Tu(X)—TuO(X)léstlelg [AQ) [u—u, ]| exp (— LOT K| u— o .

From Theorem 1 there exists a unique function x(¢, u) such that T,(x(¢, u)) =x(z, u)
and T,,(x(¢, up))=x(t, u;) for t € I. Therefore, from (8) and (9) we have

{X(t, u) '—x(t’ uo) lgl Tu(x(ta u))_ Tu(x(ta uo))l+| Tu(x(ta uo))" Tuo(x(ts uo))]
<@y +a) | x(t, w)— x(t, ) |+ K |u— .

Hence

[x(t, 1) — x(2, u,) | <(1 —al—az)“K{u—itoll.
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This shows that the function x(¢, u) is continuous with respect to the variable u in R
uniformly with respect to the variable ¢ in I, and consequently x(#, ) is also continu-
ous with respect to the two variables (¢, ) in I’X R, which completes the proof.

We note that the results obtained in Theorems 1 and 2 can be very easily ex-
tended to the Volterra integrodifferential-functional equation of the form

a1(t) ar(t)
x’(t):F(t, L £t 5, X(5))ds, - - -, j s, X,
(10) X(0), XBLD). - - -, x(Bal1)), u),
x(0)=x,

with suitable modifications. Equation (10) is of more general type and contains as
a special case the functional differential equation recently studied by Czerwik [5].

§3. Maximal and minimal solutions.

In this section we employ the notion of upper and lower solutions to study the
existence of maximal and minimal solutions of equation (1) when #=0 and discribe
how these functions become upper and lower bounds of solutions of the equation

x(t):F(t, j O et s, x($)ds, - - j ", s, x(s))ds,
(1 1) 0 [1}
BN, - X(ﬁm(t))>,

where x is an unknown function. Hereafter, we assume that 7=[0, g], where a is a
fixed positive real number, «;, 8, € C[I, 1], f; € C[I* X R", R"], for j=1, --.,r, i=
1, .-.,mand Fe C[IX(R®)™™, R*]. Without further mention, we also assume that
all the inequalities between vectors are componentwise.

Definition 1. A function w e C[/, R"] is said to be an upper solution of (11) if
a1(t) ar(t)
wO=F (1, [ £t s wisDds, -, [T L0 5w wB ). - w(B ),

and similarly, a function v e C[I, R"] is said to be a lower solution of (11) if

oO<F(t [ At s ooDds, o [T A s o, B - (B0

Definition 2. The functions X, x € C[I, R"] are called maximal and minimal
solutions of (11) respectively, if every other solution x e C[I, R"] of (11) satisfies the
relation x(1)<x(¢1)<x(¢) for all t e L

In our subsequent discussion we need the following hypotheses.
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Hypothesis 3. (i) The functions v, w ¢ C[/, R"] with v(t)<<w(t) for t e I are
lower and upper solutions of equation (11).

(ii) For each i, f;,(¢, 5, §) is monotone increasing in § for fixed ¢, s € I, when-
ever v(1)<e<w(t) for teIand j=1, - -, r.

(iii) For each i, Fi(t, z,, - - -, Z,, Uy, - - -+, U,) is increasing with respect to the
variables z,, « - -, Z,, Uy, -+ 5 Up.

Hypothesis 4. For (t, 2, « -+, Zyy Uy oy Uy), (& Zyy =+ vy 2,y Uy, =0,y Hly) €
IX (Rn)r+m’

”F(t, Zyy ey Zyy Upy v v ey U )—F(t, 2,y oo 2 gy + o s ﬂm)H
<M, 7= 2,4 5 Nl =)
and for each j=1, ---, r,
1 fits s, w—fit, s, DI<L;llu—al,  tsel,

where M, L, and N, are nonnegative constants such that

(12) a>  M,L,+> N, <1,
j=1 i=1
and || - || denote a convenient norm in R”.

In order to prove the existence of maximal and minimal solutions of equation
(11) we define the sequences {w,} and {v,} by the relations

WD) =w(),
a1(t) ar(t)
ay  O=F(t [ A 0 [T (o
YO R RO
u(t) =u(?),
ag  vO=F(u [ s v o [T A s v o0
BB, -+ 0 (Bul)).

forn=1,2, ---.
In the following theorem we establish the existence of maximal and minimal
solutions of equation (11). ’

Theorem 3. Let Hypothesis 3 be fulfilled. Then the sequence {w,} defined by
(13) converges uniformly from above to a maximal soluiton X of (11) while the sequence
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{v,} defined by (14) converges uniformly from below to a minimal solution x of (11).
Furthermore, if x(t) is any solution of (11) such that v(¢)<x(t)<w(t) on I, then

15 vy, << <o, < - L xS, < - - S <y <K,

on Il

Proof. Define p,(t)=v,(t)—v,(¢) for t ¢ I, then
pO=F (1, [ s, vo0ds, -, [ 105, 0, B -+, u(Ba0)

a1(t) ar(f)
—F (6 [ A oo0ds, s [ A0 5 o, (B0, - o(Ba(0)
:0,

which implies v(t)<v,(¢) on I. Let us assume that for some integer k>0, v,_,() <
v,(¢) on I. Then setting p,(t) =0, (1) —Ue2), We get

ay(t) ar(t)
pi(t)zl;’i (ta J; f;(t’ S, Uk(S))dS, D) IO fr(ts 8, Uk(S))dS, Uk(ﬁl(t))’ R ) Uk([em(t)))
—£ (1 [ 1,5, v, - [ 0 v,
vk—l(ﬁl(t))9 tey Uk—l(ﬁm(t)))
>F, (1 | " At 5, v, < L5, v, ),
Uy (B -, v,c_l(/amm))
—F (| s v, j"’(”fr(t, 5, Uy o(5))ds,

Dp (B, - -, vk_l(ﬁm(t)))
0,

which implies v, (f)<<v,,,(t) on I. Hence, it follows by induction v, _,(t)<v,(f) on
I. By following the above argument we can show that w,(1)<<w,_,(¢) on I.

Now define p,(1)=w,(t)—v,(t), then using the fact that v(t)<w(z) on I, we
have

p(t)=F, (;:, j:‘(” £t 5, W(s)), - -+ f :’”) £, 5, wis)ds, WD), - - w(ﬁm(t)))
—r (n [ 15, oo, -, [ 10,5, visds, s o). -+ o5 (0))
= (1 [ 5t s w0, -, [ 105 060, v(E), -, 05 0)
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a1(t) ar(t)
—F, (t, j £t 5, vs))ds, - - -, j £t 5, v()ds, VB, - - -, v(ﬁm(t))>
:0,

which implies v, (t)<w,(¢) on I. By following an induction argument we have v,(¢)
<w,(t) on I. Thus, the sequences {v,}, {w,} are monotone nondecreasing, non-
increasing respectively, and v(¢) <v,()<w,(t)<w(¢) on I. Furthermore, using the
standard arguments, it follows that these sequences converge uniformly and mono-
tonically to the solutions x(¢) and x(z) of (11).

Let x(¢) be any solution of (11) on I such that v(¢)<<x(:)<<w(¢) on I. Then,
by the induction argument, it is easily seen that x(¢#)<w,(¢) and x(¢) >v,(¢) on I for
every n=0,1,2, - . -. Hence, we have x{t)<x(t)<x(¢) on I. This shows that x(¢)
is a maximal solution and x(¢) is a minimal solution of (11). This completes the
proof of the theorem.

Our next theorem shows that under some additional conditions on the functions
involved in (11) the maximal and minimal solutions obtained in Theorem 3 coincide
on I.

Theorem 4. Let the Hypotheses 3 and 4 hold. Then the maximal solution x(t)
and the minimal solution x(t) obtained in Theorem 3 coincide on I.

Proof. Since x(t) and x(¢) are solutions of (1), we have
15 =2l = (1, [™ 5. sy, -, [T 1605, 566,
SEO). -, ¥(3a(1)
—F(n [ A xtonds, - [ At s s
$EO) -+ x(Bu))|
<33 ML [ 1560~ s+ 3 N R0 — (5.0
<[a % ML+ 3 v sop 50— 20
Then setting s=sup ||x(1)— x(¢)], we get
s< [ajzl M,Lj—i—izz Ni]s,

which implies, in virtue of the condition (12) that s=0, i.e. X(#)=x(¢) on I. This
completes the proof of the theorem.
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We note that in general the maximal and minimal solutions obtained in Theo-
rem 3 are different. However, when (11) has a unique solution, x, they coincide.
In this case, the iteration scheme (15) has the advantage that {v,} and {w,} converge
to x on I and v,<x<w,. That is, an approximate solution can be constructed to
any degree of accuracy by making ||v, —w, || sufficiently small.
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