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An Optimal Control Problem of the Prey-Predator System
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Introduction.

In his research of the prey-predator system, V. Volterra [3] introduced the dif-
ferential equations
xj= xl(zl + ,lez)
0.1 2,>0, 2,<0, <0, >0
@1 X=x,(A,+ /lle) ' * # e
in which x, and x, are respectively the numbers of preys and predators.
If the preys and predators are separated from each other completely or incom-
pletely, then (0.1) should be replaced with the following system
x| =x(A,+up,x,
0.2) 1 (A xy) 0<u<l
Xp= x4+ uﬂ2x1)
where 1—u means the rate of separation. We shall study an optimal control problem
regarding u as a control function. The independent variable ¢ in (0.2) is commented
as the time and varies from zero to a given terminal time T, x, and x, should satisfy
the initial condition
x,(0)=aq,

0.3 0, , >0.
0.3 x,0)=a, “> @

The cost functional is given as
0.4 Jul= — (x(T)+x(T))

of which minimum is to be looked for. The cost functional of the form — (o,x,(7)+
0:%(T)) with positive weights p,, p,, representing the individual economical values
of preys and predators, can be reduced to (0.4) by an obvious transformation %, =
01X15 Xy = 0y,

In § 1, after some preliminary comments in which the existence of the optimal
control in the class of bounded measurable functions is pointed out, Pontrjagin’s
maximum principle and its attendant transversality condition are invoked. We
specify three cases according to the signum of p,+ p,.
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In § 2, cases p,+ 1, <<0 and g, + p, =0 are treated and we see that the optimal
controls are u=0.

In § 3, case y,+ ¢, >0 is treated and we prove that every optimal u takes only
the values 0 or 1 and its number of switching times is at most one.

In § 4, we give the switching time 7, of the critical optimal recsponse, having
the terminal value equal to the critical value of the control system.

In §5, optimal responses with terminal values near to the critical one are
treated, and as for the switching time r, of them we give sufficient conditions for
7,<<7, and for 7, >, respectively.

§1. Preliminaries.

If (x,, x;) is the solution of (0.2) and (0.3) then it is positive: x,(z)>0, x,(¢) >0,
because the solution is unique and x, =0, x,=0 is a solution of (0.2). Further, it is
bounded. Indeed from g, <0 and (0.2) we have

O0)x(H=Zae<aeh”
which, together with 2,<C0, gives
0<)x, (1)< a, exp (1a,6""t) < a, exp (ua,e"" T).

The target set at r=1T is originally the whole (x,, x,)-plane, but the above result
allows us to take it as a compact set in that plane, and we can take use of the
theorem 5.1 in chapter III of Berkovitz [1] to see the existence of an optimal control
in the class of bounded measurable functions.

Since optimal control and corresponding adjoint variables r, yr,, r, satisfy
Pontrjagin’s maximum principle, we have

(1.1 H((2), x(¢), u(t)):(l)nax H@ (1), x(2), 2) a.e. tel0, T]

where

Yo
(") w:(\ ¥ )
* V2
H(pr, x, u)=v,%,(2 +upe, %)+, X, + g, x,)

= A%+ Ao X+ ux, X% (pr + ply)-
The same principle gives also the transversality condition at the terminal time = T;

1I"l(T)“i'\!"ozo
\b'z(T)"f"\?o:O-
It is yr,=const<0 and +,, r, satisfy

1.2)
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‘!’{Z - gf = '_21‘!/‘1_113‘2(#1‘!’14‘#2‘!’2)

(1.3) 81117
Py=— = — Ay — ux,(plry + pralro).

ox,

In general theory, the transversality condition in its general form requires the
continuity of the optimal control u at the terminal time (Berkovitz [1], chapter V,
theorem 3.1 and exercise 3.5), but in our present problem, due to the simplicity of
the boundary condition at =T, it is easily verified by rescrutinizing the proof of
that theorem given in ibid. Chapter VI section 7, that (1.2) is valid without the
continuity of the optimal control at =T (see Note (1)).

On account of nontrivialness of 4» and (1.2), we may assume without any loss
of generality that

(1.4) Po=—1, P(D)=9(T)=1.

Since x,(¢) and x,(¢) are positive, we have from (1.1) that optimal control u is deter-
mined by

0 for a.e. ¢ satisfying (uppr,()+ pro(2)) <O
1 for a.e. ¢ satisfying (u () + pr(2)) >0.

We specify three cases according to the signum of p,+ p,;
Case I: 4 1<<0,
Case II: g+ p,=0,
Case III:  p,+ 4, >0.

(1.5) u(t):{

§2. Cases I and II.

First we take up the Case I and investigate the behavior of the optimal control
u. Since p+ g, = pr(T) + prbro(T) <0 in this case, it follows from the continuity
of 4, and +, that there is an ¢ >0 such that

(2.1) () + plro(£) <O for te (T—e, T
which means for a.e. t € (T—e, T
.2) u(t)=0

and since the values of u on a null set exert no effect upon the behavior of the
response and adjoint variables, we have

‘M = Zl‘h

2.3
( ) ‘!’; = Z2*#2

hence
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WO=ET, )=,

Since 2,>0, 2,<<0, g, <0 and g, >0, p2,9,(t)+ p229,(¢) is monotone increasing and we
see that (2.1) and (2.2) are valid for ¢ € [0, T]. Neglecting the values of control on
null set, we have the following

Proposition 1.  In the Case I, there is no switching time of the optimal control u,
u(t)=0 for t ¢ [0, T] and

x(t)=ae", x()=ae*, Jul=—(ae""+a,e"").

Now we investigate the Case 1I, in which g, +p,=0. If we put —p=p=p
>0, them (1.3) assumes the form

‘!’{ =— A — uxz,u(~ I+ \!’z)
1[1‘; = 22‘!’2 - ux1/l(_ ¥+ ‘!/’2)

Since —(T)+r(T)=0, we have

24

() + ﬂz‘!’z(t) = p(—4ni(0) +:(2))
= [ 6= A N+ U (5)+ 360
X ().

Since Ay (8)—(s) =24, —4,>0 and —,(s)+(s)—0 as s—T—0, there is an
¢>0 such that for t e (T'—e¢, T)

@2.5) () + () = pr(— () + (1)) <0.

By the same argument as in the Case I, we know that (2.5) and u(#)=0 are valid for
t € [0, T, and can state

Proposition 2. In the Case II, there is no switching time of the optimal control u.
u(t)=0 for t ¢ [0, T] and

x(t)=ae", x(t)=a,e™, Jul=—(a,e""+ae"").

§ 3. Case III; the switching time ..
As g+, >0 in this case, there is an >0 such that

3.0 O+ par()>0 for e (T—e, ).

Let = be any positive number such that 0<rz< T and the inequality (3.1) be satisfied
for t e (¢, T], and let z, be the infimum of such z’s, then the optimal control u()=1

for a.e. te (r;, T] and ﬂ1\l/‘1(71)+ﬂ2‘!f2(71):0-
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If 7,>>0 then for ¢ € (z,, T] we have

Yi=—2, — xz(ﬂl\[ﬂ + /12‘#2)
Py = — Afra— x1(ﬂ1‘!"1 + /Jz‘,’:z)‘
Since x,(p0r; + o) >0, we have +,(t) > ¢(t) =exp 2,(T— 1), ¢ being the solution of

¢'=—2,p and o(T)=1, hence v, (t)=>1 for r e[z, T]. Since g, (z))+ pir(z,) =0,
it must be y,(t) = — /01, >0, and

(3.2)

/«51‘#1(1‘) + ﬂz‘!’z(t) = J? ['21#1‘[’1(5') + Zzﬂz‘kz(s)
+ u(s)(ﬂrxz(s) + ﬂ2x1(s))(ﬂ1‘k1(s) + ﬂzwz(s))]ds <0

for t € (r;—e¢, 7,) with an ¢>>0, because 4,u.yr,(z,) + optro(z,) <O and pafr,(5) =+ o)
—0 as s—7,—0. Neglecting the values on null set and agreeing that u is left con-
tinuous at r,, we have u(¢)=0 for ¢ e (r,—¢, ,], hence 7, is a switching time of the
optimal control u.

By the same argument as given in § 2, we know u(¢)=0 for a.e. ¢ [0, z,] and
have the following proposition, in which we neglect the values of u on null set.

Proposition 3. In the Case III, number of the switching times of optimal control
is at most one. If there is actually a switching time t,, then

u(t)=0, x,=ae", x,=ae* forte0, )]
and
u(t)=1, forte(r, T)]
If there is no switching time, then u(t)=1, t € [0, T is the optimal control.

For u(t)=1, (0.2) coincides with the Volterra’s system (0.1) and can be solved
easily (Volterra [3] and Yamaguti [4]), giving

xiereix; e~ 1% — const.

The orbit is a closed curve (or a part of it) around the critical point (— A,/py, — 2,/p1)
in the phase plane.

§4. Value of 7, for the optimal critical response.

As we have seen in § 3, every optimal response x in the Case III satisfies the
control system (0.2) with the corresponding optimal control u equal to 1 for ¢ & (z,, T]
with some z, € [0, T'). Since <, is the largest zero point of g+ p. (or equal to
0 in case of no switching time) and depends continuously on the terminal value x(7)
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of the optimal response x, the state of the orbit of optimal response in a bounded
domain in the phase plane is the same as that of the orbit of (0.1), the Volterra’s
system, for a ¢ interval t<t<T.

Let x=(x,, X,) be the optimal response having the terminal value %(7)=
(x(T), %,(T)) equal to the critical value (—2,/y,, —2,/p,) of (0.2) and # be the cor-
responding optimal control, #(t)=1 for ¢ € (z,, T], 7, being the switching time of
(or equal to 0). The initial value of this optimal critical response is obtained very
easily in terms of 7, by solving (0.2) backwardly with u=a(¢)=0 for ¢ ¢ [0, r,] and
with X,(z,) = — &/p, Xo(2)= —4/p, giving

ie“ S _)TZ(O) = ie" 71
He H

3_51(0): -

while the value of 7, is obtained by the following elementary calculations.
For t e (7,, T], (1.3) assumes the form

‘M = 21&‘!’2
“.1) t

W= 2P,
He

hence it follows

%(#1‘?1 + #Z‘Vz) = (22/«51‘1’1 + 21#2‘!’2)
4.2)

—:;7(22/11‘!’1 + 21#2‘?2) = lez(ﬂﬂlﬁ + /«‘z\b‘z)-

Let

A:( 0 1>,
A2 O

then a fundamental matrix of (4.2) is given by

@3) eAtz( cos (v, 2] 2) ﬁsin(Jwt))
— V2, [ 2] sin (V2,2,] 1) cos (v, 2] 1)

hence

< #1‘?‘1‘1‘#2‘!’2 ):eA(t-—T)< e )
22#1‘!"1 + 21/12\!’2 22/11 +4, Mo

from which we have
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ﬂ1w1+#2\’/‘z:(/«51+/«52) Cos (*/21 122| (T_' t))

_ (Zzﬂt‘l‘llﬂz) . T
R, in (R 2] (T—0)

and

- 1 tan-! '\/21|12|(ﬂ1+ﬂz) .

— T =

\/21 {zzl Zz,ut + 21[«52

Recollecting the results, we have

Proposition 4. In the Case III, the switching time 7, of the optimal control u
corresponding to the response having the critical terminal value, appears if and only if
T>0/+/2, |2, and its value is

f1=T————1—0 with f=tan™’ */21122!(‘“14'#2),
*/21 Mz] szll +21/Jz

§5. Responses near to the optimal critical response.

In this section we investgate optimal responses of which terminal values are
sufficiently near to the critical one. As we have seen in the preceeding section, orbit
of such a response is a closed curve (or a part of it) around the critical value
(—2/pt2» — 2,/p,) in the phase plane for ¢ € (z,, T, where 7, is the switching time of
its optimal control or is equal to 0 in case of no switching time. Let (X, X,) be the
optimal critical response, considered in §4, of which terminal value is (—2,/ts,
—2A/p), (consequently X,= —2/p,, X,=—2,/p, on [z, T]), and let (x,, x,) be an
optimal response of which control u is u(#)=1 on (¢, T'] with the switching time r,,
and (x(7), x,(T)) is sufficiently near to (—2,/p, —A,/p;). We can state sufficient
conditions for 7,>7, and for 7,<{z, in terms of the location of the terminal value
x(T), x(T)). Let y,=x,—%, y,=x,—X,, then |y,],|y,] are small on (z,, T] with
t,=max {z,, 7,} and (y,, y,) approximately satisfies (cf. [3], [4])

y;:_lzﬁyz
G.1) H te (zo, T]
yg: _21&371
M

Let (,, 4r,) be the adjoint variable corresponding to (x,, x,) then we have for
te(z, T]

‘!’{ = '21‘!’1 - xz(/«‘ﬂ!’l + #2‘!’2) = 21%‘/’2 —yz(ﬂﬂh + /lz‘!fz)



290 S. Yosma

W= — Al — X, (- pr) = 22 Yy — Vi + )

2

Putting ¢, = prr; + e, @2 = Aot ¥+ Ay prolre, we have o (1) = p+ py, 0(T) = Aoty 4 Aty
and

SD{ZS%_ (,Uzy1 +/11y2)501 =, _h1§01
1= 412001 — (Ao Vs + Ao p, 2D, = A, 200, — Bygp,
in which we used the notations /&, =, ¥, 4+ tt, s, 1= 21 Y1+ Ao, Vs

Let (¥, vr.) and (@, @,) be the variables corresponding to (X,, X,) and derived
from it in the same fashion as above, then &,(T)=¢(T), #,(T)=¢(T), and

P=0,
SB; = lezﬁﬁl
since y,=y,=0.

Let a,=¢,—&,, =0, — &, then a,(T)=a,(T)=0 and

/

=a,—h
(5.2) “T T
o= A, A0, — hypy

while (4, &,) satisfies approximately

W=—h
(5.3) ! z
= —A.h,.
Let
(a0
24, O
as in § 4, then from (5.3) we have
(5_4) <h1(t)) — (T~ z)(hx(T)>
hit) h(T)

and from (5.2)

()= emo)e

st (D)

fstrero (D)

where by (4.3)
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S 1 . e
eA(T+l—2§):( cos (x/ZIIZZI(T—}—t——ZS)) msm (x/llllzl(T—{—t—ZS'))

— V%] sin VAT (T+1=25))  cos (Vi [&] (T+1—2))

hence
&)= 0.6)cos (VTR (T+1-29)h(D)
(5.5) !
«/T‘I sin (v, [ 2] ](T+t—2s))h2(T)]
Now assume
(5.6) h(T)>0
and
c08 (v, [25] (T+ t— 25 \h(T)+— 2 sin (v, [2] (T+ 1 — 25 \h(T) >0

(5.7) V2,12,

for t<s<T, te(z, T)

then we can show that r,<7,.
Indeed, if 7,>7, then v,=r, and from (5.5) and (5.7) we have «,(t)>0 for t ¢
[z, T). Hence

o=+ a()>¢:(1)=0  fortelr, T).

Since ¢,(¢) is continuous and ¢,(T)>0, ¢,(t)= pry()+ pr,(t) >0 for ¢ € [r,—e, T]
with an ¢>0. Hence 7, cannot be the switching time of the optimal control u of the
(x,, x,), which is contradiction.

Let

0 ODWVATE]
©-8) = et ( (T )

Since ¢+<{s<T means T+t—2se (t—T, T—1), it is easily observed that if
(5.9 0,>T—7,

then (5.7) follows from (5.6).
Recollecting the results, we can state

Proposition 5. In the Case 111, if (5.6) and (5.9) hold for an optimal response of
which terminal value is sufficiently near to the critical value (— 2,/y, — 2,/p,), then the
switching time ¢, of the corresponding control satisfies r,<xz,.
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By the same argument as above, we can prove the following proposition pro-
vided that (5.6) and (5.7) are replaced with

(5.10) h(T)<0
and
008 (V| 2] (T+t— 25 Wh(T)+— - sin (v/2, [4a] (T+ 1 —25))i(T) <O
i VAT
for t<{s<T, te(z;, T)
respectively:

Proposition 6. Let (5.6) in the assumptions of the Proposition 5 be replaced with
(5.10) then the switching time ¢, satisfies t,>7,.

Note

® Indeed, in the cited proof, it is proved that a vector of the form c=
(e, ¢y, €8, ¢) (¢, and ¢, are 2-dimensional vectors) is orthogonal to every column
vector of the matrix

Y

e I

Y

which is in our case equal to

O
1 0},
01

O being 42 null matrix. It is ¢, = (T)— o, ¥o(T)—1b,) in our case. c¢f and ¢!
are given originally in form of integrals on a small interval. Continuity of u(z) is
used to express ¢} and ¢! in form of differentials, but it is needless for us as observed
immediately from the form of the matrix

RIS
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