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§1. Periodic and non-periodic systems.

Let J=[a, b], J.,=(— o0, ), L.(c)={c|0<e]<c, |arg ¢|<dx/(2h)}, where h is
a positive integer, a, b, ¢ and § are constants with ¢>0, 0<{§<1. Consider a system
of linear ordinary equations:

(E) Y (A0 + 9O ).

Here A(z) and Q(t,¢) are n by n matrices, g(¢) is a differentiable scalar function
satisfying
1.1 lim g(e)=0, as ¢ tends to 0 in & (c).
Let 2,(2), 2,(2), - - -, 2,(¢) be eigenvalues of A(t). We shall study the global simpli-
fication of (E,) under two different sets of assumptions. The first set is:
(A1)  A(r) is in C¥(J);
(A2)  QO(t,¢) isin C'(IXF(c));
(A3)  There is a positive integer k such that the set of indices {1, 2, - - -, n} is divided
into [,={1,2, - .-, k}, L={k+1,k+2, - -,n} and

(1.2) Re {2,(t)—2,()}++0, iel, jel,
forallteJ;
The second set of assumptions is:

(B1) A(?) is in C(J.,.) and periodic with period b—a;
B2) 0O, is in CY(J, XL (c)) and periodic in t with period b—a;
. (B3) (.2) holds forallteJ,, iel,jel,.

For the non-periodic case, on a finite interval J, we shall prove:
Theorem A. Under the assumptions (Al), (A2) and (A3), there exists an n by n

matrix T(t, €), nonsingular and in class C* for te J, e € (), (c,<c), such that the
transformation
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(1.3) y=T(, o)w
reduces (E,) to

Enﬂ — Bi(t, o) 0
) dt < 0 B e)) "

where B,(t, ) and B,(t, ) are k by k and (n—k) by (n—k) matrices, respectively, in
CI (X & (c)) such that lim B,(t,e) and lim B,(t, ¢), as ¢ tends to 0 in &% (c)), have
eigenvalues {2,(t), 2,(2), - - -, 2,(1)} and {2, . (2), A1), - - -, 2,(2)} respectively.

For the periodic case, we shall prove

Theorem B. Under the assumptions (B1), (B2) and (B3), there exists an n by n
matrix T(t, ¢), nonsingular and in class C* for te J., e € #.(c)), (c,<c), periodic in t
with period b— a, such that the transformation

(1.4) ‘ y=T(t, e)w

reduces (E)) to (E,) where B\(t,¢) and By(t, ¢) are k by k and (n— k) by (n—k) matrices,
respectively, in C\(J.. X &% (c,)), periodic in t with period b—a, such that lim B(t, ¢)
and lim B,(2, €), as ¢ tends to 0 in & (c,), have eigenvalues {A,(t), A1), - - -, 2,(t)} and
{241, 2 12(2), - - -, 2,(8)} respectively.

The proof of Theorem A is given in § 2 and § 3, and that of Theorem B is in
§4.

The block-diagonalization process, as stated in these theorems, is an important
method in the study of ordinary differential equations, not only for asymptotic ex-
pansions of the solutions, also for the boundary value problems, for example, see
W. Wasow [11]. In order to obtain such simplification transformation, one usually
has to shrink the domain of the independent variable. Under a rather restrictive
condition H(d) or H*(9), and applying a result of Y. Sibuya [10], B. L. J. Braaksma
[2] successfully overcomes such deficiency. However, his result is not applicable to
a systems with the relaxed assumptions (A1), (A2) and to a periodic system as stated
in Theorem B.

As we can see in the proofs of these two theorems, not much difference is
needed in handling periodic and non-periodic cases. We shall employ a recent
result of H. Gingold [8] to prove these theorems. Furthermore, Theorem A and
our proof can be extended to the equations of a complex independent variable, and
will be studied in § 5 under a condition (K), similar to H(J) imposed by B.L.J.
Braaksma [2]. Also, the condition H(§) of B. L. J. Braaksma [2] and our condition
(K) are similar to a condition imposed by H. Gingold [7] in the study of simplifica-
tion of a linear homogeneous system with moving singularities.
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§ 2. Initial reductions and a non-linear differential equations.

First, we shall use the following result proved by H. Gingold [8]. This result
also provides a constructive mean for an essential transformation to be used.

Theorem 2.1. (i) Under the assumptions (Al) and (A3), there exists a non-
singular matrix T,(t) in C¥J) such that

2.1 T (DA T ()= A4,()D 4,(2),
with 2(t), - - -, A,(t) the eigenvalues of A\(t) and 2,,,,(t), - - -, 2,(¢) the eigenvalues of
Ay(1).

(ii) Under the assumptions (B1) and (B3), T\(¢) in (2.1) is in C*(J..) and periodic
with period b—a.

We shall prove Theorem A first. Applying Theorem 2.1, put
2.2 y=T1)z.

Then z satisfies the differential equation

23) &7 = (A OBAL)z+ O, o)z, (:%)

where G(e) and O(t, ¢) satisfy the analytic properties of ¢(¢) and 0(, ¢), and

2.4 lim §(e)=0, as ¢ tends to 0 in ¥ (¢).
Let
A _ Qn le
2.5) 0t 1= 0" Qﬂ),

where Q,;, Q,, 0y, and Q,, are k by k, k by n—k, n—k by k and n—k by n—k
matrices, respectively. Put

(2.6) z=(I,+P(t, w,

where I, is the n by n identity matrix, P(¢,¢) has the form

Q.7 P(, 5)2(}())21 %Z)

with P,, and P,, being k by n—k and n—k by k matrices. If B,(¢, ¢), By(t, €), P(t, €)
and P, (¢, ¢) satisfy the following equations:

{Bl(ta &)= A,(t)+q()Qu(t, &)+ 4(e)Qu(t, )Pyi(t, €),

2.9)
By(2, &)= A,(t)+ §() Qne(t, ©)+G()Q,i(t, £)Poo(1, o),
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2.9) {ehPl’z =40+ (4, + G(€)Q:) Py, — PIZ(A2 +4(e)Qy) — q(E)Pleum
. " Py = éi(s)Qzl +(4,+ q(e)sz)Pm —Pyy(4,+ q~(5)Q11) —§(e) Py 012 P15

then the transformation (2.6) takes the differential equation (2.3) into (E;). Fur-
thermore if P,(¢, ¢) and P,(t, ¢) are obtained by (2.9), then B,(t,¢) and B,(t, ¢) are
given by (2.8).

By “stacking” up the entries of P, and P,, (e.g. see R. Bellman [1], p. 125),
we obtain an N-column vector, N=2k(n—k), that must satisfy the quadratic dif-
ferential equation for V:

VIL,V
(2.10) V' =C(t)V+4() H(z, e)V+67(6)( : )+t7(6)G(t, e),

VL,V
where C(¢) is an N by N matrix having the property (Al), H(t,¢), L(t,¢),
(=1,2,.-.,N)and G(t,¢) are N by N matrices having the property (A2). Fur-
thermore, C(¢) has the eigenvalues (), - - -, uy(f) consisting of 2,(t)—2,(t) with
iel,jel, or vice versa. Thus, there is a positive integer r, such that

(2.11) Re p(t), - - -, Re p,(1)<O0; Re g, ,4(1), - - -, Re py(t)>0 foralt ze J.

Applying Theorem 2.1 again, there is an N by N nonsingular matrix T,(f) in
C*(J), such that

(2.12) T () () T(t) = Co()DCy(t)

Vzhere C,(t) is an r by r matrix in C*(J) having eigenvalues p,(?), - - -, p,(¢), and
C,(t) is an N—r by N—r matrix in C*%J) having eigenvalues g, ,,(¢), - - -, uy(¢). Put
(2.13) V=Ty(1)S.

Then, S satisfies a differential equation

STL,S
14 &8’ =(Cy(NDCLNS+G()H(, )S+G(e) ( L |HEG6 o),
STL,S
where H(t,¢), L,(t, ¢), (=1,2, - - -, N), and G(z, ¢) are N by N matrices having the
property (A2), and §,(c) has the same analytic property as that of §(¢) and satisfies
2.4).
Now let S,,(, a, ¢) and S,,(¢, b, ¢) be the fundamental matrices of

(2.15) e"Sin= éi(t)Sz’H, i=1,2,

satisfying
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(216) SIH(aa a, 5):In SZH(b, b: E):]-N—r'

Let

(217) SIH(ta S, E)ZSIH(tJ a, E)Sl;ll(sﬂ a, E)’
SZH(I3 8, e):SZH(t, ba E)Sﬂ}(sa b:v E)'

For an n by n matrix A4, let || 4|, denote some proper norm of A. Let e=|e]e”.
By applying results of W. A. Coppel [5], K. W. Chang and W. A. Coppel [4], L.
Flatto and N. Levinson [6], and J. J. Levin [9], K. W. Chang [3] proved the ex-
ponential dichotomy:

k,

el

1Sz, 5, o), <K, exp {— | (t—s) cos hﬁ}, for b>t>s>a,

(2.18)

1 Sumt, 5. )L <K, exp {— I"Z (5—1) coshe}, for b>s>1>a,
15

lh
where k,, k,, K, and K, are suitable positive constants independent of e. Denote
(2.19) Sult, 5, 8)=S,5(1, 5, DS, 52, s, &).

Then, (2.14) is equivalent to the following integral equation

S(t, )= (Siult, 4, D S, (1, b, e))(ii) #9055, 960, s

(2.20)

7,() i) S7L.S
+ qlhe J. SH(t’ % e)ﬁ(s, E)S(S’ s)ds+ 1 : _[ SH(I, S, E) ( : )ds
= c 3

where ! and ) are suitable r-column and N —r column vectors and the integrals are
from a to t for the first  components and from ¢ to b for the last N—r components.

§3. Completion of proof for Theorem A.
Note first, that by (2.18), we have
13 13 k
j 1S.u(t, 5, Ol dsgij exp {——1(2‘—s) cos he}ds,

"]

(3.1)

b b
I | Sex(2, 8, &), dngzj exp {— Iklzh (s—1t)cos hﬂ}ds
t t e
where the right hand sides are both 0(j¢|*), since |#0|<dx/2. Denote | S|,=max|| S|,
for a<<t<b. Set the right hand side of (2.20) by &S, and choose }{=0, =0.
Then, there exist positive constants m, f, / and a non-negative function u(e) with
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3.2) lim u(e)=0, ce Z(c),
such that
(3.3 | Z Sl,<ue)lm—+ f| S|+ Sk

Define p(1; ¢) by
(3.4) PQ; =ule)lm~+ f2+147].

Then, it is easy to see that p(2;¢) is monotonic increasing for 1>>0, and that the
equation

(3.5) P(2;6)—2=0

has a positive root 4,(¢€)=0(u(e)) for sufficiently small e, which satisfies lim 2,(¢)=0
as ¢ tend to 0 in #,(c).
Now, we can see that

(3.6) [ZSL<A(e)  if[|S.<A(),

and furthermore, & S is a contraction mapping. As a matter of fact, by (3.3) and
(3.9

3.7 | F S p(|S]l:; )< P(Ay5 ©)=24,(e)
Furthermore, for ||.S|,<2,(e), || W, << 4,(¢),

F5—7w=29 {5,459, s—Wids
[

(3.8) . (ST—WNL,S WIL(S—W)
+ q(,f) f Su(t, 5, ¢) l( : )+( : )}ds,
¢ (ST—WTL,S] \WIL(S—W)

where the integrals are taken in the same way as for (2.20). By (3.1), there exist
positive numbers M and L such that

(3.9) | FS—F W L<u(e)[M+ NLAEIS— W],

By (3.2), we can choose ¢, sufficiently small that &S is a contraction mapping for ¢
in J and ¢ in & (c).
Thus, we have the solution S of (2.20) satisfying

(3.10) I S( )l =0(u(=))

and consequently, there exists a solution V of (2.10) satisfying
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(3.11) | V(2, &)]l.=O0(u(e)).
Hence, the matrices P, and P,, in (2.7) satisfy
(3.12) [ Pyol=0@(e)), || Poll.=0(u(e)).

Therefore, by choosing ¢, small enough, we have
(3.13) 1P &) <[],
for (2, ¢) in J X ¥ .(c,), and thus T'(z, ¢) in (1.3) is nonsingular in J X .%.(c,).

§4. Proof of Theorem B.

In order to prove Theorem B, applying the second part of Theorem 2.1, we get
an equation similar to (2.14) with C,(¢), C,(¢), A, L, and G being periodic in ¢ of
period b—a, or equivalently, an integral equation similar to (2.20). Let

9(te: )= [15,(1,5, 966,95+ 2D [15,, 5,95 55, s
& [

o) STL.S
—|—~q% j Su(t, 5, ¢) < |ds.
¢ SIS

@1

In order that the solution of (2.20) is periodic in ¢ of period b—a, 1%, 3¢ and S should
satisfy

(S.ult, @, 9®S.0(1, b, )( %) + 9,3 5)
4.2) * 0
— S,y (t—a+b, @, DS,y (t—a+b, b, s))<y;)+g(z—a+b, e S).
Y2

In particular, for t=a and using (2.16),

(43) [0 =S, 0 )BSuuler b, )Ly ) 1) =96, 5) -9, ¢; 5).

2

Now, put
@.4) Z(t, a, b, e)=(S,u(t, a, B S,u(t, b, NI, — S, (b, a, £))

D(Soa(a, b, e)— 1y )7,
and let

4.5) St )=Z(t, a, b, &)[F(b, ¢; 0)—F(a, &; 0)]+ (1, ¢; 0),

and
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“6 S,ui(t, )=Z(t, 0, b, (B, 3 S)—F(a, &3 SN+ (1, e; S),
v=0,1,.--..

Similar to (3.3), there exist positive numbers m,, f; and /, such that

“.7n 19 &3 e <u@lm,~+ | S|L+4 1S

and, similar to (3.6), consequently,

(4.8) 19(t, &5 ) <AMe)  if || S]L<AE)

where /(e) is the positive root of

4.9 u(@)m, + fid+ 145 —1=0

satisfying A(e) =O0(u(e)) for sufficiently small e. Moreover, similar to (3.9), there exist
positive numbers M, and L, such that

(4.10) 19, e; S)—%(t, ¢; W) |, <ule){M,+ NL A} | S— W ;.

By (2.18), if ¢ is chosen sufficiently small,

(4.11) 1Z(@t, a,b,e),<l  forted., ce L)
Now, let
4.12) S(t, )= St )+ 3 [S,s(t, ) — S,(1, ).
v=0

By (4.10) and (4.11), if ¢ is chosen sufficiently small, there exist positive numbers
M, and L, such that

(4.13) IS, .t ©)—S.(t, ). <)M, -+ NLAE} || S,(t, ) — S, _(t, ) s

forteJ., ee #(¢),v=0,1,2,.... Furthermore, by (3.2), we can choose ¢, so
small that

(4.14) ue{M,+NLi()}<1  foree Z.(c).

Thus, the series (4.12) converges uniformly for ¢ e J, and & € &,(c,) and satisfies
4.15) S(t,e)=Z(t,a,b,e)[9(b,c; S(t, e))—F(a, &; S(t, N+ 9(t, ¢; S, ©)).
Moreover, due to (4.2), (4.3) and (4.4), S(¢, ¢) is periodic with period b—a.

§5. Complex equations.

Let # be a complex variable and D be a simply-connected domain with a piecewise
smooth boundary C in the z-plane. Assume that
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(C1)  A(¢) is holomorphic and bounded in D ;
(C2) 0O, ¢) is holomorphic and bounded in (t, ¢) for t in D and ¢ in & (c);
(C3) (1.2) holds forallte D,icl,jel,.

In addition, we assume

(K) There exist two points a and b on C and positive constants o, , and § (5<x(2),
such that every point t in D can be connected with a and b by a smooth Jordan

curve in D

5.1 I;it=t(v), 0<r<1,
satisfying
(5.2 t0=a, t(D=b, 1(§=i (O<E,
(5.3) 0<a1§| %Ig%, for every I';.

2 ti<arg {[A0@) - 2,0@) o)
(5.4)

—h arg eg%—é, (mod 27)

or

T

2 é<arg (A0~ 10
(5.5

—h arg eg%”—s, (mod 27)

for every I';, 0<c< 1, iel, je I, or vice versa, ¢ € & (c).
Similar to Theorem A, we will have
Theorem C. Under the assumptions (Cl), (C2), (C3) and (K), there exists an n

by n matrix T(t,¢) nonsingular and holomorphic in (t,¢) for t in D,c in &(c,),
(0< ¢, <) such that the transformation

(5.6) y=T(t, e)w

reduces (E,) to (E,), where B(t,¢) and By(t,¢) are k by k and (n—k) by (n—k)
matrices, respectively, holomorphic in (t,¢) for t in D and ¢ in & (c) such that
lim B(t, &) and lim By(t, €) as ¢ tends to 0 in & (c,), have eigenvalues {A(1), 2,(¢), - - -,
()} and {2, .,(1), A5 ,oL1), - - -, 2,(2)}, respectively.
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Remarks. 1. Since for every ¢ in D there exists a curve I, satisfying condition
(K) the domain D actually consists of all such curves.

2. Suppose that D is a simply connected domain bounded by conjugate
circular arcs C, and C, connecting the origin =0 and ¢=b, (b>>0) such that their
tangents at =0 are the straight lines arg t=+7, (0<y<z/2), respectively. If the
condition (1.2) is satisfied for all #e D, then for any 7 e D, (Im7+0), I"; can be
taken to be the circular arc passing through =0, =7 and t=b. For { on 0b, I';
is taken to be the line segment 0.

'y
t-plane

&

Fig. 1

Let the tangent line of I'; at t=0 be argr=a, (|a|<y). A simple geometric
argument will show that

6.7 Iy t(e)="250 yaa-e g,
Sin ¢

Then, t(z) is analytic for both & and 7, (—y<a<y, 0<r<1), and

(5.8) dt b @ eia(l—Zr)-
dr  sina
Since
(5.9) 1<% < T for [a]<y<Z,
sine ~ siny 2

thus, the condition (K) is satisfied for all I';, f € D if 7,5 and § are small enough;
namely, arg ¢ and arge are small enough for t e D and ¢ ¢ &,(c).
§ 6. Proof of Theorem C.

Let ¢ be a point in D and I'; be the curve given by (5.1) and satisfies the con-
dition (K). Note first that on I";, (E,) can be written as

(E,) . %-{A(r(ﬂ)——q@ 0(t(2), E),_} » o 0<e<l.
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Since A,(t())dt/dr (i=1,2, --.,n) are eigenvalues of A(z(z))dt/dz, the conditions
(AD—(A3) are satisfied. Thus, by applying Theorem A, there is a matrix 7y(z, ¢)
such that

(6.1 y=T(z, e)w

reduces (E,) to

Ldw _ (Bi(z,e) 0
62 ¢ dr _( 0 B, e))w

with T(z, €), B/(z, ¢), Bi(z, ¢) satisfying the properties described in Theorem A. By
(5.3), there exists the inverse function, t=1(¢), of t=1#(z). Replacing ¢ by z(¢) in
(6.1) and (6.2) and denoting

(6.3) T(ta £)= Tl(T(t)’ €)s Bj(ta e)zgj(f(t), €) , (7=1,2),

dt
dr
we get the desirable transformation (5.6) on ;.

To show the existence of the transformation (5.6) for all ¢ in D, note that D
consists of all curves I, satisfying condition (K). Moreover on each curve, the
transformation (6.1) is obtained by solving the integral equation (2.20). Similar to
2.11), p(t)=2,)—2,(t) (i e 1,, j e I, or vice versa) satisfies (5.4) for /[=1,2,..-,71,
and satisfies (5.5) for I=r+41,r+2, ..., N. Rewrite (2.2) as

6.4 S(t, e)==Sy(t, o)+ HS

where
65 St D)= (Sn(t, @, OB Sunlt, b, ) (i )+ L[ 50,5, 960, 9s

and

. 7 STL.S \
(6.6) %S:—q:f) fSH(z, 5, &) H(s, )S(s, e)ds+ qs,f J S,(t, s, e)( : )ds
STL,S

with the integrals being taken from atot along I', for the first r components and
from ¢ to b along I, for the last N—r components. Note first that 5# 0=0. Fur-
thermore, the constants k,, k,, K, and K, in the inequalities (2.18) and (3.1) depend
only on the bounds of 4(¢) and 2,(#)—2,(¢), (i € I,, j € 1), therefore these inequalities
hold for all 7 in D and all curves I',. Moreover, since Sy(, s, ¢) is holomorphic for
tin D, sin D, e in &.(c), and H(t, ¢) and L~j(t, e), (j=1,2, ..., N), are holomorphic
for tin D and ¢ in #,(c), #S(t, ¢) is holomorphic for 7 in D, ¢ in & (c) if S(¢,¢) is
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holomorphic for 7 in D and ¢ in &,(c). Similarly, since G(z, ¢) is holomorphic for
tin D and e in &,(c), Sy(t, &) is holomorphic for # in D and ¢ in #,(c). Consequently,
the paths of integration in (6.5) and (6.6) can be replaced by a rectifiable curve as
long as it connects a and ¢ and stays in D for the first r components and it connects
t and b and stays in D for the last N—r components.

Now, let

(67) Su+1(t: 6):S0(t, E)—”_%Sy, VZO: 19 2; ttt.

Since Sy(#, ) is holomorphic for # in D and ¢ in #.(c), S.(z, &) is holomorphic for ¢
in D and e in £, (c) (v=1,2,-..). Define

©.8) St =81, )+ 3, 8,1, 9= .1, 9]

By a similar argument as that in § 3 for the operator &, we know that s#S is a
contraction mapping for ¢ in D and ¢ in &,(c,) if ¢, is chosen small enough; namely,
there is a constant 8 independent of ¢, 0<<8<1, such that

(6'9) ”%Su_%‘sv—lméﬁ ||Sv—S»—1||27 y:], 25 3: S

for tin D and ¢ in % ,(c,). Here ||S|,=sup|S|,, ¢ € D, for some norm |S||, of the
vector S. Thus the series in (6.8) converges uniformly for # in D and ¢ in & (),
if ¢, is sufficiently small.

Thus, the integral equation (2.20) has a holomorphic solution S(¢, ¢) for ¢ in D
and ¢ ¢ & (c).
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