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§1. Introduction-preliminaries.

Let X, Y be two real Banach spaces. The pseudoparabolic problem

(BuY + Au=G(t, u), te[0, 7),

(E) u(0)=u,

was recently studied by Brill [2]. Brill assumed that A, B are linear, closed and
densely defined operators with domains D(4), D(B)CD(A) in X and ranges in Y.
His method for the existence of solutions of (E) was actually based on the reduction
of (E) to the problem

v+ AB'v=G(t, B'v), tel0, 7),

)y v(0) = Bu,.

Naturally, it is assumed here that u, ¢ D(B). Since 4AB~': Y—Y is a bounded
linear operator in (E),, solutions of the problem (E), can be obtained from the varia-
tion of constants formula

v(t):X(t)Buo—i—J: X()X-'(s)G(s, B-'v(s))ds,

where X(t), t ¢ [0, T), is the unique operator-valued solution of the problem
X'(t)+AB'X(H)=0, X(0)=I.

The symbol I denotes the identity operator on Y.

Our purpose in this paper is the study of functional pseudoparabolic problems
of the form

(BOUWY + AW, w)u(t)=G(t,u),  te[0, T),
BOu(N=¢(t),  te[—r,0],

where r is a fixed positive constant. Let C denote the space of all continuous func-
tions y: [—r, 0]—Y. The function ¢ in (FDE) is a fixed function in C and, given

(FDE)
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u: [—r, T)— Y, continuous, u, denotes the function in C defined by: u,(s)=u(t+s),
se[—r, 0. We also assume that for each (¢, ) ¢ [0, T) X C, B(t) and A(¢, ) are
linear, closed and densely defined operators while G: [0, T) X C—Y is continuous.

In order to obtain local strong solutions of (FDE), we apply the Schauder-
Tychonov theorem to an operator associated with (FDE) under additional conditions
on A, B, G, which include the compactness of the operators B~'(¢): Y—X. This is
one of the conditions imposed by Brill [2] in the case of the problem (E). An ex-
tendability result is also given for the local solutions thus obtained. To illustrate
the results of the paper we include an application involving partial elliptic differential
operators of even order.

For a variety of results concerning pseudoparabolic problems the reader is
referred to the book of Showalter [13] as well as the paper of Brill [2], and the refer-
ences therein. For finite dimensional differential equations of the type (FDE) (B=1,
r=0), the reader is referred to the papers [4—6] of the first author and their references.
For problems (FDE) with B(¢)=1, r=0, in Banach spaces, we cite the papers of
Becker [1], Kartsatos [7], Kartsatos and Parrott [8], Kato [9], Murphy [11], Ward [15],
and the book of Friedman [3, Section 16]. For functional problems (FDE) with 4
and B constant operators the paper of Lightbourne and Rankin [10] is our only
reference. ‘

We denote by L(X, Y) the Banach space of all bounded linear operators T: X—
Y. The symbol ||-|| denotes the norm of all the spaces and bounded linear operators
considered in this paper. It also denotes the sup-norm of any bounded continuous
function.

Unless otherwise specified, L(X, ¥) will be assumed to be associated with the
uniform operator topology. Let MCX and A: M—Y be given. Then 4 is said to
be “compact” if 4 is continuous on M and maps bounded subsets of M onto relatively
compact subsets of ¥. Let JCR (=(— o0, o)) be a bounded interval and let the
operator 4: JX X—Y be given. We say that A(¢, ) is continuous in ¢ X-uniformly
in u, if for every bounded subset M of X we have

lim sup || A(t, u) — A(t,, u)||=0

t—to ueM
ted

for every t, e J. We denote by C(J, Y) the space of all continuous functions f: J—
Y with the sup-norm. If J=[—r, 0], then this space has already been denoted by C.
The symbol “—” (“—"") denotes strong (weak) convergence. The space Y* will be
assumed to have the norm || (x, ¥)||=]| x|+l »|| with respect to which it is a Banach
space.

§2. Nonlinear delay equations. Local existence.

In this section we establish a local existence result for the delay problem
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u,(t)+A(ta u(t)’ u(t—r))u(t):G(t, u(t)a u(t*'r))s ! re [09 T),

(DE)
u(t)y=g¢(t), te[—r0],

where the operator A(, u, v)w is linear and bounded in w. This result and its method
of proof are then used in order to obtain a corresponding local existence theorem
(Theorem 2) for the pseudoparabolic problem

B@yu(2)y + AQ, u(t), ut—r)u(t)=G(t, u@®), u(t—r)),  tel0,T),

(FDE),
Btu()=¢(t), = te[—r,0]

We are going to need the following conditions:

(S) A(t,u,v)ye L(Y, Y) for every (t,u,v)e[0, T)X Y2. Moreover, A(¢, u, v) is
compact in (#, v) and continuous in ¢ ¥Y2-uniformly in (u, v).

) G:[0, )X Y*=Y and G(t, u, v) is compact in (», v) and continuous in ¢ Y*-
uniformly in (u, v).

(S)) ¢ is a given Lipschitzian in C.

Theorem 1. Let the assumptions (S,)—(S,) be satisfied. Then there exists a num-
ber T, e (0, T) and a continuous function u:[—r, T\)—Y such that: u(t)=¢(t), t e
[—r, O], and u(t) is strongly continuously differentiable and satisfies the differential
equation (DE) on [0, T].

Proof. Given fe C((—r, T\), Y), for some T, e (0, T), we let X,(¢), t [0, T}],
X ,(0)=1, denote the fundamental operator of the equation

(1) X+ A f(1), fG—r)x=0,  x(0)=¢(0).
Then X, e C([0, T3], L(Y, Y)) and X, is the unique continuously differentiable solu-
tion of the problem

(2) X'+ A f(0), ft—rPX=0, X(O0)=I te[0, T].

Moreover, X;* e C([0, T}, L(Y, Y)) and X’ is the unique continuously differentiable
solution of the problem \

(3) X' —XA(t, f¢t), f(t—r)=0, X(©0)=I tel0, T]

Now, let L>||¢(0)||+|¢]| be given. Assume that Tj is a fixed constant in [0, T)
and let T, € (0, Ty), f: [—r, T,]—Y be such that || f|<L, Then fcan be extended to
the interval [—r, Ty by setting f(t)=f(2), te [—r, T}, fF(t)=f(T), t e (T}, To]. We
have
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K(T)= sup [ 4G, @), ft—r))|

tel0,Ty
FeCC~r,T1],Y),\fISL

< ,Sup [ 4C, £(8), FE—r))||
FECC-r T, 1), IfI<L

< sup | A, u, )<+ oo.
t€[0,T0]
ue¥,llull<L
VEY,|vILL

The boundedness of || A(¢, u, v)|| above follows from the fact that the operator (¢, u, v)
~>A(t, u, v) is compact on the set [0, T, X {u e Y;|lu||<L}*. Thus, since K(T,)T,—0
as T,—0*, there exists T ¢ (0, T,] such that

eF T GO0)[|+ (| I <L.

Since we also have

K(T)=T, sup |G(t, 4, v)|—0 as t—0*,
£€[0,T1]
<L
o< L
we may (and do) choose T; so that
(4) eX M O) | +]| g+ €= T KYTY< L.

We also set K=K(T)), K,=eX7" K, =K,(T,). Integrating the equations (2) and
(3) from 0 to #<<T; and then applying Gronwall’s inequality, we obtain

“Xf(t)nz “Xf_l(t)HSKn te [0’ Tvl]
for every fe C([—r, T\], Y) with || f||<L. Given such an f, consider the problem

wW(t)+A@, f@), f(t—r)u(t) =G, f(1), f(t—1)), te [0, Ty,
u(t)=¢(t), te[—r0]

Since the operators A(z, u, v), G(t, u, v) are continuous on [0, T,] X Y2, this
problem has a unique solution u(t), ¢t e [—r, T}], such that

(5)

(6) uO=X80+ | X0X7(5)G(s. £(5), fls—r)ds

for every te[0, 7). Let M={fe C(—r,T\), Y); f(t)=¢(t), te[—r1, 0], | fILL
and || (1) —f()|< N |1—1|, 1,1 € [0, T,]}, where N=[(K+ (1/T))K;Ky+ K| 6(0) K.
M=+0 because the function f:[—r, T}]—Y with f(t)=¢(t), te [—r, 0] and f(t)=
¢(0), ¢ € [0, T}], belongs to M. Let V: M—C([—r, T,], Y) be the operator that maps
fe Minto u,. In order to apply the Schauder-Tychonov theorem on M, we first
show that VM M. In fact, given fe M, equation (6) implies
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I OI<IXO1 18O+ || 1XONXFO 1166 6. S| ds
<K $OI+K [ s GG umv)ds

wey,lulZL
VEYWIISL
t€0,71]

=K1 ”¢(0)”+K12K2,

while ||u, ()| =|[¢O<| ¢, e [—r, 0]. It follows that |ju,||<L. Now, given ¢, ¢/
e [0, T}], we have

40— (DI IX )= X 10
HXO-X, [ 1X76) 166 S0, fs=r)] ds

HIXN [ IXFON G 6D =) ds
<Njt—t'|.

Here we have used the appraisal

1XO-X N [ 146, £6). 6= IX,6)]
<KK,|t—1).

It follows that VM C M. To show that ¥ is continuous, let f,, fe M be given
with || f, — f|l—0 as n—>co. Then from

1 X, () —X. f(t)lléﬂ || ACs, f.(s), fuls — DX, () — Als, f(s), f(s—r) X (s)]| ds
< [ 1465, 1,052 fuls— ) — Ao, £65), s — D 1X,, () | ds
+ [ 1465, £6). S6— 1, 5) = X ) 1 s
and Gronwall’s inequality, we get
1O =X, OI<KE [ 146 1,051 fuls— ) = A, £65), fs—r) | ds
for every ¢ e [0, T}], which shows that || X, — X,|—0 as n—»oo‘. Similarly, using (3),
we have that || X;} — X;'||—0 as n—oco. From the continuity of G we also get that
G(t, (1), f(t—r)) converges uniformly to G(z, f(¢), f(t—r))'on [0, T,]. Using these

facts, we’'can now obtain from (6), and the cerresponding equation with f replaced
by f,, that | u,, —u,||—>0as n=>oco. - Consequeritly, 'V is continuous on M.
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Before we show that VM is a relatively compact set, we first prove that the
operators 4,: M—C([0, T3], L(Y, Y)), G,: M—C([0, T}], Y) with

ANO=AES@),ft—r), (G NO=GC(, f(1), f(t—r)),

are compact. To this end, let {f,} be a sequence in M. We first observe that
A, £, fL,E—rDILK, n=1,2,.-.,te[0, T;]. Given ¢, ¢,¢][0, T,], we find

A, f.(), (8 — 1)) — AL, [ (8), fulte— 1)) |
<A@, fu(0), £t =) — Alto, £(1), fult—1)) |
A, £(0), £ (t—1) — Ao, £,(t0), Luta—1 )|
< sup A, u, v)— A%, u, V)|

uweY, ull<L
VEY,|vI<L

I At £u(2), £t — 1)) — A(to, £(10), fu(Ge— 1))}

which, by the Y*-uniform continuity of A(¢, u, v) and the uniform Lipschitz continuity
of the functions f, on [—r, T}], implies the equicontinuity of the set of all functions
F,(O)=A(t, (), f(t—r), te[0, T}), n=1,2,..-. Now, let ¢,¢][0, T,] be given.
Then since {f,(#)} is a bounded sequence, the compactness of A(%, u, v) in (u, v)
implies the relative compactness of the set {A(%,, £,(%,), f,.(t,—r))}. Consequently, the
operator A4, is compact. A similar argument proves the compactness of G,. Thus,
given a sequence {f,}C M, there exists a subsequence {f,,} of {f,} and Be C([0, T},
L(Y, Y)), He C(0, T3], Y) such that A(, £,(2), £, (t—1)—>B(t), G, f,.(), .t —1))
—H(z) uniformly on [0, 7] as k—co. Let X(¢) denote the fundamental operator
for the problem

x'+ B(t)x=0, x(0) = ¢{0).
Then

uO=XOO+ [ XOX©OHED, 1[0, T,
0
is the unique solution of the problem

X +B(t)x=H(t), x(0)=¢0), te¢][0,T,].

It is easy to see now that X, (¢#)—X(¢) and X, (#)—X"'(¢) uniformly on [0, T}]. It
follows that u, (#)—u(?) uniformly on [0, T}]. Since u,, ()=¢(¢), e [—r, 0], we
have actually shown the compactness of VM. Any fixed point of the operator ¥ in
M is a solution to our problem.

We now consider the pseudoparabolic delay problem (FDE),. We show that
this problem can be reduced to the problem (DE), whose local solution has been
shown to exist in Theorem 1, under the following assumptions.
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(S.)  For each (¢, u, v) e [0, T) X X?, A(t, u, v) is linear, closed and densely defined
with domain D(A) (independent of (7, u, v)) in X and range in Y.

(S,)  For each t e [—r, T), B(t) is linear, closed and densely defined with domain
D(B) (independent of ¢) in D(A) and range Y. Moreover, for each te
[—r, T), B7(¢): Y—X exists and is compact while B~'(¢)u is continuous in ¢
for each ue Y.

(Sy) For each (¢, u,v) e [0, T) X Y?, A(t, B'(t)u, B~ (t —r)v)B Y(t) e L(Y, Y)
(boundedness follows from assumptions (S,), (S,)) and is continuous in (¢, u, v)
with its continuity in ¢ ¥*uniform in (u, v).

(S,)  Foreach (t,u, v) e [0, T) X Y?, G(t, B-'(t)u, B~ (t—r)v) € Y and is continuous
in (¢, u, v) with its continuity in ¢ Y*uniform in (4, v). ¢:[—r,0]—-Y is a
Lipschitz continuous function.

Theorem 2. Let the assumptions (S,)—(S,) be satisfied. Then the problem (FDE),
has a local solution in the following sense: there exists a number T, € (0, T) and a con-
tinuous fiumction u(t), t e [—r, T,), such that u(t) e D(B), t € [—r, T}], B(t)u(t)=¢(2),
t e [—r, 0], B(t)u(t) is strongly continuously differentiable on [0, T\] and the delay equa-
tion in (FDE), is satisfied on [0, T}).

Proof. We consider the problem

V() + A@, B'(0)u(t), B~ '(t—r)u(t—r))B '(t)u(t)
(7) =G(¢t, B~'(t)v(t), B\t —r)u(t—r)), tel0, T),
v(t)=¢(1), te[—r, 0]

If v(), t e [—r, T1), is a solution of this problem in the sense of Theorem 1, then
u(t)=B"'()v(t), t € [—r, T}], satisfies the conclusion of the theorem. In order to
solve (7) locally, it suffices to show that the operators A(¢, B-'(t)u, B~'(t—r)v)B (1),
G(t, B~(t)u, B~'(t—r)v) are compact in (1, v). We prove this property only for the
first operator. A similar proof covers the operator G(f, B-'(t)u, B-'(t—r)v). Let
{u,}, {v,}C Y be two bounded sequences. Since the sets {B~'(tu,}, {B~'(t,—r)v,}
are relatively compact, there exist subsequences {u,,}, {v,,} of {u,}, {v,}, respectively,
such that B~'(t,)u,,—u, € X, B~ '(t,—r)v,—0, € X. Since

A(to, B~ (to)u, B~'(t,—r)v)B~(,)
is continuous in (u, v), we have that
A(to, B (1)t B (ty—r)v,,) B (2)—>A(to, tty, V)B~'(%,)-

Consequently, A(t,, B-(t,)u, B~(t,—r)v)B~(t,) is compact in (u, v).
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§3. Functional pseudoparabolic problems. Reflexive spaces Y.

In this section we establish the existence of local solutions of the problem (FDE)
in the introduction for spaces Y which are reflexive. We state the following condi-
tions:

(S;)  Yis reflexive and for each (¢, v) ¢ [0, T) X C, (Co=C([—r, 0], X)), A(¢, ) is
linear, closed and densely defined with domain D(4)C X (independent of (¢, )
and range in Y.

(S,)  For each te[—r, T), B(¢) is linear, closed and densely defined on D(B)C
D(4A) (independent of ¢) and range Y. Moreover, B-'(¢): Y—X exists and is
compact for each ¢t e [—r, T) while B~'(-): [—r, T)—L(Y, X) is continuous.

(S,  The operator A(-, -)B~*(-): [0, T) X Cy—L(Y, Y) (boundedness follows from
Assumptions (S,) and (S,)) is continuous in (¢, ) € [0, T) X C, with its con-
tinuity in ¢ C-uniform in 4. Moreover, it maps bounded subsets of [0, T) X
C, onto bounded subsets of L(Y, Y).

(S,) G:[0, T)XC,—Y is continuous in (4, ) e [0, T) X C, with its continuity in
t Cy-uniform in 4. ¢ e Cis a fixed function satisfying a Lipschitz condition
on [—r, 0].

In what follows, B~'u denotes the function A with A()=B"'()u(?).

Theorem 3. Let the conditions (S;)—(S,,) be satisfied. Then the problem (FDE)
has at least one solution u(t), t e [0, T3], for some T, e (0, T), with the following prop-
erties: u(t) is continuous and B(2)u(t) is strongly continuously differentiable on [0, T}].
Moreover, the functional equation in (FDE) is satisfied on [0, T'}.

Proof. 'We consider the equation
(8) V() +A@E BHI)=6(1 (Bf)),  v=9¢

for a function f: [—r, T,]—Y, where T, is a fixed number in (0, 7). Let T, ¢ (0, T,]
be given. Let C(t)=C({~r,t], Y), t>>0. Every function ¢ C(T}) can be extended
to a function + on the interval [—r, T;] by letting (¢) =+(?), t € [—r, T3], and ()
=y(T) for te (T, To]. Let L>[¢(0)[|+[1¢]l and Az, ¥)=A(2, (B 'Y))B™'(r). We
have

K(Tl): sup HAl(t’ ‘P)H
tef0,7
e C(T),IVi<L
(9) <  suwp 4G DI
- PEC(T,IVISL
< sup o [JAGNI<Aoo.

: , LE[0,To]
FeC(To)llfISL



Functional Pseudoparabolic Problems 215

The last inequality holds because A,(¢, ¢+) maps bounded subsets of [0, T) X C,
onto bounded subsets of L(Y, Y). Similarly, we obtain

KZ(Tl) = T1 Sl(']ll; ” G(t’ (B_l‘!")c) H

vebTy <L
<T sup G, (B )<+ oo.

t€[0,Tg
JEC(To),IfI<L

(10)

The proof now follows as in Theorem 1 by letting T; ¢ (0, ;) be such that
eX N O} [+ ]| ]|+ THK(TH<L  and  X(1),

t e [0, T}], be the fundamental operator corresponding to (8) with X,(0)=1. Letting
M be the set of the proof of Theorem 1, we only show here that the operator U that
maps fe M into the function A(¢, (B~*f),)B (t) e L(Y, Y), t ¢ [0, T}], is compact. A
similar statement is true for the function G.

Let {f,}C M be given. Then the uniform Lipschitz continuity of {f,} implies
that the functions F,(#)=A(¢, (B~'f,).)B~!(¢) are equicontinuous. Since they are also
uniformly bounded, it remains to show that, given ¢, ¢ [0, T}], the set S(¢)=
{A(t0, (B f,):)B~(t); n=1, 2, - - -} is relatively compact in L(Y, Y). To this end,
fix #,¢[0, T;] and consider the functions f,(s)=f,(f,+s), se [—r, 0, n=1,2, ---.
The sequence {f,} is uniformly bounded and equicontinuous on [—r, 0]. As such,
and because Y is reflexive, there exists a subsequence of {f,}, denoted again by {f,},
and a weakly continuous function f: [—r, T;]— Y such that f,(s)—>f(s) uniformly on
[—r, O] (cf. Szep [14]). This means that for every y* e Y* the sequence y*(f,(s)—
f(s)) converges to zero uniformly on [—r, 0]. In order to show that we also have
B '(t,+5)f,(s)—>B !(t,+5) f(s) uniformly on [—r, 0], we let T(s)=B " (t,+5), g.(s)
= f,(s)— f(s), and we assume that the contrary is true. Then

max_ (| T(6)2,(5) | = T(.)2.(5.) [ 50
as n—oo. The maximum above is actually attained at some point s, € [—r, 0]
because the function T'(s)g,(s) is continuous on the compact interval [—r, 0] for every
n=1,2, .... The sequence {s,} has a subsequence, denoted again by {s,}, such that
s,—S, € [—r,0]. We have

I T(s,) 8 (I NN (T(52) — T(0)) gls) 14+ | T(50) 8 () |
LI T(s.)— T(o) | gals) I+ T (S0 gals:) |-

Since the sequence {g,(s,)} is bounded and T(s,)—T(s,), the first term in the
last member of the above inequality converges to zero as n—oco. Now, we observe
that if y* ¢ Y* is given, then y*(g,(s))—y*(0)=0 uniformly as n—co. This, how-
ever, implies that for every s, € [—r, 0] and every sequence {s,}C[—r, 0] with s5,—s5,

(11
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we have that y*(g,(s,))—0 as n—oco. Consequently, for the chosen sequence {s,},
£.(s,)—0 as n—co. Since T(s,) is compact, we have that T(s,)g,(s,)—0 as n—oco.
Combining this with (11), we obtain that 7(s,)g,(s,)—0 as n—oo. Since we could
have started with any subsequence of {s,} instead of {s,} itself, we have actually
shown the following: every subsequence {s,,} of {s,} contains a further subsequence
{$.,} such that T(s,,)g,.(s,)—>0 as K’—oco. This implies that T(s,)g,(s,)—0, i.e.,
a contradiction.

Thus, B~'(t,+s)f.(t+5)— B~ '(t,+5)f(t,+5) uniformly on [—r, 0]. This is
equivalent to saying that (B~'f,),,—(B'f),, in the norm of C,. Consequently,

A(to, (B™'1,)1)B™ (1) —>A(to, (B f),))B™!(10),

and the proof of the theorem is complete.

It should be noted at this point that if B(¢)=1 and u,(s)=u(t), s € [—r, 0], then
Theorem 3 is an extension of the main result of Ward in [15]. Naturally, in this case
A(t, w)v is a bounded linear operator in v mapping X into ¥Y=X. Ward considered
weakly continuous operators A(¢, u)v, G(t, u) in separable reflexive Banach spaces X
with 4 m-accretive in v. For several basic results concerning first order equations
involving weakly continuous mappings, the reader is referred to Szep [14] and Zigler
[16].

§4. Extendability.
Let S(:) e C([—r, T1, L(Y, X)), (Su)(t)=S(#)u(t) and consider

(E) WO+ F, u@®), (Su))=0,  u=4.

Here, F: R, X YX C,—Y is continuous and ¢ is a given function in C. Let Te
(0, oo] (T e (0, o0)) be fixed. By a solution of (E,) on [—r, T) ([—r, T]), we mean a
function u: [—r, T)—Y (u: [—r, T]—Y) which is strongly continuously differentiable
and satisfies the functional equation in (E,) on [0, T) ([0, T]) while u,=¢. A solu-
tion u(t), te [—r, T), 0<<T<co, of (E,) is called “extendable” to T, e [T, oo) if there
exists another solution y(¢) of (E,) on [—r, T] such that y(t)=u(z), te [—r, T). If
T,=T, then we obviously have y(T)=lm,_ ,. u(f). A solution u(z), te[—r, T),
0<T< 4 o0, is said to be “nonextendable” if either 7= +- 0o or (in case T< 4+ o)
u(t) is not extendable to T.

The following lemma will be used in order to show the extendability to arbitrary
T>0 of the solution obtained in Theorem 3.

Lemma 1. Let F map bounded subsets of R, X Y X C, onto bounded subsets of
Y. Let u(t),te[—r, T), 0<T<-4o0, be a nonextendable solution of the problem
(E))." Then limsup,_,_ {|u(t)|= -+ oc.
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Proof. Let u(t), te[—r, T), 0<<T<+ oo be a nonextendable solution of (E))
such that limsup,_ ., ||u(t)||<+oo. Then since u(¢) it continuous, we have that
lu(@®|<K, te[—r, T). The boundedness of F implies that |u/(z)||=| F(z, u(z),
Sw)|<K, tel0,T). Letu(t)—>Le Y asr—T". This limit exists by the Lipschitz
continuity of u(¢). It can be easily seen that F(¢, u(t), (Su),)—F(T, u(T), (Sir);) as
t—T-, where a(t)=u(t), te [—r, T), u(t)=L at t=T. This implies easily that

Wﬁw@—ﬁﬂ&mmwﬂﬂx teo, T,

which contradicts the fact that u(¢) is nonextendable.

Theorem 4. Let the conditions (S;)—(S,,) be satisfied with T=+co. Assume,
further, that there exist three locally I functions p,: R,—R,, i=1, 2, 3, such that

4@ )BT OI<p(®),  1GE W< poO) [ 4242

for every (t,4) e R, XC,. Then every solution u(t), te[—r, T)], 0<T, <+ o0, of
the problem (FDE) can actually be defined on [—r, o).

Proof. Before we prove the thecrem, we should show first that every solution
u(t) as above can be extended to a solution #(¢t), e [—r, T), such that T e (7T}, oo]
and @(z) is nonextendable. To this end, consider the equations

V(D+ 4@, (B0))B ' (Ou(t)=G6(t, (B™v)),  te[0, T,

(E2) u)=g¢(t), tel[—r,0]

where v(t)=B(t)u(t), t e [—r, 0]. To prove our assertion, it suffices to obtain a non-
extendable extension of v(¢) on [—r, T), with T as above. This in turn will have
been shown if we prove that v(¢) is extendable to a point T, to the right of 7,. Thus,
we consider the problem

X' (6)+ A, (BT x))B ' (O)x()=G(t, (B™'x))),  te[l;, T,+T)

B so—v.  rein—nm

In order to solve (E,), we let t=¢—T, and x(¢)=x(z+ T)=w(z), B(zr)=B(z+T).
Then (E,) reduces to

w(@)+ A+ T, (B7'w))B e+ TI)w(x) =Gz + T, (B7'w)), 70, T),

(E)
w(t)=v(z+ 1), re[—r, Ol

This problem has a solution w(z) on [0, T;], 0< T,<T, by Theorem 3. It is
easy to see now that the solution v(¢) is extendable to the point 7,4+ T,. Let[—r, T),
T,<T< + oo, be the maximal interval of existence of the solution u(¥) as in the
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statement of the theorem. Then, integrating (E,) (with v(t)=B()u(?), te [—r, T))
from O to #e [0, T) and then applying Gronwall’s inequality, we find that u(¢) is
bounded on the interval [—r, T). Since v(¢) is nonextendable, this violates the con-
clusion of Lemma 1 with S()=B-'(¢t) and F(t, u, (B-'u),)=A(t, (B~'u),)B~(t)u—
G(t, (B'w),) in (E,).

§5. Application.

Let 2 R*, n>2, be a bounded domain with smooth boundary 32. Given an
integer m>0 and a real number p e (1, oo) we denote by L?=(L?(2), ||-||,), W™?=
(W™2(2), || lm.,) the usual Sobolev spaces. We consider the following two elliptic

operators

S(x, t, )= >, b(x, t, &u))Dv,
lal<2l

B(X)u= | > c(x)Du,

a|<2m
where &(u) ={Du; |«|<q} (cf. notation in [12, p. 272] with R¥==R" or R™ below),
g is defined below, and m, [ are two positive integers with /<<m. We assume that
(2m—1)p>n and we let g=(2m—1)—(n/p). We also let
dy= >, 1, d= 3, 1

lal<q la|<2m-—1

The functions b,: 2 X R, X R—R, |a|<2l, c,: Q—R, |a|<2m, are continuous, uni-
formly bounded and such that

IaIZ=:2l ba(x’ b 8)7731 ' 77;"#:0 (X, t’ E) S ‘QXR+ XRdo’
T et g0 0= - - -, 7.) € R™.

Moreover, there exist constants k;, k,>>0 such that
|b,(x, t, &) —b.(x, t', &)<k, |t—t'|+ K, [§—&'|

foreveryxe 2,1t e R,, & & € R™, where |§|=>,<,|&|. The boundary operators
{B)},, {B}}¢_, and the spaces W*™?(Q; {B,}r.,), W*?(2; {B,};.,) are defined in Sec-

=12

tion 4 of Brill [2] (see also Friedman [3, p. 74]). We are planning to solve the
problem

@0t (B (X)ulx, 1))+ (x, t, u(x, t—r)u(x, t)

=g(x, (D u(x, t—1))a1com1 ¥(%, 1)), (%, 1) € 2X(0, o0),
Bu(x, 1)=0, (x,1)edf2X(0, ), 1<Li<m,
B(u(x, )=¢(x, t), (x,t)e 2X[-r, 0]

(PDE)
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For the Nemytskii operator g we assume the following:
g2: QX R*X R—R is continuous and there exist 4 e L? and a constant k,>0
such that

lg(x, &, u)l_<_h(x)-l~kaI 1§ . 1&.1, (x, & u) e X R*XR.

For the function ¢ in (PDE) we assume that ¢(-, ) e L?, te [—r, 0], and is
Lipschitz continuous in ¢ uniformly with respect to x ¢ 2.
Following Brill [2], we set X=W?*™""? Y=L? and we define

Bu)x)= > c)Du)x), ueDB)=W"(Q;{B}L), xe,
la|<2m
(A, wu)(x)= MZSJZL bx, 1, (D)X JDVNX),  ue W5,
ve D(A)=W*n(Q; (BYE)NXDDB),  (x, 1) e 2X[0, =),
(G(u, v))(x) =g (x, (DU a1<am-1> VX)), w, € WP, x e .

If we assume, in addition to the above, that the operator B is bijective, then the
abstract problem (FDE),, corresponding to the problem (PDE), will have at least one
solution wu(t), t e [—r, o0), by Theorems 2 and 4, provided that condition (S,) is
satisfied. In fact, all the other poperties of A4, B, G required by Theorems 2 and 4
hold true in the present setting (cf. also Brill [2]).

In order to show that (S,) holds, we fix u;, u, ¢ X, ve D(A4) and ¢, ¢’ € [0, o0).
Then we have

1[4, u)— A, uplv,

<2 [L (1B, 1, £y (X)) — (X, 1/, Eu(x)D V)(X)|” dx] "

la|<2

Fixing o, with |a|<2/, we have
[ 16.0x 1 €uCom —b.6x. ', S Do) die|

< [JQ (k,\t—t'|+k. |ﬁ|ZSq |(D*(u, — u))(x)|] I(D"U)(X)])pdx]”p

<k |t—t'||| DIl + Koy || sty — e o -1, 1| D°V
£k4(lt“t’l+Hul_u2”2m—i,p) “Dav”p’

where k, =max {k,, kjd,}. Here we have used the fact that there exists a constant k&’
=k’() such that

| Dty — wo) ||, <K' || 14—ty ||z -1, 5 le|<g

(cf. [12, p. 58]). We have put k;=k,k’.
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Summing up above, we obtain

I[A(t, ul)'—A(t), uz)]v||p£k4(]t_t’]“f‘uul_”z”m—x,p) 1012z, »
£k4(lt_tll+|lu1'—u2”2m—1,p) ” v”Zm-l,p-

Thus, for @, #,, U ¢ Y=L?, we get

I[A(z, B~'a,)— A(t', B~'%;)]B~'0],
<k(t—1'|+ 1B — B e |lom-1,) || B"Ullem-1,5
k(1= |+1B7 |l =) | B [[101,

which implies
| A(t, B "a)B™ — A(t', B~ a) B~ || <k, | B~ || (|t —t'| -+ || B~ || ||, — | ,)-
This proves that (S,) is satisfied.

It should be noted that the above existence result could be considerably strength-
ened with certain modifications in the hypotheses, e.g., Caratheodory conditions
instead of continuity conditions, time varying B, G, local Lipschitzian b,’s instead of
global ones, etc..

§ 6. Discussion.

The lack of compactness of the inverse B~!(¢) in Theorems 2 and 3 can be com-
pensated for by compactness assumptions involving the proper arguments of the
operators 4 and G.

It would be interesting to see extensions of the above results to problems involv-
ing infinite delays as well as other boundary value problems on finite and infinite
intervals.

If B(t)=I and u, is replaced by u(t—r) in (FDE), then Theorem 1 can be proved
by assuming that A(z, ¥)v, G(¢, u) are continuous on their proper domains. In fact,
using the method of steps, we can define u(¢) on [0, ] as the unique solution u,(¢) of

(Ey) W (t)+ A(t, $(t—r)u(®)=G(, $(t—r))

with #(0)=¢(0). Then u(¢) can be defined on [r, 2r] as the unique solution uy(t) of
(E,,) with u(r)=u,(r), etc.. A similar remark covers Theorems 2-4.
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