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§1. Introduction.

In this paper we are concerned with the existence of periodic solutions for the
o-periodic functional differential equation

(E) x(1)=/, x,)

with a delay » which is large comparing with the period w. As far as concerned
with the w-periodic solutions of the difference-differential equations of the form
S, x)=f(t, x(t), x(t—r)) with a finite delay r, it is known that we may assume the
condition 0<r<Zw without any loss of generalities. In fact, this can be easily seen
by considering the auxiliary equation x(¢)=f(t, x(¢), x(t—r,)) with r,=r— kw, where
k is an integer and 0<r,<w, refer to Krasnosel’skii [8, p. 278]. The same reduction
can be observed even for some integral equations with infinite delay x(1)=Ax(z)+

13
J B(t—s)x(s)ds+p(t), whose w-periodic solution is not different from the one of

X()=Ax()+ J:_ H(t—s)x(s)ds+p(t), H(s)=> v_, B(s+kw), refer to Grimmer [5],

Leitman and Mizel [9]. But such a reduction is not obvious for Equation (E)) in a
general form, and in many theorems the condition r<w is posed as an important
assumption, for example, refer to Theorems 37.1 and 37.2 in Yoshizawa [11], and
Theorems 4.20 and 4.21 in Halanay [6], which fails to hold for any v >0 when r=co.
In these theories, the condition r<w is assumed to ensure the complete continuity of
the translation mapping 7" particularly in applying fixed point theorems for T to
provide a periodic solution of w-periodic functional differential equations. On the
other hand, several efforts have been made to drop the restriction r< o for the func-
tional differential equations. Hale and Lopes [7] overcome the deficiency by impos-
ing an additional condition on 7. And further efforts are made for the functional
differential equation with infinite delay, see Chow and Hale [1].

In this article, we shall show that the reduction in the above is always possible
for a general w-periodic equation (E;). More precisely, we shall construct an auxi-
liary w-periodic equation
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(E) i(r)=g(, x,)

with the delay o such that the w-periodic solutions of (E,) are those of the auxiliary
equation (E,). To obtain our results, we first consider some retractions from a
Banach space of continuous functions onto some closed subsets, and define the auxi-
liary function g(z, y») for f(¢, ¢) by using a suitable retraction so that the existence
problem of e-periodic solutions for (E,) can be reduced to that for (E,) (Section 2).
In Section 3, we prove a Razumikhin type theorem concerning the existence of w-
periodic solutions of (E,) by using a strongly convex Liapunov function defined by
strengthening the conditions for a convex Liapunov function in [5]. Finally, we
present an application of the results obtained in this section to an e-periodic func-
tional differential equation.

Let R* and R denote the intervals 0<t<{co, and — oo <{t<{ oo, respectively.
For a given r, 0<{r< o0, C, denotes the Banach space of continuous and bounded
functions defined by

C,={¢:[—r, 0]—R", continuous}, 0<r< oo,
or
C.={¢: (— o0, 0]->R", continuous and bounded},

with the uniform norm, |¢|=sup {|¢(6)|: —r<<#=<0}, where | - | denotes the usual
Euclidean norm in R*. For a given continuous function x(s), the symbol x, will
denote the element of C, such that x,(§)=x(t+6), —r<<0<0.
Let f(¢, ¢): RX C,—R" be a completely continuous function which is w-periodic
in 1, that is, f(t+w, ¢)=f(t, ¢) for all (¢, ) € R X C, and some positive constant w.
Consider a functional differential equation

(11) X(t):‘f(t, xz),

where * denotes the right hand derivative.

§ 2. Retractions of C,.

Tt is well known that if S is a nonempty closed convex subset of a Banach
space X, then there exists a retraction from X onto S (see Dugundji [3]). In this
section, we shall define particular retractions from the Banach space C, onto some
closed subsets of C,. Define a set S by

@1 S={y € C,: W(— )=y O}.

Then we have the following lemma.
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Lemma 2.1. There exists a retraction p from C, onto S such that p(y)(—w)=
Y(—o) and |p(y)|< [P |- '

Proof. Since S is a nonempty closed convex subset of C,, by Dugundji’s theo-
rem, there exists a retraction p, from C, onto S (a simple example is: po(y-}(6) =(6)
—(0/@)(Y(0) —y(—w)), —0<0<0). For any retraction p, from C, onto S, the map-
ping p,: C,—S defined by

o)) = p(¥)0) — oV ) — @)+ (— ), —0<H<0

is a retraction from C, onto S such that p,()(—@)=+(—w). For such a retraction
o, from C, onto S, the mapping p: C,—S defined by

Pih)0) it 00O <] ]
oY@ =3 v , ,
@ PO EleO>y]

is a retraction from C, onto S such that p(y)(— 0)=(—w) and |p()|< .
Let X' be a closed set in R X R" satisfying the conditions

(2.2) 2 contains (¢, 0) in its interior for all £ € R,

and

(23) *aeR*: (1, Ax) X N A(t, )} <1 foreach t e R, x € R",

where A(z, x)={(t, Ax): 2 € R*} and *4 denotes the number of the set A. For te¢ R
and x € R", let A(¢, x): RX R"— (0, 1] be a function defined in the following manner.

A, x)=1 if(@t, x)e

2.4 .
(¢, 2z, x)x) e 0% if (¢, x) ¢ 2.

From (2.2) and (2.3), it is clear that such a 1 is well-defined, and we have 2 (¢, x)<1
and (2,4 (¢, x)x) € 3% whenever (¢, x) ¢ . Moreover we have the following lemma.

Lemma 2.2. Under the above assumptions on X, the function A(t, x) on RXR"
defined by (2.4) is continuous in (¢, x).

Proof. Suppose that the conclusion is false. Then there exist ¢,>>0, (¢, x) €
R X R", and a sequence {(#,, x,)} in RX R* such that {(z,, x,)} converges to (¢, x) and
[A(ts> X)) —A(t, X)|=¢,. Since A(t,, x,) € (0, 1] for all k, we may assume that {i(z,, x,)}
converges to some 2 € [0, 1\{4(#, x)} by taking a subsequence if necessary. Then the
sequence {2 (7, x;)x;} converges to 1x, and we have |A—A(¢, X)|>s, and (¢, Ax) e 3,
since X is closed and (#,, A(t,, x;)x,) e & for all k. If 2=1, that is, (¢, x) ¢ X, then
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we obtain A(7, x)=1 from (2.4), and this contradicts |1—A(#, x)|>¢,>>0. In the case
0<2<1, we have (t, 2x) € 82, since 92 is closed and (z,, A(t,, x,)x,) € 82 for all
sufficiently large k. Thus we obtain (7, x) ¢ 33 and 1>>0 by (2.2) and (2.3).

- Now we prove that (7, x) ¢ . Suppose that this is false. Then N=23\32 is
an open neighborhood of (¢, x), and N,={(, 2y): (t, ) e N } is an open neighborhood
of (#, 2x) € 3. Hence there exists a point (s, z) e N\{(z, x)} such that (s, 2z) e N,\3.
Let £, and &, be numbers such that x,=inf {s: (s, uz) ¢ 2 for pe (k, 2]} and k,=
sup {£: (s, uz) ¢ 2 for p e [2,k)}. Then we have £, <2<k, (s, £,2) € 33, and (5, £,2)
€ 03 where we note that £,>0 by (2.2) while ,<1 since (s, z) e N=23\33. But
this contradicts the condition (2.3), and we obtain (¢, x) ¢ 3. Therefore 33 must
contain the two different points (¢, Ax) and (¢, 2(¢, x)x). But this contradicts the
condition (2.3) again. Thus the proof is completed.

The following is one of the sufficient conditions for 3 to satisfy the conditions
(2.2) and (2.3). Let X be a set in RX R", and denote by X, its cross section J,=
{xe R": (s, x) ¢ X}. Then we have the following result as a corollary to Lemma 2.2.

Corollary 2.1.  Suppose that X is closed (in R*) and contains 0 in its interior for
alls e R, 2 and 03, are continuous in the sense of Hausdor[f distance, where 33, denotes
the boundary of X, in the topology of R", and that 3, satisfies the condition

(2.5) Hie R :lxe 0 }<1 for each se R, x ¢ R".
Then the function A(t, x) in (2.4) is well-defined and continuous on RX R".
For the Hausdorff distance, see Dieudonné [2, p. 58].

Proof. Under the assumptions on %, it is not difficult to show that 3 is closed.
On the other hand, if X is coincident with B={(s, »): s € R, y € 33}, then the con-
dition (2.3) follows from (2.5), and X contains (z, 0) in its interior for all e R, and
hence, the conclusion of the corollary is immediate by Lemma 2.2.

Since clearly B is a subset of 6., it is sufficient to prove that 32 is contained in B.
Suppose that this is false. Then there exists (¢, x) € RX R* such that (¢, x) ¢ 33\B,
and we can find a sequence {(#;, x,)} in RX R"\Y such that (z,, x,) converges to (¢, x).
Since we have (7, x) € 3 and x ¢ 02, 2, contains x in its interior. On the other
hand, since x; ¢ 82, there exists a sequence {2,} in (0, 1) such that 2,x, € 3%,. By
taking a subsequence if necessary, we may assume that 4, converges to some 2 ¢ [0, 1].
Then, we have Ax € 90X, and 2 ¢ (0, 1). Here we note that B is also a closed set in
R R" under the continuity of 3,, 3, contains 0 in its interior, and x ¢ 3Y,. By
the similar arguments used in the proof of Lemma 2.2 to prove (¢, x) ¢ X, the facts
Jx €92, and x e 3,33, yield a contradiction, and the conclusion is true.

Remark. . We should note that the condition (2.5) suffices to prove that we can
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define  A(¢, x) by (2.4), but A(z, x) may not be continuous without the continuity of
0, It is easily seen by the following simple example in R X R*: Define the set 3,
by 2, ={(x, y): x**+y’< 1} if s<0, and

2, ={(53) € 5ot [y|=s(x—1) for x>} if s3>0,

and let X be the set in RX R* whose cross section at s is X,. Then X satisfies all as-
sumptions in Corollary 2.1 except the continuity of 33, at s=0, and we have (0, x, 0)
e 92\B for $<x<{1. Furthermore, A(z,1,0)=1 for r<0 while A(t, 1, 0)=1 for
t>0. . v

Now we are ready to define retractions from C, onto the set S,;={¥e
C,.(t+0,9(0)e 2, —0o<0Z0}(t € R) or SN S, by using the function A(¢, x), where
2' is a set satisfying the assumptions on the set X in Lemma 2.2 and %, is w-periodic
in 5, and S is the set given by (2.1). Clearly S, is a nonempty closed subset of C,
by the assumptions on 3. Let z,: C,—S, be a mapping defined by

(T (IINO) = A1+ 6, Y(O)(6), —o<0=0.

Then, by Lemma 2.2, #, is a retraction from C, onto S, such that z, is w-periodic in
t, |z, ()| <), and 7,(S)CS. Let p: C,—S be a retraction given by Lemma 2.1,
and then the composed mapping z,op (or m,0pox,) is a retraction from C, onto
the nonempty closed subset S S, of C, such that r, 0 p is w-periodic in #, continuous
on RXC,, takes bounded sets in R C, into bounded sets, and #,(Y)(—w)=
(. > )(W)O).

Next, for such a retraction p,=r,0p from C, onto SN S, leto,: C,—C, be a
mapping defined by

7, ({yr)(0), —min {r, 0} <60,

"t(‘”(@):{pt(l;,)(ajukw), —min {r, (k+ Do} <0< —ko, k=12, ---,

that is, o,(y) is a function such that (t-+0, ¢,(y)(8)) € 2, a,(y) is w-periodic in ¢, and
the restriction of ¢,(y)(d) to (—r, —w] is an w-periodic function of 4 if r>2w.
Now let g(¢, ¥): Rx C,—~R" be a function defined by '

2.6) g(t, W=/, o.(y)).

Clearly g(z, 4) is completely continuous, and w-periodic in 2. For g(z, 4) defined by
(2.6), consider a functional differential equation

N)) x()=g(t, x,).

Then this equation always has a solution for the initial value problem, while Equa-
tion (1.1) may fail to have a solution for some initial value problem (see Seifert [10]).
However, we have the following theorem.
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Theorem 2.1. An w-periodic solution x(t) of Equation (1.1) is a solution of
Equation (2.7) as long as (t, x(¢)) € X for all t ¢ R, and vice versa.

Since this theorem can be proved easily from the definition of g(t, ), we omit
the proof.

§ 3. Existence of periodic solutions.

In this section, we shall discuss the existence of periodic solutions of the system
(1.1) by applying Theorem 3.2 in [4], where 5 is given by using a strongly convex
Liapunov function and a scalar equation

(3.1) u=ht, u),

where A(t, u): R X R—R is continuous and locally Lipschitzian with respect to u.

A function V (¢, x): RX R*—R is said to be a Liapunov function if V' (¢, x) is
continuous on RX R"” and satisfies V(¢, x)=a( x|) for -a continuous function a(u)
such that a(u)—oco as u—>oco. We shall say a Liapunov function V (¢, x) is convex if
for each fixed ¢ e R the set {x € R": V (¢, x)<k} is convex in R". Moreover, a convex
Liapunov function V (¢, x) is said to be strongly convex if for each fixed ¢ e R the set
{x e R*: V(t, x)=k} is the boundary of {x e R": V(t, x)<k}. We define V', (2, §)
by

Vion(t, §)=lim sup %{V(t—}— o, X(t 47, 1, ) — V1, SO}
Clearly we have
G2 Vot g=lmsup Lyt 60+ )~ VG, 5O))

if V(t, x) is locally Lipschitzian with respect to x.
The following theorem is given in [4; Theorem 3.2], where the delay r is finite.

Theorem 3.1. Let V: RX R"—>R" be a continuous, w-periodic, convex Liapunov
Sfunction, and let L: R— R be a continuous, nondecreasing function such that

(3.3) Lw)>u Sfor all u>0,
or
(3.9 Luw)y=u for all u>0.

Suppose that there exists a continuous function u(t) defined on [t,—r, t,+w] for some
t, such that u(t) is a solution of (3.1) on [t,, ty+ o] which satisfies u(t,+ w4 0) < u(t,+6)
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SJor —r<0=0, u(t)=V(t,0) for t,<t<t,+w, and u(t460) < L(u(t)) for t,<t<t,+o,
—r<60<0, and that we have

Vaw(t )< h(t, V(t, $(0)))

Sfor all functions ¢ e C, with the property that
(3.5) Ve, g0)zu(?), V(+0, sO)<LV(t, $0) for —r<0<0.

Then Equation (1.1) has an w-periodic solution.

We are ready to prove the following theorem concerning the existence of an w-
periodic solution of Equation (1.1) with r=co.

Theorem 3.2. Let V: RXR"—R* be a continuous, w-periodic in t, strongly
convex Liapunov fuction which is locally Lipschitzian with respect to x, and let L: R—R
be a nondecreasing continuous function which satisfies (3.3) or (3.4). Suppose that
Equation (3.1) has a solution u(t) on [0, w] such that u(0)=u(w), u(t)>V(t,0) for
0=1=< 0, u< L(y) where i=maX,g,<, (1), u=miny.,., ), and that we have

(3.6) Vit )<, VT, $(0))
for all functions ¢ e C,, with the property that
B7  ge P, V(t, gO)=u(®), V(+0, JON=LV(t, $(0) for —oo<HLO,

where P.={¢ e C.: §0) is w-periodic on (—oo, —wl}. Then Equation (1.1) has an
w-periodic solution x(t) such that V(t, x(¢))<u(t) for 0<r< w.

Proof. We note this theorem can be proved in the following way. Choose a
suitable transformation ,: C,—C,, so that (1.1) is reduced to an equation which is
similar to (2.7), and apply Theorem 3.1 to the system with the finite delay w. The
rest of the proof follows from Theorem 2.1. Let u*(¢) be any continuous w-periodic
function on R such that u*(¢)>V(¢, 0) for all te R. Define X2'* by

Si={xe R V(s, )<u*(s)}, seR,

and let X* be the set in RX R™ whose cross section at s € R is given by 2*. From
the assumptions on V(z, x) and u*(¢), the set 3% is w-periodic in s and 3* satisfies
the conditions assumed on Y in Corollary 2.1 to Lemma 2.2. The proof of this
statement is obvious except for the continuity in the sense of Hausdorff distance of
2¥ and 9X* but it can be proved by the standard arguments using the continuity
and the strong convexity of V(¢, x). Thus we may use the results obtained in Section
2.

Now we define a suitable transformation 7,: C,—C,, in the following manner.
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For any fixed v=L(u), let X¥(v)={x e R": V(s, x)<v}, and let ¢*(v): C,—C,, be
the transformation defined by taking X,=2%*(v) and r=co in the procedures in
Section 2. Let 5,: C,—C., be a mapping defined by

7 (y) =aF (), v* =max {v, L(u)},

where v=max_,.,<, V(t+0, ¥(f)). Then, from the assumptions on V(z, x), clearly
@, 1s w-periodic in ¢, continuous on R X C,, and takes bounded sets in R X C, into
bounded sets. By using 4,, we can define an auxiliary function g*(¢, v) for f(z, ¢)
by

(3-8) g, W =1, .(y))-

Consider the following auxiliary equation

3.9 x(t)y=g*@, x,).

In order to apply Theorem 3.1, it is sufficient to show that

(3.10) Viso(t, W)= (2, V(2, 4(0)))

under the condition

G.1D) V(@ yO)zu@), V{40, WO)= LV (1, ¢(0)) for —w<0<0.

Let (t, ) satisfy (3.11), and let v=max_,,-, V(t+6, ¥(0)) and v* =max {v, L(u)}.
If we take ¢ =a,(y) for (¢, v), then by the definition of &,, we have ¢(§)=+(d) for
—w<0<0and V(t+0, s(6)<v* for —co<d<0. Hence, we obtain

V(t+0, g@) v L(V(t, $(0)) for — o0 <C4<0.

Thus (3.11) implies (3.7), and consequently we have (3.6), which is not different from
(3.10) by (3.2) and (3.8), since¥V (¢, x) is locally Lipschitzian with respect to x.

Finally, let u(t) extend continuously on [—w, w] by defining wu(r)=
max {u(0), u(t+w)} for —w<Lr<0. Then all assumptions of Theorem 3.1 are
satisfied with this u(z) and 7,=0. Then Equation (3.9) has an w-periodic solution
x(¢) such that V(¢, x(¢))<u(t) for 0<t<w by Theorem 3.1. Now let X be a set
whose cross section is X, =3¥(L(»)), and let ¢,: C,—C,, be the corresponding trans-
formation. Then we obtain (¢, x(¢)) € 2’ and 7,(x,)=¢,(x,) for all ze R. Thus x(z)
is also an w-periodic solution of Equation (2.7) with g(, v») defined by (2.6) by using
this ¢,, and consequently, we can conclude that x(¢) is an w-periodic solution of
Equation (1.1) by Theorem 2.1.

Remark 1. For Equation (1.1) with a finite delay r, the restriction (3.5) is posed
in Theorem 3.1 instead of (3.7). When r is finite, we can obtain a modified version
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of Theorem 3.2 by replacing (3.7) by the following restriction, which is more useful
than (3.5) if r=>20w.

(B.12) ge P, V(I sO)=u), V(E+0,d@))=L(V(t, ¢(0)5) for —r<6<0,
where P,={¢ e C,: ¢(f) is w-periodic on [—r, —w] if r=2w}.

Remark 2. 1t is easily seen from the proof of Theorem 3.2 in [4] that the con-
dition max_,.,<, V(t+6, 4(0))<#i+¢ can be added to the condition (3.11), where ¢
is an arbitrary positive constant. Thus we can choose a simple transformation
a¥(L(u)) as a suitable transformation &, if the function u(¢) in this theorem satisfies
a<L(w).

Now we present an application of Theorem 3.2. Let F(t, x): RXR—Rbea
continous function which is @-periodic in ¢ for some positive constant w, and satisfies

(3.13) [F(t, x)|<|x| whenever fe R, |[x|>K*

for some positive constant K*. Let {r,(¢)} be a sequence of continuous nonnegative
w-periodic functions on R, and let {c,} be a sequence such that >, |¢,|<1. Define
a function f(¢, ¢): RX C,—R by

St )= 3 eF (e, g(—=r).

From the assumptions on F(¢, x), {r,(t)} and {c,}, clearly f(¢, §) is completely con-
tinuous, and w-periodic in £. Moreover, we have from (3.13)

(3.149) I/, ¢)|<|¢| whenever te R, [(0)|>K

for some positive constant K. Consider a scalar o-periodic functional differential
equation

(3.15) X() = —x(¢)+4x(t — w) — 4x(t — 20) + f(¢, x,).

If we take L(u)=u and V(x)=x%2, then V is a strongly convex Liapunov func-
tion which is locally Lipschitzian, and we have

Vi (t, §)=—§0)+ 4O/, = —50) +4°0) 2L LD <
6] 14
under the condition (3.7) or (3.12) if the solution u(z) of (3.1) with A(¢, u) =0 satisfies
u(t)>K?*[2, where K is the one in (3.14). Therefore, by Theorem 3.2, there exists an
w-periodic solution of (3.15).
If r=max {2w, sup,.; max,.,., r,(t)} is finite, then (3.15) is an equation with
the finite delay . But we cannot apply Theorem 37.1 in [11] to (3.15) to conclude
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that Equation (3.15) has an w-periodic solution, since r is greater than the period

.

Moreover, V(.5 (t, ¢) cannot be compared with 4(z, V(t, $(0)))=0 under the

condition (3.5). Thus we have no idea how to apply Theorem 3.1.
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