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§ 1. Introduction.

In recent years much work has been done on functional-differential equations
of neutral type ([2], [8], [9], [15], [16], [19]). These are differential equations in which
the present dynamics of the systems are influenced by its past behavior.

The main result of the present paper states that all functional-differential equa-
tions of neutral type in a separable Banach space with existence, uniqueness and con-
tinuous dependence on the initial date and the right-hand side of solutions constitute
a residual set in any complete metric space. It is proved furthermore, that noncon-
vergence of successive approximations of such type equations is in any sense a rare
case. This type property of differential equations is said to be generic.

The study of generic properties of differential equations was started by W. Orlicz
([171), who showed that the subset all f for which the Cauchy problem for the equa-
tion % =f{(¢, x) has not uniqueness of solutions is of the first Baire’s category in the
space of all continuous and bounded f with values in the n-dimensional Euclidean
space R", equipped with a natural metric. Latter on, this result has been generalized
by A. Alexiewicz and Orlicz [1], A. Lasota and J. Yorke [14], M. Kisielewicz [11]-[13],
T. Castello [3], J. Piérek [20], F. De Blasi and J. Myjak [4]-{6], G. Vidossich [21], [22]
and W. Orlicz and S. Szufla [18]. Generic properties of functional equations have
been considered in [7].

The results of this paper extend, among others, the main results of Lasota and
Yorke ([14], Th. 1) and De Blasi and Myjak ([6], Th. 31, 4.8) on the case of func-
tional-differential equations of neutral type in separable Banach spaces.

Let E be a separable Banach space with a norm |- | and let C, and L, denote
the Banach spaces of all strongly centinuous and Bochner integrable functions, re-
spectively from [—r, &] into E with the usual norms || - || and | - |, respectively, where

a>0 and r>0. Denote by .Z,, (a<<b), the Banach space all Bochner integrable
functions of [a, b] into E with the usual norm |- |,,. If a=0 we will write #, and | - |,
instead of #,, and |- |,,, respectively. v

Let us denote by &7, the space of all absolutely continuous functions x:[—r, a]
—E with a norm ||x}],=|/x|,+1%],, where % denotes the strong derivative of x.
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Similarly to the proof as in [19] it can be proved that (<, || - ||) is a complete metric
space. The results of this paper are concerned with functional-differential equations
of the form

(1) X()=f(¢, x,, *%,) for a.e. t € [0, T]
with f: [0, T] X C, X Ly— E satisfying the following conditions:
(i) fG,x, e, for fixed (x, y) e C; X L,

and

(ii) mapping g: C, X L,—; defined by g(x, »)=/(-, x, )
for (x, y) € C,X L, is continuous.

Here, for given x ¢ <7, and ¢ ¢ [0, T], by x,, X, we denote elements of C, and L,, re-
spectively defined by x,(s)=x(¢+s) and %,(s)=x(t+s) for s e [—r, 0].

For given ¢ e &, by solution of (1) with an initial condition
(2) x(t)=¢(t) for ¢t € [—r, 0]

we mean an absolutely continuous function x: [—r, T]—FE satisfying (1) and (2).
It is useful to associate with the initial value problem (1) and (2) the following
equivalent functional integral equation

o(t) forte[—r, 0]

(3) )= ¢(o)+th(S, X, Xo)ds for t € [0, T1.

§2. The metric space (%, p) and an approximation theorem.
Let us introduce in the space F of all functions f: [0, T]X Cy X L,—~E satisfying
conditions (i), (i) an equivalence relation “~" defined by f; ~f; iff
sup {[fl( s X, y)_f;( s X, y)|T: (x, y) € CTxLT}ZO

Let & denote the space of all equivalence classes of F defined by ~. Nota-
tionally, we shall not distinguish between elements of # and F.
For given 0 a<g<T and f}, f, € & let

f;('sx9y)—’f2("x’y)]aﬁ . ;

oo S =sup { : (x,3) € CoX o).
ﬁ- e 1+]f;("x9y)_fz('>x’y)]aﬂ ’ ’

We say that f satisfying (i), is locally Lipschitzean if for every (x, y) € C,X L, there

are a neighborhood U,, of (x, y) and a continuous increasing function K,: [0, 7]—

[0, o0) with K,,(0)=0 such that for every (x,, ), (X;, ) € U,, and 0<a<iT we
have
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(4) [f(-, x5, ) —f(-5 x5, J’2)!az<sz(t_‘a)[Hx1 — X[+ 1= 1ol
In the sequel we will need the following Lemma.
Lemma 1. For every, locally Lipschitzean f ¢ &, lim,_, p,f, 0)=0.

Proof. Suppose p,,(f, 0) does not converge to zero as §—a. Then there exists
g, >0 such that &<p,,(f, 0)<1 for each 0<a<<B<T. Hence it follows that for
every 0<Cae< 8 T there exists (x,, y,) € C, X L, such that

8
0< o< [ 171, 30,30 .
1—¢, a
Let U, and K;: [0, T]—[0, o0) be a neighborhood of (x,, »,) and a continuous
increasing function, respectively such that (4) is satisfied for (x,, ), (x,, ¥,) € U, and
te[0, T]. Therefore, for every (x,, y,) € U, we have

€ , 2
0<1 0 <Ko(‘3‘—05)[”x1—x0“0+|Y1—y2|o+Ja LfG, xlayl)ldt]'

—e&
Hence it follows ¢,=0 and the proof is complete.

Define now a metric p for & by setting o(f}, ;) =pof1, f2) for £, f, € F.

Lemma 2. (&, p) is a complete metric space.

Proof. Let (f,) be a Cauchy sequence of #. Then for every k> 1 there is N,
>1 such that

Ifm(',x7y)_fn('9xsy)]T < 1
1+Ifm("xry)_fn('axa y)IT 2%+

for n, m>N, and (x, y) € G, X L,. Hence it follows that

Fnos % =1 %, y>|T<%

forn,m>=N,, (x,y) e CoX L, and k>1. Therefore (f,(-, x, y)) is a Cauchy sequence
of &,. Then there exists f(-, x, y) € #, such that [f,(-, x, »)—f(-, x, ¥)|,—0 as n
—»c0, uniformly with respect to (x, y) € C,x L,. Hence and continuity of g,: C;X
Ly> (x, »)—1(-, x,y) e Z, it follows that a mapping g: C,X L, > (x, »)—f(-, X, »)
5 %, is continuous. Then fe &#. We have of course p(f,,f)—0 as n—co which
completes the proof.

Adopting now the procedure of Lasota and Yorke ([14]) we shall show that
every fe & can be approximated by locally Lipschitzean elements of this space.

Theorem 3. For every fe F and >0 there exists f, e F, locally Lipschitzean
and such that p(f., f)<e.
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Proof. Let >0 be given. By the continuity of a mapping g: CyxX L, 3 (x, »)
—f(-,x,y) e &,, for every (x,y)e C,X L, there exists a §(x, y,e)>0 such that
|G x, »)—f(-, %, ¥)|r<<e for each (X,7)e CyX L, satisfying ||x—%|,+1y—7Fl,<
o(x, v, e).

Let N(x, y, ) ={(, v) € CyX Ly: | x—ullg+1y—y1,<d(x, y, ¢) for (x, y) € C; X Ly}
We have C; X Ly=_J {N(x, y,¢): (x, ) e C;X L,}. By the paracompactness of C,X
L, there exists an open locally finite refirement (Q,);¢ 4 of {N(X, ¥, &)}z, ccoxz,- Lhen
for every j e A there exists (%, ) e C, X L, such that Q,C(N, %, 7, ¢).

Define, for fixed (x, y) e Co;x L, and je A4,

x. 7) {0 for(x,») ¢ 0O,
rd{x, y)=
757 inf {| x—%x|,+1y—7yl: (x, 7) € 60;} for (x, y) e Q,,

where 9B denote the boundary of a set B. It is not difficult to see that
lrj(xu Y)—r X, yz)]<”x1—le|o+ Iyi—2:l0

for (x,, y), (x, ¥y) € C;X Ly and je A. Hence it follows, in particular, that for each
je A afamily {r;},., of mappings from C,X L, into R is uniformly equicontinuous
on Cyx L,. Therefore, a mapping w: C,x L,—R defined by

-1
w(x, y)= [_Z] r (3, y)]
jed
for every (x,y) e C,X L,, is continuous on C,X L, Indeed, by the definition of
(0,);e 4> for every (x, y) € CyX L,, there are a neighborhood U, of (x,y) and a set 4,,
={jis * * *» Jns,} © A such that Q,N U,, =0 for j ¢ 4,,. Therefore r,(%, §)=0 for (%, 7)
eU, andj¢ A,,. Forj¢ A, wehave Q;NU,,+0. Then
20 (& D)= 20 (% >0 fOI‘_:()?, P e Gy X L,

jedxy JjeA

Therefore, we have

20 A&, 37)]_1 for (%, §) e U,,.

JedAzy

w(z =]

Hence it follows that w is continuous on C;X L.
Let vy(x, »)=r,(x, y)-w(x, y) for (x,y) e C;X Lyand je A. We shall show that
for every (x, y) ¢ C, X L, there are a neighborhood U,,, of (x, y) and a number L,, >0

such that

Ivj(xls Y —U,(x, )] <L, (lx,— %+ 13—y, 1)

for each (x,, y,), (x5, y) € U,, and j e 4.
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Letje A be fixed. By the continuity of a mapping w: C, X L,—R there exists a
neighborhood, say again U,,, of (x, y) such that w(%, 7) <1+ w(x, y) for (%, ) € U,,,.
Suppose U, is such taken, that w(Z, J)=[}];c.,, /(% 7] ' and w(x, 7)<14+w(x, y)
for (%, ) e U,,. For (x;, y,), (x,, ) € U,,, we have

ivj(xv y1)— vj(xz> y2)|< w(xU yl)[|rj(x19 yl)_rj(xza J’2)l
+j§ lrj(xu yl)_rj(x2’ ¥l

<sz(1 +nzy)[”xl — X o1V — Y2 lo)s

where M, =1+w(x, »).
Let us define now a desired function f;: [0, T]X C, X L,—E by setting

f;(ta X, y)=J;1 vj(xa y) 'f(t9 X5 yJ)

for (x, y) e C;X L,, where (x;, y;) € Q;. Suppose a neighborhood U,, of (x, y), L.,
>0and 4,,={j;, - -+ Ju,,} ©A are such that

f;(t: X, y)= EZA: vj(fa f)f(t: xj: yJ)
J zY
and

] vj(xn yl)_‘ vj(xw y2)|<Lzy[Hx1 —Xllo+ 11— L]

for 0t < T and (%, 7), (x;, 1), (%, y,) € U,,. Hence it follows that f, is measurable
with respect to ¢ e [0, 7'] and satisfies

( 5 ) If;(s’ Xi5 yl)_f;(sa Xos yz)l <kxy(s)[”x1—x2”0+ Iyi—y.1l
for s e [0, T] and (x;, y,), (x,, y») € U,,, where

k. (s)=n,, L, max {f(s, x;, y)|:je 4;,}.

Therefore, f.(-, x, y) € %, for fixed (x, y) e C;X L, and

¢ ¢
j Ife(s: X1y V1) — S8, Xy )| ds<f kzy(s)[i[xl_x21[0+ [y —».llds
= zy(t_a)[HxF"szo'i'lyl—yzlo]
for (x;, y), (%, ¥2) € Uy, and 0<a<<t < 7, where

K”(t——a)zr k., (s)ds.

Thus f; is locally Lipschitzean. Hence, in particular follows that f; satisfies condition
(ii) and therefore f, e &
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We shall show now that p(f,,f)<e. Suppose now, a neighborhood U,, of
(x,y)e C;x Lyand a set A,,={j, - -+, J,,,} ©4 are such that (x, y) € (M);c4,, @; and
(x,») ¢ Q, forje A\A4,,. For fixed (x, y) e C;X L, we have

[ 176 % =f 5 91ds< 33 v [ 176,30 2)=FGs, )] ds

e Z vj(x’ y)=6.

JeAdgy

Hence it follows that p(f,, f)<{e and the proof is complete.

§3. Existence, uniqueness and continnous dependence of solutions.
Let us consider an initial value problem

{x(r) =f(t, x,, X,) for ae. e |0, T

(6) x(1)=¢(t) for te [—r, 0],

where f ¢ & and ¢ e A,.

Adopting the classical methods of successive approximations ([19], Th. 1), we
can prove that if fe & is locally Lipschitzean, then (6) has exactly one solution.
Similarly, as in [19] it can be proved that this solution continuously depends on (g, f)

e A XF.

Let us observe that in the theory of functional-differential equations of the form
(6) it is needed to use the well-known fact that the translation operator is continuous
in spaces of continuous and locally integrable functions. It will be convenient to
formulate the following lemma

Lemma 4. For every xe Cpand ye L,
lim || x,—x,][,=0 and lim|y,—y,[,=0.
t—0+ t—0+

Theorem 5. Let fe & be locally Lipschitzean. Then, for every ¢ e </, there ex-
ists exactly one solution of (6).

Proof. We can present only sketch of the proof. Suppose U, and K,: [0, T]—
R are a neighborhood of (¢, ¢) and a continuous increasing function, respectively
such that

If( » X1» yl)_f( > Xgs y2)|t<Ko(t)[Hx1_x2H0+|y1_y2Io]

for (x,, 1), (X, ¥,) € Uy and ¢ € [0, T1.
Let
o(t) forte[—r, 0]

xO(t):{gp(O) for 1 [0, T]
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and let S, be a closed ball of C,x L, with the center (¢, ¢) and a radius r,>>0 such
that S,C U,. Select T, ¢ (0, T] such that Ky(T,)<<1/2, p,(f, <1,

_ﬂ’@-)_<r 6 and [}x)—x5]|,<<ry/3

l—pTo(f;O)\ 0/ “ t 0I|0 0/
It is possible, because p,(f, 0)—0, K(t)—0 and |[x}—x}{|,—~0 as 7—0+4. Hence it
follows that

To
J. |/, x, »)| dt < rof6 for each (x, y) € CyX L,.
0

Define now a sequence (x") of 7, by setting
o(t) forte[—r, 0]

x"(t)= ¢
90(0)+j0 fGs, x0%, 52 -ds  for te [0, T

forn=1,2, - .-, where x° was defined above. We have x, € &, || xF—o|,<r,/2 and
%2 — ol <<1o/2 for each te[0, T] and n=1,2, .-.. Therefore ||x}—¢]|, <7, and
(x2, 1) e S,C U, for each ¢ ¢ [0, Ty} and n=1, 2, - - -. Hence, similarly as in [19], it
follows the existence of x; & </, which satisfies (6) for ¢ ¢ [—r, T;]. Continuing this
process we can define a unique function x e =7, satisfying (6) on the whole interval
[—r, T]. This completes the proof.

Let us denote by A(p, f) the set of all solutions of (6) corresponding to (¢, f) €
AKF .

Theorem 6. Let x € A(p, f), where f is locally Lipschitzean and suppose (p,, f,)
e L X F are such that Me,, f,)#0 for eachn=1,2, - - - and ||, — ||+ o(f, /)—
0 as n—oo. Then ||x"—x||;—0 as n—oo, where x" € Alp,, f,)-

Proof. (Sketch of the proof)
Let U, and K, be a neighborhood of (o, ¢) and a continuous increasing function,
respectively such that

If( » X, YD —f(- 5 X, yz)|t<Ko(t)[Hx1_x2H0+IJ’1—y2|o]

for (x,, ¥), (%, ;) € Uy and ¢ ¢ [0, T].
Let

oft) for te [—r, O]
¢(0) for t e [0, T

and suppose S, is a closed ball with the center (p, ¢) and a radius r,>0 such that S,
C U, Select T, ¢ [0, T] and N >1 such that [|¢,—¢l],<rf3, o(f,. /)<L,

X°(t)={
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_Unl) _crna of0)<t, L0 1y k)<
1—p(fn f) <nfts edfi0) 1—p7,(f; 0) ol (<l

and || x}—x3||,<<ro/3 for t € [0, T,]. This is possible, because |l¢,—¢ll,—0, o(f5,.f)
—0, p{f, 0)0—0, K(r)—0 and ||x}—x{|/,—0 as n—oo and r—0+, respectively.
Hence it follows that

Ji e x5 1< 22D <2

and
To
4%, y) dr<—Prd 0 pn
J, Ve sl ES D <
for (x,y) e CyxX L, and n>N. Hence it follows that (x?, x?) ¢ S,C U, for n>> N and
te[0, T,]. Thus, for n,m>N we get

1
s |[1en—ealh
1—-2K(T))

T T 1—p(fm,f)]

Therefore, there exists a x, € &/, such that || x*—x,[|,,—0 as n—oc0 and

1267 = %™ |y + 15" = 2™ [, <

{xo(t)=go(t) for te[—r, 0]
x() =1t (x;),, (o)) forae. tel0, 7]
Continuing this process, we can define a function x ¢ o/, such that x ¢ A(p, f) and

1x,—xl|;—0 as n—oo. But Ap,f)={x}. Then ||x,—x]|,—0 as n—oco, which
completes the proof.

§4. Generic properties of functional-differential equaticns of neutral type.

We will need in this Section the following lemma presented in [10].

Lemma 7. Suppose (Z, d) is a Baire space and let ACBCZ. If A is a residual
subset of (Z, d), then B is a residual subset of (Z, d), too.

Furthermore, we will use here the following, not published result of Lasota.

Lemma 8. Let (X, d) be a complete metric space and S a dense subset of (X, d).
Suppose a function y: X—[0, co) is such that y(x,)—0 for any sequence (x,)CX such
that x,—x e S. Then the set  ={x ¢ X; y(x)=0} is a residual subset of (X, d).
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Proof. Let us observe that X\% =|J;_, &', where &', ={x e X: y(x)>=1/k}.
Then it suffices only to show that int (Z,)=# for k=1,2, - - .. Suppose, that there
exists k such that int (¥ ,)=0. Then there exists an open ball B(%, §) with the center
£ and a radius §>0 such that B(%,6)C%,. But S is dense in (X, d). Therefore
there exists x, € B(X, §) "N S such that y(x,)=0. Furthermore, there exists 1>0 such
that B(x,, 1) C B(%, §) and such that y(x)<{1/k for x € B(x,, 1). Indeed, suppose that
it is not true. Then for A=1/n there exists x, € B(x,, 1/n) such that y(x,)>1/k. Of
course, x,—X, & S as n—oo, which contradicts the assumption on y. Then x,e
B(%, 0) and x, e &,. This contradiction completes the proof.

Now we can prove the main results of this paper.

Theorem 9. Let &, &', and & , denote subset of of ;X F such that

(a) for each (p,f) e &, an initial value problem (6) has at most one solution,

(b) for each (¢, f) e &, an initial value problem has at least one solution,

(c) for each (¢, f) e &, a solution x(p, ) depends continuously on (g, f), i.e. for every
sequence {(¢,, f,)} of & such that || ¢, —ol|,+ o(fy, £)—0 as n—oo and A(p,, f,)

#0 we have [|X(¢,, fo) —x(@, )1|:—0, where x(p,.,f,) € Apa,f,) for each n=
1,2,---. Then Z NZ,NZ, is a residual subset of o/ y X F .

Proof. Let X=u/, X % and let us denote by S the set of all (g, /) with locally
Lipschitzean . We have S=X. Define y: X—]0, co) by setting

e, f)=lim sup {|[x(p;, /1) =X )2 (1, 11): (P 1) € BU(p,./), )}

where (p, ) € X, x(¢,, f;) € Mo, f;) i=1, 2 and B{(p, ), §) denotes an open ball of X
with the center (¢, /) and a radius §>0.

For each (p, f) € X and (¢, ), (¢ f2) € SN B((, /), 6) we have A(p,, /;)#@ for
i=1, 2. Therefore, y(p, f) is defined for each (p, f) € X.
Now let us observe that

(i) (e, /)=0)=>(4(¢p, f) has at most one point),

(i) (e, H=0=>(Alp, /) #0),

(i)  [xlp,/)=0and lim,_.. (1¢,—@l+o(f ) =0]=(im,_.. x(¢., f.)=0),
i)  (x(p,f)=0)=>(a solution of (6) depends continuously on (¢, 1)),

and
v) (@) e S=>ylp, f)=0.

Indeed, suppose x(p,/)=0 and let A(p, f)={x, y}, where [|x—p[|,>0. Let &=
[I1x—yl|;. Since

lim sup {|[x(p,, £) —x(px LI (02, ) € B((g, /), 6) i=1, 2},



28 M. KISIELEWICZ

then there exists a §,>>0 such that || x(¢;, /i) — (s, f) || »<&/3 for each (¢,, f)), (@5, f2)

e B((p, f), ). But
602“X—y||T<I|X—X(¢1,ﬁ)||T+||x(¢1,ﬁ)—x(¢g,fg)||T+||X(502,fé)—y”7<€0-

Then [|x—y1|,=0. Suppose y(p,f)=0 and let {(p, f,)} be a sequence of S such
that o(f,,f)—0 as n—oo and let x,=x(gp, f,) € A(p,f,) forn=1,2, ... For every
6>0 there is a N >1 such that (p, £,), (¢, f..) € B((¢, f), 8) and p(f,, /)<l forn, m>
N. Therefore, we have

|lxn—xm||T<sup {“X(Sﬂuﬁ)"x(%afz)”:r: (Soi’fi) € B((Soﬁf)’ 5): i= 1: 2}

for n,m>N. From this and y(p, f)=0 it follows that || x,—x, ||,—0 as n, m—oo.
Then, there exists a x € &7, such that || x, —x||,—0 as n—oo. Since x(¢)=¢(¢) for
te[—r,0] and

300~ [ 105, 3 2 ds <[l x =,

2L [ 170550 2116 (500 0]

for t € [0, T] and n> N, then x ¢ Alp, ).
For the proof of (iii), suppose y(p, /)=0, |le.—¢ll+ o(f,, f)—0 as n—oco and
that {y(¢,, f,)} is not converging to 0 as n—oco. Then, there are >0 and a sequence

(s 8,) € X such that ||, —¢ |+ p(g., f)—0 as n—oo and so that y(y,, g,)>7.
Consequently, we can find subsequence (%, g2) (i==1, 2) of X such that

W, — v o+ o(8Ls 82)—0 as k—soo
and so that x{ =x(y1,, g2) (i=1, 2), satisfy || x,,—x l|»=>7/2. But
s, —oll+o(gh, /)0 as k—oo.
Hence and y(p, /)=0, similarly as in the proof of (ii), we get
fim |1, — 2, =] 16— |,
where x', x* e A(p, ). But, by virtue of (i), we have x'=x*. Therefore
p2< 1, — x4 1,—0  as k—oco,

which contradicts 7>>0.
Suppose y(p, £)=0 and let (¢,, f,) be a sequence of X such that

lon—@llo+p(fr /)—0 as n—oo
and such that A(p,, f,)## for each n=1,2, - - .. By virtue of (i) and (ii), x(¢, /)=0
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implies that there exists x ¢ ./, such that A(p, f)={x}. Using the techniques men-
tioned above in the proof of (ii), we can show that for every sequence x, € &/, such
that x, e A(p,, f,), we have || x, —x||,—0 as n—oo.

Suppose (v) is not true. Then there exists (¢, /) e § such that y(@, f)=7>0.
Therefore, for each n=1,2, - - - there are (¢, 1), (0%, f2) € B((@,f), 1/n) such that
[1xL—x2 1|, =9/2, where xi e A(pL, f7) fori=1,2 and n=1,2, --.. Since

b= llo+p(fis )0 fori=1,2,

as n—ooand (@, f) € S, then by virtue of Theorem 6, we have 7/2<|Ix!—x*[|,=0,
because x', x* € A(@, £)and A(@, £) has exactly one point. Therefore, (v) holds.

Let 2={(p,f) € X: y(p, /)=0}. By virtue of (iii) and Lemma 7, £ is a residual
subset of X. But (i), (ii) and (iv) imply that QC X N Z,NZ,. Therefore, in virtue
of Lemma 6, this completes the proof.

Let (o, /) € X and let (x'”) be a sequence of o7, defined by

o(?) for te [—r, 0]

(7) X (1) = :
PO+ £, () Gip0))s for re 0, )

where x{(t)=¢(t) for t e [—r, 0) and x{"(1)=¢(0) for £ ¢ [0, T].

Similarly to the proof of Theorem 3, it can be proved that for every (o, f) ¢ S,
(x7) is converging in o7 .

Let us denote by 4, a closed ball of &% with the center 0 and a radius « € (0, 1)
and let X, =27/, X% ,. Itis not difficult to verify that the set .S, of all (p,f) ¢ X,
with locally Lipschitzean f, is a dense subset of X,.

We shall show now that non-convergence of a sequence (x{) is in any sense
a rare case if (¢, ) € X.

Theorem 10. The set & of all (o, ) € X, for which a sequence (x{7)) defined by
(7) is converging in <f , is a residual subset of X, for each o ¢ (0, 1).

Proof. Let y: X,—[0, o) be defined by y(p,f)=lim,,_., diam E&”, where
EfpD={x7", x:0, - - -} and diam E$ 7 denotes the diameter of E¢. We have

E&:DCE$ " and then diam E%;] <diam E¥-" for each m=1,2, --.. Since
. 40(f, 0)
0< diam Ef N "0 Y) for (o, f) e X,,
< 1 ST p(f, 0) (§0 5 «

then lim,, ., diam E” exists for each (p,f) ¢ X,. We have of course (¢, /)=0 iff
(x%-7) is converging in o7 .
We shall show now that y(¢,, f,)—0 for every sequence (¢,, f,) of X, such that
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Ho,—olo+o(fs, /)—0 as n—oo0, where (p, f) € S,.
Let us observe first that [[x{¢= ™ —x¢ 7 ||,—0 as n— oo, uniformly with respect

tom>1. Indeed, select a neighborhood U, of (¢, ¢) and a continuous increasing
function Kj: [0, T]—[0, co) such that

LG5 x0 ) —1( 5 X, WS KO % — X, 1o+ 17— 210

for (3, 1), (x,, ¥,) e U, and te [0, T]. Let B, be a closed ball of C,x L, with the
center (¢, ¢) and a radius #,>>0 such that B,C U,. Similarly to the proof of Theorem
7, we can select T, ¢ [0, T] and N> 1 such that

ez ) RN (Ceim ™), (X5 7),) € B,C U

forn>=N, te [0, T] and m>1. Therefore

oo 1 )
Iy (Mot 2 2R

for n> N, which proves that
g =g Pl =0 as noo,
uniformly with respect to m>1. Continuing this process we can easily get

[Ixgm /= —xl N ]|,—0 as n—»co,

uniformly with respect to m>1

Suppose now that (¢,, f,) is a sequence of X, converging to (g, f) € S, such that
x(¢., f,) is not converging to zero. Then there are >0 and a subsequence (¢, f;)
of (¢,, f,) such that [lp, —oly+ o(f;, /)—0 as k—oco and x(g,, f,)>7 for each k> 1.
Hence, in particular follows that diam E¥*/® >y for k,m>1. But a sequence
(x{=7¥) i3 converging in .o¢ ;, uniformly with respect to m>1 to x, Therefore,
for n, m>1 and sufficiently large k, say k>> N,, we have

1
||x§r§:k,fk) _x£l¢kqfk) ”ng + | | X;,’f’f) __x;sv,f) ||T

Thus

p<diam Ef=/» <%+diam Ef$D =%
for k> N,, because (¢, f) € S,. This contradicts 5 >0.
Now, similarly to the proof of Theorem 9, we can see that a set
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Q.={(p,f) e X, y(p, /)=0}

is a residual subset of X,. Therefore, Z is a residual subset of X,, too. The proof
is complete.
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