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§ 1. Introduction

During the last few years the area of applications of partial differential and inte-
gral inequalities has greatly expanded, and now encompass not only many questions
in the theory of partial differential and integral equations but also contain areas of
physics, technology and biological sciences. A large number of papers dealing with
partial differential and integral inequalities have appeared during the last few years,
(see, [1, 2, 10, 17-20] and some of the references given therein). Recently, in a
series of papers, Bondge and Pachpatte [3]-[6], Bondge, Pachpatte and Walter [7] and
Pachpatte [14]-{16] have established several new partial integral inequalities which
can be used as handy tools in the theory of partial differential and integral equations
of the more general type. Our objective here is to establish two independent variable
generalizations of the integral inequalities established by Gollwitzer [9] and Pachpatte
[11, 12] which can be used in some applications in the theory of partial differential
and integral equations of the more general type.

§2. Main results

In this section we state and prove our main results on two independent variable
generalizations of some of the integral inequalities established by Gollwitzer [9] and
Pachpatte [11, 12]. An elementary method used by Snow [17] to obtain a generali-
zation of Gronwall’s inequality in two independent variables will be used to establish
our results.

Our first result deals with the two independent variable generalization of the
integral inequality established by Gollwitzer [9, Theorem 1].

Theorem 1. Suppose ¢(x, y), b(x, y), and c(x, y) are real-valued nonnegative con-
tinuous functions defined on a domain D. Let G(r) be continuous, strictly increasing,
convex and submultiplicative function for r >0, G(0)=0, lim,_,_, G(r)= o for all (x, y)
in D, a(x, y), B(x, y) be positive continuous functions defined on D, and a(x, y)+ p(x, y)
=1. Let P(x,, y,) and P(x, y) be two points in D such that (x —x,)(y—y,) >0 and R be
the rectangular region whose opposite corners are the points P, and P. Let v(s, t; x, )
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be the solution of the characteristic initial value problem
(1)  Lvl=v,—c(s, )As, G(b(s, )7, v=0, uv(x, H=uv(s, y)=1,

and let D* be a connected subdomain of D which contains P and on which v>0, (See
Fig. 1). If RCD* and ¢(x, y) satisfies

Zz Y
(2) 8(x, 9 <ae, N+00e 06 ([ [ el 0606, s,
Zo Yo
then ¢(x, y) also satisfies
(3) oo <ate, N+ NG ([ [ e, Dats, 0GHas, D, 1)
To v Yo
u(s, t; x, y)dsdt).

The proof of this theorem is obtained by reducing the integral inequality to a
differential inequality and then integrating it by Riemann’s method for hyperbolic
partial differential equations [8, p. 120]. The function u(s, ¢; x, y) involved in
Theorem 1 is a Riemann function relative to the point P(x, y) for the self adjoint

operator L. There is such a function and a domain D* on which v>0 since v=1
on the vertical and horizontal lines through P and since V is continuous.

t Dt
v=1 P(x, y)
R
Py(x0, y0)

Fig. 1

1

v

Proof. Rewrite (2) as
¢(x, y)<alx, y)a(x, y)a~'(x, y)

+ B, Y)b(x, 1B, y)G_,< j j (s, 1)G(g(s, t))dsdt).

Since G is convex, submultiplicative and monotonic we have
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(4)  G(p(x, Y)<alx, Y)G(a(, ya~(x )
1 806, YGB(, 1), ¥) j j ols, 1)G(g(s, 1))dsdt.

Define
(5) u(x, )= j ) j o(s, )G(g(s, D)dsdt,  u(x, yo)y=u(x,, ) =0,

then
U, (X, Y)=c(x, Y)G(g(x, y)),
which in view of (4) implies
(6) Llul=u,,(x, y)—c(x, »)B(x, Y)G(B(x, y)B~(x, y)ulx, y)
Le(x, Malx, »)G(alx, y)e'(x, )]

The operator L is self-adjoint and hyperbolic. For any twice continuously differen-
tiable # and v the operator L satisfies the identity

(7) vL[u] —uLlv]= — (uv,), + (vu,),-

Let P, and P be any points as in the theorem and lebel the directed sides and corners
of the rectangle R as shown in Fig. 2.

C1
P(x, »)
c3 l R T C2

Py(xo, yo) —> P,
Cy

Fig. 2

Using s and ¢ as the independent variables, we integrate the identity (7) over R
and use Green’s Theorem to obtain

)( (Lu] —uL[u])dsdi = — j (ou,ds+uv,dr).
g cr+cg+Cg+Cy

This holds for any functions in C2
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For the particular function » defined earlier we have u=0 on ¢, and u=u,=0
on ¢,, so the right hand side of the above identity reduces to

(8) ——L vusds—L uv,dt.

Now suppose v satisfies

(9) Lvl=v,,—c(s, H)B(s, )G(b(s, t)57(s, 1))v=0,
(10) v=1 on ¢,

1 v,=0 on c,.

Then (10) and (11) imply that
(12) v=1 on ¢,.

Since v>>0 on R and u(P,)=0, by using (6) identity (8) becomes

(13) u(x, y)gr J” o(s, )als, YG(als, a5, D)s, £; x, )dsdr.

The conclusion (3) of the theorem follows from (4) and (13).

In Theorem 2 given below we establish the following two independent variable
generalization of the integral inequality recently established by Pachpatte [12,
Theorem 2].

Theorem 2. Suppose §(x, y), a(x, y), b(x, ), ¢(x, ), and k(x, y) be real-valued
nonnegative continuous functions defined on a domain D. Let G(r), a(x, y), f(x, y) be
the same functions as defined in Theorem 1. Let Py(x,, y,) and P(x, y) be two points
in D such that (x—x,)(y—3,)>0 and R be the rectangular region whose opposite
corners are the points P, and P. Let E(s, t; x, y) be the solution of the characteristic
initial value problem

(14)  LIE]=E(s, 1)— (s, )G(b(s, 1)B™(s, ))le(s, 1)+ k(s, )]E(s, 1)=0,
E(x, t)ZE(S5 y): 1

and let D* be a connected subdomain of D which contains P and on which v>0. If
RCD* and ¢(x, y) satisfies

(15) 86 <ate N+ 06| | " els, DG((s, 1)dsdr
+J: ﬁo c(s, DG, YG(b(s, 1)87(s, 1))
. ( f J , k(m, n)G(g(m, n))dmdn) dsdt],
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then ¢(x, y) also satisfies
(16) 3. ) atx, )+ b0 DG [ [ 0. dsas
+[" [ ets, 08t GG, 0765, 1)
: ( j : O(m, WE(m, n, s, t )dmdn)dsdt],

where

a7 Ox, y)=c(x, y)alx, y)Glalx, y)a~'(x, ¥))+c(x, Y)B(x, ¥)G(b(x, )~ (x, ¥))
: J " k(m, ma(m, n)G(atm, nya-(m, n))dmdn.

Proof. Rewrite (15) as
$(x, y)<a(x, y)a(x, y)a~'(x, )
+ e, 9o )8 e 0G| [ el 066, 1
+ j jz e(s, DB(s, NGB, (s, t))(j; L‘I k(m, )G (g(m, n))dmdn)dsdt].
Since G is convex, submultiplicative and monotonic we have
(18)  Glg(x, y) <alx, »)G(alx, Ha'(x, )
85, )G ) e ) | [ els, DG, Dy
+[ [ ets, 0pts, )G, 0575, 1)

: ( I " km, mGigm, n))dmdn)dsdt].

Define o
u(x, y)ZJ:O jzu c(s, 1)G(4(s, t))dsdt-l—j:o J ZO c(s, D)B(s, YGB(s, DEG, 1)
(I; ; k(m, m)G(g(m, n))dmdn)dsdt, u(x, y)=u(x, y)=0,
then

Uy (%, Y)=c(, ) [G(qﬁ(x, M)+ px, MG, y)B(x, )

. f [ K(m, n)G(g(m, n))dmdn],

Zo J Yo
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which in view of (18) implies
19 u,(x, L0, ¥)+c(x, Y)Ax, »)Gb(x, )~ (x, )
. {u(x, D+ J " " ke, m)G(bm, m)p~(m, m)u(m, n)dmdn}.

Zo v Yo

Define

@) rCey)=uw )+ | Kom,p(m, iYG(bGm, ) m, myutm, mdmd,
r(x, y)=r(x,, »)=0,
then
(2D Py, V) =11, (%, Y)+K(x, Y)Bx, Y)G(B(x, Y)B~'(x, y)u(x, ¥).
Using the facts that
U, (%, YL O, p)+c(x, B, »)G(B(x, y)B~H(x, y)r(x, y),
from (19) and u(x, y)<r(x, y) from (20) in (21) we have
Lrl=r,(x, »)—p(x, N)G(b(x, »)B(x, y)e(x, )+ k(x, y)]r(x, )< O, y)-

Now by following the last argument as in the proof of Theorem 1 we obtain the
bound on r(x, y) such that

z v

rx, y)gj O(s, 1)E(s, 1; x, y)dsdt.

Zo v Yo

Using this bound on r(x, y) in (19) we have

1 ) S 05, )+ 5, e, NG 9 | [ 006, DG, 1 % yydsar

Integrating both sides of the above inequality first with respect to y from y, to y and
then with respect to x from x, to x we have

@ ulx, y)gj: j O(s, )dsdt + f j o(s, B(s, )G(B(s, 1)p(s, 1)

. (Js t O(m, n)E(m, n, s, t)dmdn)dsdt.

Zo J Yo

The desired bound in (16) follows from (18) and (22).

To this end we establish the two independent variable generalization of the inte-
gral inequality established by Pachpatte in [11, Theorem 2].
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Theorem 3.  Suppose ¢(x, ), a(x, y), b(x, ), c(x, ), and k(x, y) be real-valued
nonnegative continuous functions defined on a domain D. Let N(r) be a positve, con-
tinuous, strictly increasing, subadditive and submultiplicative function for r>0 and N-!
is the inverse function of N. Let P(x,, y,) and P(x,y) be two points in D such that
(x—x)(y—y2)>0 and R be the rectangular region whose opposite corners are the

points Py and P. Let e(s, t; x, y) be the solution of the characteristic initial value
problem

(23) Lle]=e,(s, t)N(b(s, )c(s, 1)+ k(s, )]e(s, 1)=0,
e(xa t):e(s5 J’)= 13

and let D* be a connected subdomain of D which contains P and on which e>0. If
RC D* and ¢(x, y) satisfies

@D x, y)<alx, )+bex, y)N‘*U: I: e(s, OON(G(s, 1)dsdt

+[" [} ete; et o[ [ km, iy g, ryaman) st |,

then ¢(x, y) also satisfies

@5)  9r <N Mo, )+ N ) [ [ els, ) Wats, )
+ N(b(s, 1)) j " 1etm, 1)+ k(m, mIN@m, n))e(m, n; s, t)dmdn}dsdt].

The proof of this theorem follows by the similar argument as in the proof of
Theorems 1 and 2 with suitable modifications (see, also [11, Theorem 2]). We omit
the details.

In concluding this paper we note that the inequalities presented here can be ex-
tended very easily to the corresponding vector problems as in [18]. We also note
that there is no essential difficulty in obtaining # independent variable generalizations
of the inequalities established in Theorems 1-3 by using the technique used by Young
in [19]. Since this translation is quite straight forward in view of the results of this
paper and we omit the details.
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