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Summary

In this paper it is proved that the mixed problem for the equation
k(o + k(X — du+-ulr u=f

has unique weak solutions, when 0<p<2/(n—2), n the space dimension. Here,
ki(x) and k,(x) are assumed to be bounded measurable functions on £, where 2 is
an open bounded set of R”, satisfying the conditions k,(x)>0 and k,(x)> >0 for
all x in 2.

Introduction

Let 2 be a bounded open set in R™ and k,(x) and k,(x) be two real functions
defined in . The boundary of 2 we represent by I", which we suppose to be re-
gular. For T>0, let O be the cylinder Q=02x (0, 7). When f'is a real function
defined in O, one is interested in studying the mixed problem for the non linear partial
differential equation:

(%) k" + k(X — du+-|ulf u=f in Q

for k,(x)>0 and k(x)>8>0. Observe that on the set k,(x)=0 contained in 2, the
equation (%) degenerates into a parabolic case.

This type of equation was studied by Bensoussan-Lions-Papanicolau in [1] for
the linear case, that is, without the term |u|° #, with non identically vanishing initial
data and also in Lions [3]. In [6], Vagrov studied the linear problem when %, and k,
depend on (x, t), that is, k,(x, £) and k,(x, ¢) for (x, ¢) in Q, but with null initial con-
ditions. In [2], Larkin studied (x) with more general non linearities included also in
/, but still with null initial conditions, plus strong restrictions on f.

In this paper we study the mixed problem for (x) in the case of non null initial
data and we obtain existence and uniqueness of solutions in one class that has less
weak derivatives than that obtained by Larkin, cf. [2].
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§1. Existence of solutions

Let 2, O, k,(x), k,(x) be the same as in the Introduction. We suppose k,(x) and
k.(x) belong to L=(2). By HY(Q) we represent the usual Sobolev space of order one
and by HY(Q) the closure of the test functions in H'(£2). The dual of H({) is re-
presented by H-(2). By L?() we represent the space of all real functions in £
which has the power p, integrable in 2. When p=2, we have the Hilbert space L*(9).
We represent by (, ) and | - |, respectively, the inner product and norm in L*({2); by
|- | the norm in HY£). By Sobolev theorems, we know that Hy({2) is continuously
embedded in LY(Q) for 1/q=1/2—1/n.

Theorem 1. Let u, ¢ Hy(), v, € L) and 0<p<2/(n—2), then there exists a
unique function u(x, t), (x, t) in Q, such that:

(1) . ue L=, T; Hy($)

(2) W e L0, T; L(Q); vV k(' e L0, T, LX(Q))
(3) ki(x)u"" € LX0, T; H~(22))

(4) k)’ + k(W — du+|ulf u=f  in a weak sense in Q
(5) u0) =u; k(W 0)=+vk(x)v,.

Remark 1. Before proving the existence part of Theorem 1, let us observe that
the restriction on p is only necessary for uniqueness. We can obtain existence for any
>0, for uye H(D)NLD), p=p+2, v, e L*(£2). For this case, with k,(x)=1,
k,(x)=0, see Lions [4].

Remark 2. Suppose we have proved (1)-(4) of Theorem 1. Let us see that the
initial data make sense. In fact, by (1) and (2) it follows, Lions-Magenes [5], that
ue C([0, T], L)), therefore u(0) makes sense. By (3), (4) it follows that k,(x)/’
belongs to C%([0, T; H~(£2)) so that k,(x)u’(0) makes sense.

Proof of the Existence. The method to be used is to perturb the equation (x)
adding the term ez’ and to obtain estimates to permit passing to the limit when ¢>0
goes to zero. After this perturbation, we obtain k,(x)+¢>0 as the coefficient of u”.
Formulating an appropriate mixed problem on Q for the new equation, we obtain a
priori estimates for the solutions independent of ¢ >0, in such way that we can pass
to the limit when ¢ goes to zero, obtaining a function # which is the solution looked
for.

In fact, for ¢>>0, we consider the problem:

(6) (ke(x)+)u + ki, — du+|u | u.=f  inQ
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(7) u =1,  (kx)+(0)=+ k() +euv,

and u,=0 for (x, f) on the lateral boundary of Q.

To prove the existence of solutions for (6) and (7) we use the Faedo-Galerkin
method. Let (w,) be a sequence of vectors of Hi({2) such that for each m, the set
Wi, Wy, -+ -, W, is linearly independent and the set of finite linear combinations are
dense in H{({2). Let us consider the linear manifold V,,=[w,, w,, - - -, w,,], generated
by wy, wy, - - -, w,, and project equation (5) on V,,. This means that we look for
u,,(t) in V,, such that:

( 8 ) ((k2(x) +5)u:;n(t)’ U) + (kl(x)u:m(t)3 U) + a(ue’m(t)3 U) + (l usm Ip usma v)
=(f(®), v) forallve V,,
(9) U,,(0)=u,, strongly convergent to u, in HYQ2),
(10) (ko) + ) n(0) = k() +2 Vs, (V1)  strongly convergent to v, in LX(9).

Remark 3. We represent by a(u, v) the Dirichlet form:

a(u, v)=}"_‘_,f du__9v dx for all u, ve HYD).
i=iJe ox; 0x;

The quadratic form a(v, v) we represent by a(v).

The equations (8) form a system of ordinary differential equations with initial
conditions (9) and (10). There are solutions for this sytem in [0, z,,), 0<¢,<<T. The
a priori estimates which shall be obtained, permit us to extend the approximate solu-
tions u,,, to the interval [0, T) and also pass to the limit in m and .

In fact, setting v=2u.,, in system (8), we obtain:

(11) —jt—«kz(me)u:m, )+ 20k Yt u:m)+%a(um>+2(l o | 4 =2(f, ).
Integrating (11) from O to ¢, 1< ¢,,, we have:

VEGFenOF 2 [ |VR@UnF dtatun) +2 [ a0l ds

(12) ) t
VP alt) + 2 [ o P dx2 [ (F05), la()ds
p 2 0

Remark 4. The Dirichlet form a(u, v) defines in HY(£2) a norm equivalent to
the norm || - || of Hy(£2). By the embedding theorem, ||uy,, ||z0(q, is uniformly bounded
by a constant independent of m, ¢ and #in [0, #,). By Remark 4 and the hypothesis
on the initial data u,,,, #,,, we obtain from (12):
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VTGO +2 [ IVEEIUn O dst et 1,0(0) ||2+% 26 22000
(13)
<K+2 j (F(S), Uo(5))ds.

It follows that:
2 || [VEGIUnOF ds<K+2 [ (£ (s
0 0
with 0<{8<k,(x). We obtain
¢ 1 T ¢
2 [ luta@F ds <Kt [T 17O dx2 [ a0)F d.
0 0 0
Choosing 1=, we get:

[[1taor as
0

is bounded by a constant independent of m, ¢ and ¢ in [0, ¢,,).
From 13) we obtain:

(19 VG FelF+2 [ WA} dott [n P2 [n Dl <G

where C is a positive constant, which is independent of m, ¢ and ¢ in [0, z,,).

It follows that ||u,,(2)|], therefore |u,,,(¢)], is bounded by C, what is sufficient to
extend u,,, to the interval [0, T'), with the bound independent of ¢ and m. Therefore,
inequality (14) is true for all ¢ in [0, T) and it follows:

(15)  u,, belongs to a bounded set of L=(0, T; H¥£)), independent of ¢>0 and m.
(16)  u., belongs to a bounded set of L0, T; L% Q)) independent of ¢ >0 and m.

v k(x)+eu,, belongs to a bounded set of L=(0, T; L*(f2)) independent of

a7 >0 and m.
From (15), (16), (17) we obtain a subsequence u,, such that:

(18) u,, converges to u, weak star in L=(0, 7T'; HY(2))

(19) u., converges to u, weakly in L¥0, T; L*(Q))

(20) v k(x)+eu, converges to +/ k(x)+eu. weak star in L=(0, T; LXR)).

Let us study the non linear term. In fact, we obtain from (14):
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f O dv< Cpf2

independent of vy and e. Therefore, if 1/p+1/p'=1,

ol o= [l =] [, 0l dx< G2

which proves that:

|u.,|° u,, belongs to a bounded set of L=(0, T'; L*'(£2)) independent of v
and ¢, therefore, belongs also to a bounded set of L*'(Q).

@D

From estimates (15), (16) and since the injection of HY(£2) in L*(Q2) is compact,
we have, passing to a subsequence, that u,, converges to #, almost everywhere in Q.
Then

22) |u.,|* u,, converges to |u,|* u, almost everywhere in Q.
From (21), (22) and Lions [4], Ch. I, Lemma 1.3, we conclude that:
(23) |u,,|° u, converges to |u,|° u, weak star in L?'(Q).

From (17) we obtain:
4  VE(x)+cul, converges to 4/ k(x)+eu. weak star in L=(0, T; L 2)).

It follows from (15), (16), (23) and (24), that we can pass to the limit in the ap-
proximate equation (8) obtaining:

05 e+l V) -+ (i V) + 0t )+ 14, 0) (£, )
for all v e Hy({2), in the weak sense and u*

satisfies the initial conditions (7).

Observe that the estimates obtained are independent of ¢ also. Therefore, by
the same argument used to obtain u, from u,,, which is the solution of (6) and (7),
we can pass to the limit when ¢ goes to zero in u,, or subsequence, obtaining a func-
tion # independent of ¢ and v, such that:

(26) u, converges to u, as ¢ goes to zero, weak star in L>(0, T'; Hy(2)).
X)) 1, converges to ', as e goes to zero, weakly in L*(0, T'; L*(2)).

vk (X)+e 1! converges to v'k,(x)u’ when ¢ goes to zero, weak star in
(28) L=(0, T; LX(£)), because v k(x)+¢ converges to +/k,(x) strongly in L¥Q)

as ¢ goes to zero.
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29) |u,|* u, converges to |u|* u, as ¢ goes to zero, weak star in L*'(Q).

Therefore, the limit # obtained above satisfies the conditions (1)-(4) of Theorem 1.

In order to check that u(0)=u,, it is sufficient to use (26), (27) followed by an
integration by parts. By the same argument, using (28), it can be shown that k,(x)x’(0)
=vky(x)v,.

To complete the proof of Theorem 1, we need to prove uniqueness, which shall
be done in the next section.

§2. Uniqueness of solutions

Suppose we have two solutions # and v in the conditions of Theorem 1. It fol-
lows that w=u—v is a solution of:

30) k,(w” 4+ k,(xyw’ — Aw+|ulr u—|vlr =0,
3D w(0)=0, w(0)=0,

we must prove that w=0 on [0, 7).
In fact, let 0<<s<T and z(¢) be defined by:

_J's w@de  if 1<s
0 if >s.

z(t)=

This integral exists and z(¢) e H{(2). If we represent

w(0)= | e,
then
zZ(t) =wy(t) —wy(s).

We have z(s)=0, z/(t)=w(t), and it makes sense to evaluate k,(x)w” () ¢ H (£) in
z(t) e Hy(2). We obtain:

32) L (oW, 2)dt+ j (oW, z)dt+J: a(w, z)dt-f—f: (Qul u—|v] v, 2)dt=0.
We have:
fo (e, 2)dt = — j 0 (o’ wydt = —% B W

[ tew, yar— — [ 1vEGwor a,
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J.: a(w, z)dt =Jj a(z’, z)dt= — %a(wl(s)).
Then equation (32) can be written as
(3 5 WEEWOR [ VRGO dr+Late )< 1(ub u—lolr v, 9] dr
Regarding the non linear term we obtain:
|(ulr u—|vl* v, 2)|<(1+p)3° L (ul +[v]?) [w(®)||2(2)] dx.
By the embedding theorem of H(2) in LY(Q) n>3, for 1/g=1/2—1/n, we obtain:
beladen

Note that if n=2, Hy(®2) is embedded continuously in L (Q) for any g. We also
have uniqueness. Since pn<{g, it follows that |u|*, |v|* are in L*(2), because u, v are
in Hy£2). By the estimates of u, v, in the H}(22) norm and Hélder inequality, we
obtain:
|(ul? u—|vlrv, 2|<A+0)3 [l +[VF l|zacay [WE) 2oy 120 |l zecor
S ClwOL AW [+ wis) D,

where |- | and || - | are the norms of L*(2) and Hy(2) respectively.
From (33), since a(v)>« ||v|J’, we have:

G [ WEGWOPR s+ S [m@FC [} wO)] (w04 wiGs) D
By hypothesis, 0< <k (x), then (34) can be written as:

f: VEGWOP e+ [w@

(3
7 L VRG @@l det - [ VRGOl d

Let 2>>0 be a number to be fixed later. The inequality (35) takes the form:

(1-24(1+ )) [ vEGwOr der (£=2) wer
co g-—ﬁ j w,(2) ) .
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Choose 2 such that

A C2> 1
- ={1+=)=—.
(1 5)=

We obtain 2=28/(f+ C?). Let s, be such that

We obtain s,=af/8(8+ C*)>0 and for 0<{s<s,,

@37

or

3 J I VEGROR et S Im@ <K [ @)

lwi(s)|< K, f [ dr.

This inequality implies w,(s)=0 for all 0<{s<s,, or w(s)=0 on 0<s<s,, or w=0 on
[0, T), which prove the uniqueness.

[1]
[2]
(31
(4]
[5]

[6]

References

Bensoussan, A., Lions, J. L. and Papanicolau, G., Perturbation et Augmentation des
Conditions Initiales, to appear.

Larkin, N. A., Mixed Problem for a Class of Hyperbolic Equations, Siberian Math. J.,
18-6 (1977), 1414-1419.

Lions, J. L., On Hyperbolic-Parabolic Partial Differential Equations, Lecture in IM-UFRIJ,
Rie de Janeiro (July-1978).

, Quelques Methodes de Resolution des Problémes aux Limites non Lineaires,
Dunod, Paris, 1969.

Lions, J. L. and Magenes, E., Problémes aux Limites non Homogénes et Applications,
Vol. I, Dunod, Paris, 1968.

Vagrov, V. N.,, On a Mixed Problem for a Class of Hyperbolic-Parabolic Equations,
Soviet Math. Dokl. 16-5 (1975), 1179-1183.

nuna adreso:

Instituto de Matemética UFRJ
Caixa Postal 1835 (ZC-00)
Rio de Janeiro-RJ-Brasil

(Ricevita la 7-an de decembro, 1978)
(Reviziita la 19-an de junio, 1979)



