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1. Imtroduction

We shall consider the Cauchy problem for a system of linear partial differential
equations for a system of unknown functions u,=u,(t, x) (u=1, - - -, k) of inde-
pendent real variables (7, x), with t ¢ R and x=(x,, - - -, x,,) € R™:

k
atu;z: ;p,uv(Dz)uv (/1219 M) k)a

where 0,=0/0t, D,=(9/0x,, - - -, 0/0x,) and p,,({) are polynomials in £=(;, - - -, L)
with constant coefficients. Using vector-matrix notations we can write the above
system of equations as

(1) ou' =P(Du',

where u'=(, p | 1, ---, k) and P=(p,, t{:F).

Let &% be the set of all complex valued rapidly decreasing C= functions on R™
with the usual well known topology and &’ be the dual space of &. By &#* we de-
note the product space & X --- X% (k-times) and by &’* the product space &’ X
s XF'=(F*Y. Now let ¢ be a linear space of (generalized) complex vector
valued functions on R™ such that *C ¥ C &%, where the topology of the space on
the left side of C is finer than that of the space on the right side of C.

The Cauchy problem for the equation (1) is said to be forward % -well posed on
the interval [0, 7] (z>>0) if and only if the following two conditions are satisfied:

1) (Unique existence of the solution) For any ¢! € & there exists a unique %-valued
solution u' =u'*(z, x) of (1) for 7 ¢ [0, =] with the initial condition #'(0, x)=1"(x).
2) (Continuity of solution with respect to the initial value) 1If u'(x) tends to zero in
%, then the solution u'=u'(¢, x) of (1) with the initial value u'(0, x)=1'(x) also
tends to zero in ¢ uniformly for ¢ ¢ [0, z].

Since the operator P(D,) does not depend on the time variable ¢, we can easily
see that the forward ¢-well posedness does not depend on >0, hence we can simply
say of the forward #-well posedness without mentioning the interval [0, z].

Making use of the Fourier transform with respect to the space variable x
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vl(é): (Zﬂ)ﬂmlz A[Rm e_is.xul(x)d)@ SZ(E’ DY Em) € Rm’

the Cauchy problem of the equation (1) can be formally reduced to that of the ordi-
nary differential equation for the & -valued unknown function of 7, v! =v'(z, §)

(2) o, vt =P(@ig)v',

where & is a parameter and ¢ is the Fourier transform of .

It is known that for some function spaces, for example ¥ =.%* or (2,.)", the
necessary and sufficient condition for the forward %-well posedness of the equation
(1) is given by the Petrovski correctness “The real part of all eigen-values of the matrix
P(i&) are bounded above for & ¢ R™.

In this note we shall show that the Petrovski correctness is necessary for the
forward ¢-well posedness provided that

FrECyCIr.

When the independent space variable is one dimensional, x ¢ R', we have al-
ready published the same result [3], using the property of algebraic function of a
single independent variable. In this note we do not use the property of algebraic
functions, but we use the complex integration formula

exp (tP(is»=-2-}5 j €S- Pz,

Here we have also to mention that in 1974 Master Jun’ichi Sato has obtained
the same result for the case of single equation

ou=PDIu (xe R™ k=1),

which has not been published in printed journal.

2. Proposition and Lemmas

Let 2,(8) (j=1, - - -, k) be eigenvalues of the k X k matrix P(i€) and A(€) be an
eigen-value of P(i¢) such that

e J(§)= Max Ze 2,(£).

Then, the Petrovski correctness of the equation (1) is equivalent to the existence of
constants C, and C, such that

(3) Re (E)XCo+Cylog (1+]€)  for all € e R™ (cf. [1]).
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As the Fourier transform is an isomorphic and homeomorphic mapping of &
onto & and of &’ onto &/, we have only to prove the following proposition.

Proposition. If the equation (1) is not Petrovski correct, we can construct a se-
quence {0} (E)}nen CCo(R™) such that O} —0 in " as n— oo, but for the solution v,
=v,(t, &) of the equation (2) with the initial condition v.(0, &)="10,} (&) we have v} (t, &)
A0 in FL’F as n—>oo for t >0, where N denotes the set of all natural numbers and Cy
denotes the set of all C-functions with compact supports.

For the proof of this proposition we shall give some lemmas previously.

Lemma 1. There exist natural numbers I, I, and constants C,, C, such that
(1.1 [(C1—P@EE) ! |= Co(1 +[E]"
(1.2) [ DLL1—PGEE) S CIHIED, (EeR™ LeO)

if Minyc;,, [C—2,8)|=1, where the norm |[A| of a matrix A is defined by || A|=
sup {|4v*[; [v* |=1}.

Proof. Cf.[4], p. 157.

Lemma 2. With the same natural number 1, and constant C, as in Lemma 1, we
have

@D | D exp (tP(E)||< Ce'(1+|£)" || exp PEE)||  for £>0.

Proof. Let %, be a closed curve (generally not connected) in the complex plane
C with positive orientation such that

2.2) “e={Ce C; Min |L—-2,()|=1}-
Then we have by the complex integration along %,

D, exp (tP(iS)):E% f  @DE—P@E)C (el [4] p. 159),
Thus, by Lemma 1,

@3 D exp (PGENI< 5 CA+ED™ [ 1el1dc]

But, as |{—2,(6)|=1 with some j if { e ¥,, with a}(§) a normalized eigen-vector of
P(i€) corresponding to the eigenvalue 1,({), we have for, { € €, t >0,

letgléet.%elj(é)+t:et letlj(f)a; (5)]

=e’|exp (tP@&))a} (&)|<e" |lexp (tP(i8))|.
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Hence from (2.3) we get (2.1).

Lemma 3. With the same natural number I, and constant C, as in Lemma 1 we
have

(3.1)  [lexp (tP(E") —exp (1 P(i§)) | =2C,e 2 +| &)™ |§' — & lexp (1P(E)) |,
if 10 and Ce'(2+|8)1 |/ —£]<1/2.

Proof. Let &(s)=(1—s)¢+s& for 0<s<1 and put Y(s)=exp (tP{E(s))).
Then, by Lemma 2,

H.{% Y(s)||=|D; exp (t PGEE)E —8) |

(3.2)
< Ce' (18D | Y() |16 =&
But, as |&(s)—&|<| € —&|, we have from (3.2) putting = Max,<,, || Y(s)— Y(0)|,
7= Cie'2+ED" € — &1 (1Y) [|[+7).
Therefore, if C,e'(24|&)" & —&|<1/2, we get
[Y(D)—Y(0)[|=2Cie2+[&D"™ [ —£ 11 Y0,
which shows (3.1).

Lemma 4. With the same natural number I, and constant C, as in Lemma 1, we
have

(CHY lexp (P(i8)) | <kCie' (1| § e =@ for t>0.

Proof. As exp (tP(i&)) = 1/27riJ‘ (L1 — P(i&))~'de and et |< et ® ¢ for £
v
€ €., by Lemma 1 we get (4.1).

3. Proof of Proposition

1°. 1If the equation (1) is not correct, i.e., if there do not exist constants C, and
C, such that (3) holds, we can find a sequence of points {£™}, .y C R™ such that

(4) e JEW)>ntlog (14+]6™])  and  [E@0]>|em |42,

Then we construct a sequence of initial values v, (£) by

(3) U () =A+|E™D "0, (—E™)at (E™),

where a'(£) is a normalized eigen-vector of P(i€) corresponding to the eigen-value
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(&), and 0:(8)=03""p,(67*€) (6>>0) with p,(§) € Cy(R™) such that p,(£)=0, supp (o,
Ce e R 1211}, [ o,@)de=1 and
(6) Gy =+[E™D"

Thus we have ¥} —0 in &%* as n—>oo. Because for any multi-indices &, § € N (N,
={0} UN) we have

D@1 sup | (€] (LHEW ) C,

where C,=sup,; <, |Dfo,(8)|. Hence as §,<1
€9 DEBL (OIS (1§ )19 0nC, 50

uniformaly on R™ as n— co.

2°. Now to prove that the sequence of the solutions v'=v}(s, &)=
exp (tP(&))v; () of the equation (2) with the initial values v, (0, £)=10. (&) does not
tend to zero in &% as n—oo for ¢>0, we shall construct a function ¢!(§) e F*
such that :

U vi(t, &) -4 (&)dE| >0 for t>0.
R™
First consider a vector-valued step function

PHO=+[E™D"a' (E™)

for [E|<|ED|+1 if n=1, but for |"V|4+1Z|E]<|E™ |+ 1if n=2. And define a
vector-valued C=-function ¢' by ¢*(§)=p,.x*(§). Then

(7) &)=+ "a' (™) (constant) for [§—&™|<1)2,
and ¢' e #*. Because for [§"7V|4+1<Z|E|<|€]+1 we have

182D50 (O)| =187 | D"p1pwk (OIS CLIE| [ H (O CL(1LH]E™ D110

as |E[-> o0, where C,=Max ; <15 | D*p1(E)].
Now we have

(8) [ vieoret@de=r+m
where

I:J‘Rm {exp @PEE™)D ()} - 0! (E)dcf
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and
1= {exp (tPGE)—exp (tPGE"N}LE) 9 Q).
As exp (1P(E™))at (£™) = e ™ g (™) from (5) we have
exp (tP(E ™))L )= (1§ ™) ", (E—E ™)l a ).
Hence by (7), as §,<1/2,

(9 1= (LH[E® D704, (6 — M) D= (1§ ) %6,

[6=6® |Sin
As |£™|=n and Ce'Q-+|E™ ) [§—E™|<1/2 for |&—&™| <8, =(1-H[E™ )" if s
sufficiently large, we get by Lemma 3 and (7)
< I llexp (£P(@))—exp (tPEE™))| |2 (5)]-]* (§)] dE
<2Ce"2+[E™ D" [lexp PEE ™) (1+[§™ D~
x| 16— £ p,,(6—&™)de
[§-6 M <3y

=2Ce" 2+[E™ DL +]E™ N7, ||exp ¢ PEE™)|-

Thus, further by Lemma 4 and (6), if n is sufficiently large,
IIIIé CeZl(2+IE(7L) l)l(l _l_ls(’n) D-Znﬂ—netﬁeﬁ\(f (")),

where C=2kC,C, and I=/,+1,. Hence by (4), if n is sufficiently large,

[+ 1= |1|— ||
>+ )™ " >0 asn—oo for 1>0. Q.E.D.

After all we have established the following theorem.

Theorem. Let S*C % C ", where the topology of the space on the left side of
C is finer than or equal to that of on the right side of C. Then the Petrovski cor-
rectness is necessary for the Cauchy problem of the equation (1) to be forward 4-well
posed.
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