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§0. Introduction

It is well-known that systems of meromorphic linear differential equations x’ =
A(z)x at o have formal fundamental solution matrices of the form H(z)= F(2)G(z),
where F(z) is a formal power series in a root of z~! and G(z) is a matrix of ele-
mentary functions which consists of exponential polynomials in a root of z, complex
powers of z, and positive integral powers of logz. Moreover, in appropriately small
sectorial regions, the formal solutions are asymptotic expansions for actual solutions
as z—oo. These results are usually known as the Poincaré Theory for meromorphic
differential equations.

Thus the matrix G(z) determines the asymptotic type of the singularity of the
solutions and as such controls the most important aspect of the solutions. The other
essential aspects concern the size of the maximal sectors in which an asymptotic is
valid and the connection matrices which describe the change in the asymptotic as the
solution is continued around the singularity.

For meromorphic differential equations, only certain asymptotic types are pos-
sible and one would wish to know exactly those which can arise. Furthermore, one
would like to know the size of the maximal sectors, the complete structure of the
connection matrices, and how this characterizes the singularity of the solutions.

In this note we obtain a theory of invariants for meromorphic differential equa-
tions which can be used to answer such questions. The equivalences which determine
the invariants correspond to various types of linear transformations acting on the
differential equation. This theory may be viewed as a completion of the Birkhoff
Theory [2] to the general case. Our treatment is based upon lectures given by the
second author in the Summer of 1977 in Ulm [9] and represents a finalized and more
economical presentation of the results. Some topics have been added (e.g., Section
5 of Part I on the regular singular case r=0) and certain proofs have been sub-
stantially simplified (e.g., the proof of the Uniqueness Theorem, Section 6, Part II),
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which has resulted, in the authors’ viewpoint, in 2 more direct and accessible theory.

In Part T we consider formal transformations and the -corresponding (formal)
invariants. They are determined from G(z) and their calculation from A(z) is purely
an algebraic problem. In Part IT we discuss convergent transformations and the
corresponding (proper) invariants. They are related to the sectorial regions in which
an asymptotic expansion is valid and the associated connection matrices.

The theory we present here is a completion to the general situation of some
special cases which we have previously treated (see [1], [7], and [8]). In particular,
when A4,, the leading coefficient matrix in the expansion of A4(z) at oo, has all distinct
eigenvalues, the formal part of the theory is trivial. When 4, has some equal eigen-
values, the formal structure becomes interesting. We have already treated some such
(two-dimensional) cases, which may be viewed as a preliminary attempt at explaining
the general structure of the invariants in the equal eigenvalue case.

In discussing formal invariants, it is natural to let A(z) also be a formal mero-
morphic series, in which case we call x'=A(z)x a formal meromorphic differential
equation. Our treatment begins with a more detailed factorization and normalization
of a formal fundamental solution matrix from which one can first see exactly which
G(z)=G,,(2) correspond to formal meromorphic differential equations. We then
show that G, (z) is a complete system of formal meromorphic invariants. The more
restrictive classes of invariants (analytic and Birkhoff) are treated by further normal-
izing a formal solution and adjoining further invariants. '

As an application of our results, we show that the logarithmic derivative of
G,.(2) is of the form P(z)z™', where P(z) is a matrix polynomial in z whose degree is
at most equal to r, the Poincaré rank of the differential equation. This shows that
a Birkhoff reduction can be achieved through the use of formal meromorphic transfor-
mations. The differential equation which G, (z) satisfies may be considered as a
Sformal meromorphic canonical form. These are the simplest meromorphic differential
equations having solutions with only elementary singularities.

Although the existence of a complete set of formal solutions (first for n* order
scalar differential equations and then for first order systems) is a well established
fact, the characterization of G(z), its freedom, and its invariance have not been so
well understood. Cope [4] recognized that the exponent Q(z) in G(z) must satisfy a
closure property with respect to analytic continuation, but did not explicitly exhibit
its precise structure and was under the impression that the root which enters into Q
is not greater than the dimension of the system, which is false. Several formal in-
variants have been introduced and calculated in certain cases by Gérard and Levelt
[6], however, these invariants are not a complete system of formal invariants.
Recently Levelt [9] has shown that the differential operator z(d/dz)— A(z) has a
unique formal decomposition as the sum of a diagonalizable operator and a nilpotent
operator which commute. He also obtains a bound on the root which enters into
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the formal solutions. His factorization is related to, but not equivalent to ours,
which concerns a factorization of a fundamental solution instead of the operator.
In particular, one does not see in his theory which factorizations exactly correspond
to meromorphic differential operators.

§1. Structure of formal solutions

A formal meromorphic differential equation has the form x’= A(z)x, where A(z)
is a formal meromorphic series at oo, i.e.,

(1.0) A@) =z 3 Az,
k=0

where 4,50 and r is an integer (called the Poincaré rank of A(z)). It is sometimes
convenient to denote x’=A(z)x by [4]. From the formal theory of such differential
equations, it is well-known that a formal fundamental solution matrix for [A4] exists
and can be written as

(L.1) H(z)=0(2)z" exp [Q(2)),

where Q(z)=Y"_, 0,z"%. Here h is a non-negative integer (A=0 means Q(Z)EO);
the r; are distinct positive rationals, the Q, are constant non-zero diagonal matrices,
L is a constant matrix, §(z)=z"v¢ 3 = _, @,z ™% is a formal series with g a positive
interge, m, an integer, @, are constant matrices, and det @(z) is not the zero series.
Since multi-valued functions arise, it is convenient to consider them as being defined
on the Riemann surface of log z whose points will also be denoted by z and are given
by the “coordinates” |z|>0 and argze € (— oo, 4 o0).

Such a formal solution comes about ([15], [17], [9]) through the use of an
algorithm which reduces the differential equation in a finite number of steps to one
from which Q(z) and L are obtained immediately and the coefficients of @(z) are
calculated recursively. From the algorithm it is not easy to see, in general, how the
formal meromorphic structure of A(z) is related to the formal solution, i.e., which
formal solution matrices of the form (1.1) correspond to formal meromorphic dif-
ferential equations.

For the purpose of discussing invariants of the differential equation it is im-
portant to determine the freedom in the components of H(z) and a normalization
which exhibits its essential structure. We now state our first such result as

Theorem I.  To each formal meromorphic differential equation x'=A(z)x there
exists a formal fundamental solution matrix of the form

(1.2) H(2)=F(2)G(2),

where F*'(z) are formal meromorphic series and



200 W. BALSER, W, B. JURKAT and D. A. Lutz

(1.3) G(z)=z'Uexp[Q(2)].

The matrices Q(z), U, J are simultaneously decomposed into a direct sum of “super-
blocks” which will also be denoted by the same letters and each such super-block has
the following structure:

O(z)=diag {q(2)1,, q(ze*")1,, - - -, q(ze™ "~ V)L},
U=[e¥-0%-0]] 1<, k<p, e=exp 2xilp),
and

J=diag{J,, J,+1/p),, - -, J,+(p—D/p)L};

where q(z)=§(z"/*) for a polynomial § without constant term and p is the smallest posi-
tive integer for which q can be so represented, s is the multiplicity with which q and its
analytic continuations appears in the total Q, in particular, none of the functions q(z),
q(ze®), - - -, q(ze***=2) occur in another super-block, I, denotes the sXs identity
matrix, and J, is an s-dimensional matrix in Jordan canonical form with eigenvalues
which can arbitrarily be selected from residue classes mod 1/p.

Conversely, each such H(z) is a formal fundamental solution matrix of a formal
meromorphic differential equation.

Note that a super-block is uniquely determined by ¢(z), s, and J (since p and
U are uniquely determined by ¢(z)). In comparing with (1.1), a possible choice of
L is U~*JU in which case @(z) carries no roots.

It can, of course, happen that §(z) in a super-block is the zero polynomial in
which case we see immediately that p=1. If the polynomials corresponding to each
super-block are equal to zero, the differential equation is said, traditionally, to have
a regular-singular point at z= oo and in this case the convergence of the formal series
for A(z) is equivalent to the convergence of the formal series F(z). If r=0, the
singularity at oo is called simple or of first kind and it is well-known that oo is then
a regular singular point. In Section 5 we discuss the invariants in the case r=0.

§2. Proof of Theorem I

We begin with H(z) as in (1.1) and first determine the characteristic property
for such matrices H(z) to be a formal fundamental solution of a formal meromorphic
differential equation. In doing so, it is first helpful to discuss

a. Formal logarithmic-exponential expressions.

A formal logarithmic-exponential expression (compare [3; pp. 141-142]) is a finite
sum of terms of the form

@1 ¥(2) exp q(2),
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where ¢(z)=b,z""+ - - - +b,z", the b, are non-zero complex numbers, the r, are
distinct positive rationals, / is a non-negative integer (£=0 means ¢(z)=0), and -(z)
is a formal logarithmic expression, that is, a finite sum of terms of the form

(22) f(2)z'(log 2)",

where 1 is a complex number, k is a non-negative integer, and f(z) is a formal
meromorphic series (at o). These expressions are considered on the Riemann sur-
face of log z and we note that the usual operations of taking sums, products, deriva-
tives, and ““analytic continuation” (by which we mean formally replacing z by ze***,
k an integer) are defined formally for such expressions and have the same properties
as if the expressions were functions. In particular, the derivative of a formal loga-
rithmic-exponential expression is equal to zero only if the expression is equal to a
constant and a formal logarithmic expression is equal to a formal meromorphic
series if and only if it remains unchanged under analytic continuation: z—ze®™.
Matrices whose entries are expressions of the foregoing types are called by the same
names.

b. The structural equation for H(z).
Note that H(z) in (1.1) can be written in the form

2.3) H(z)=¥(2) exp [Q(2)],

where ¥'*!(z) are formal logarithmic matrices and Q(z) is the same as in (1.1), since
@(z) can be expressed as the sum of at most g terms and each is a power of z times
a formal meromorphic series. Because A(z) is a formal meromorphic series and the
operation z—ze** commutes with differentiation and formation of the inverse, it
follows from A(z)= H’(z)H '(z) that H(ze*") is also a formal fundamental solution
matrix for [4], hence H '(z)H(ze*™) has derivative zero, therefore there exists a con-
stant non-singular matrix C (called the formal circuit matrix of H(z)) such that

2.4) H(ze**)= H(2)C.
Moreover, if H(z) is a matrix of the form (2.3) then
H'@QH'@Q)=V"@¥ '@ +¥ 22 @7 (2),

which is clearly a formal logarithmic matrix, and if H(z) satisfies (2.4) then H’H™' is
invariant under analytic continuation and is therefore a formal meromorphic series,
hence H is a formal solution of a formal meromorphic differential equation. Thus
equation (2.4) characterizes those H(z) of the form (2.3) which are solutions of formal
meromorphic differential equations and we call (2.4) the structural equation of H(z).
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¢. The super-block structure of Q(z).
If we replace H(z) by H(z)C,, where C, is an arbitrary permutation matrix, then

H@Z)C,=¥(2)C exp 0(z),  where 0(z)=C'Q(2)C,,
is again of the form (2.3), hence without loss in generality we may assume that
O(z)=diag {q.(2)],,, ¢:(2)],,, - - . q.(2)L,.},

where I, denotes the s,-dimensional identity matrix and the scalar functions q,(2)
are all distinct. In this way the matrix Q(z) can be blocked and the order of the

blocks can still be assigned.
If C=[C,,], 1<, k<1, is blocked like Q(z), then from (2.3) and (2.4) it follows
that

2.5 U2 (ze*)=[C, exp (9,(2) — qu(ze™"))], 1<, k<L

Since the left-hand side of (2.5) is a formal logarithmic matrix, them for each pair
(J, k) either

(2.6) q,2)=q(ze***) or C,;,=0.

Therefore from (2.5) we obtain

2.7 P (ze*)y="¥(2)C
and
(2.8) 0(ze*)=C'Q(2)C.

We remark that (2.7) and (2.8) are equivalent to (2.4).

Since C is non-singular, for each fixed & there exists a j such that C,, 0, Also,
because the ¢,(z) are all distinct, then from (2.6) we see that this C;,==0 can occur
for only one j and C;, must be square and non-singular because the same argument
holds for the rows as well. For this pair (j, k) we have g,(z)=¢,(z¢***) and the cor-
responding blocks in Q(z) must be of the same size. Hence it follows that for each
q,(2), the analytic continuation g,(z¢***™), m an integer, likewise appears in Q(z) and
with the same multiplicity. But recall that the order of the blocks in Q(z) is arbitrary,
so we may arrange that all the ¢,(z) which are carried into each other by z—ze*™
occur cyclically. This yields the super-block structure of Q(z), namely to each super-
block (which we again denote by Q) there correspond two positive integers, s (the
dimension of the sub-blocks) and p (the “period”), such that

O(z)=diag {q(2)1,, q(ze™ ), - - -, q(ze" """ P) I}

and p is the smallest positive integer such that g(z)=g(ze***?). Moreover, it follows
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that none of the functions in one super-block appear in any other super-block. In
addition, it also follows that ¢(z)=g(z"?) for a polynomial § in z'/? without constant
term and p is the smallest positive integer such that ¢ can be so represented.

From the above ordering, it follows that to each super-block Q(z) there cor-
responds a unique p X p-block permutation matrix

0, 0,---0, I

I, 0, - - . 0,
R=10, 1,
, bs Y A QJ

(for p>1 and R=1, for p=1) such that
(2.9) 0(ze*)= R 'Q(2)R.

If the direct sum of the R corresponding to each super-block is again denoted by R,
then (2.9) holds as well for the total matrix Q(z).

d. Normalization of a formal circuit matrix.
Utilizing (2.9) in (2.8), one sees that C has the form

(2.10) C=DR,

where D commutes with Q and is, therefore, a constant non-singular matrix which
is diagonally blocked like Q(z). At this point, we remark that the structure of H(z)
corresponding to formal meromorphic differential equations has already been deter-
mined, namely Q satisfies (2.9) and C satisfies (2.10) and (2.7); the meaning of (2.7)
will be discussed at the beginning of Section 1.¢.

We now proceed to further normalize H(z) so that the invariants of [4] can be
determined. We do this by modifying H(z) (and consequently its formal circuit
matrix) by right hand constant non-singular factors which leave Q(z) fixed. The
admissible factors are constant matrices which are diagonally blocked like Q(z) with
arbitrary non-singular diagonal blocks.

If D is such a matrix, then D-}(DR)D is again a circuit matrix for another ¥'(z)
but the same Q(z). We now use successively the following four such similarity
transformations to bring about the desired normalization of C=DR. We describe
these for each super-block separately and note that the total matrix is the direct sum
of those corresponding to the super-blocks.

(i) Let D=diag{D,, ---, D,} and define

D,=diag {1, D,, D,D,, - --, D,D,_,- - -Dy}.

»
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Then D{'(DR)D,= D®R, with D® =diag {W, I,, ---,I,} and where W =
DD,D, Dy

(ii) Define D,=diag{l, WV, W-*? ... W~-®-Y/?} which exists since W is
non-singular. Then D; (D®R)D,=D®R, where D®=diag {W"?, - .-, wiry,

(iii) Define D;=diag{T;, - - -, T,}, where T, is selected so that 7T, 'W"'*T,=
exp (2xiJ,) and J, is in any of its Jordan canonical forms. Then D;'(D®R)D,=
D®R, where D® =diag {exp (2xiJ,), - - -, exp 2niJ)}.

It is easy to see that the eigenvalues of J, can be arbitrarily adjusted modulo
one; however, we can do more, namely, the objective of the final transformation is
to adjust them arbitrarily modulo 1/p.

(iv) LetJ,=diag{J®, ..., J"}, where each J® is a single Jordan block, and
let

K,=diag{k1,, - - -, k,I,.},

where the &, are integers and the dimension of 7, is equal to the dimension of J,
1</<m. Then define

]54:diag {e@mEs ... @@sip-D/IPIKs ePrike)
and it follows that
D;(D®R)D,=D™R,
where

D“’:diag {eZM'(J,—(llp}Kg)’ ce eZzi(J,g—(l/IJ)Kg)}'

Hence the eigenvalues of J, can be arbitrarily chosen modulo 1/p.
So we may now assume that in each super-block, the D in (2.10) has been
normalized to equal

(2.11) D=diag {e*¥s, . . ., e**¥s}=exp (2miJ’),

with J'=diag {J,, - - -, J,}.

e. Normalization of a formal monodromy matrix.
If L is defined to be a solution of the equation

(2.12) exp 2zil)=C

where C is the formal circuit matrix for ¥'(z), then L is called a formal monodromy
matrix for ¥'(z). This means that ¥'(z)z~* is a “single-valued” formal logarithmic
matrix, i.e., it is a formal meromorphic matrix (and its inverse, too). In order to
complete the normalization of H(z) and thereby the proof of Theorem I, we now see
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how L may be selected once C=DR in (2.12) and D is normalized as in (2.11).
Since this D and R commute, an especially simple choice for L can be made by putt-
ing R into canonical form as follows: We now discuss one super-block.

Let U=[eV-2®b]], 1<, k<p, with e=exp (2xi/p). Then

(2.13) UU=pI=UU, (U denotes the conjugate)
hence U~'=(1/p)U, and
2.14) UR=[e-V*] ) =diag {I, el,, - - -, e 'I}U.

Defining now

we see from (2.14) that
R=U"exp (2niU")U.

Since the blocks in U are scalar multiples of 7, then D commutes with U and we
therefore have in each super-block

(2.15) DR=U"exp QriJ)U, where J=J'+U’.
Hence for L in each super-block we may choose
(2.16) L=U"JU

and, as mentioned before, we build the corresponding total matrices as the direct
sums of those for each super-block and use the same letters to denote them. Hence
(2.15) and (2.16) hold for the total matrices as well. To complete the proof of
Theorem I, we remark that (1.2) and (1.3) follow by taking F(z)=¥(z)z"2U ' with
L defined by (2.16). By the above discussion, F*'(z) are formal meromorphic series
and the properties attributed to the matrices in the statement of the theorem have all
been verified.

§3. Formal meromorphic invariants

A formal meromorphic transformation at oo of x’= A(z)x has the form x=T(z2)y,
where T'(z) is a formal meromorphic series and det 7(z) is not the zero series (hence
T-'(z) is also a formal meromorphic series). Differential equations which are related
by such transformations are called formally meromorphically equivalent and the cor-
responding invariants are called formal meromorphic invariants.

We will look for formal meromorphic invariants in H(z) as described in
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Theorem I. Since F(z) can be removed by the formal meromorphic transformation
x=F(z)y, formal meromorphic invariants can first only occur in G(z). We proceed
by discussing the freedom which remains in G(z2).

a. Further normalization of G(z) and its invariance.

(i) The order of the super-blocks in Q(z) can be arbitrarily chosen and in each
super-block we can choose any of the scalar functions which appear as the first one,
i.e., g(z) can be chosen arbitrarily from the set of cyclically permuted functions in
O(z). To remove this freedom, we now make for each Q(z) an a priori fixed choice
for the order of its super-blocks and within each super-block, for the function ¢(z).
We note that any such choice is allowed, but once selected, it remains fixed.

(ii) The ordering of the super-blocks in Q(z) prescribes the corresponding
ordering for the super-blocks of J. Within each super-block, we have already
remarked (see 2(d)) that the eigenvalues of J; can be changed arbitrarily modulo 1/p.
We now make an a priori fixed, but arbitrary, choice for a system of representatives
modulo 1/p for the complex numbers (for example, we could require 0<<Re 1<(1/p)
and we require that the eigenvalues of J, come from this system of representatives.
We also make a fixed, a priori, choice for the ordering of the Jordan blocks within
J, (by 2(d) (iii)).

If O(z) and J satisfy these requirements, we say that H is meromorphically
normalized and we write Q=Q,, J=J,, G=G,, F=F,, and H=H .

We do not intend to imply by this notation that the above quantities are
uniquely determined by [4]. It turns out, however, that J, and Q, are unique as a
consequence of

Theorem II. Two formal meromorphic differential equations [A] and [B] are
Jormally meromorphically equivalent if and only if G (2)= G g(2), that is, Q (2)=0x(2)
and J,=Jp. Furthermore, in case of equivalence, all formal meromorphic transfor-
mations are given by

G.1) T(z)=F.(2)CF3'(2),

where C is any constant non-singular matrix which commutes with O(=Q,=0,), R,
and J, that is, C is diagonally blocked like Q(z), in each super-block C has equal sub-
blocks which commute with J; this means that C commutes with G (for the matrices C
in question).

Remark 1. If we set A=B in the Theorem, we see that G, is uniquely deter-
mined by 4 and putting T=1 in (3.1) we see that F,(2)C=F,(z), i.e., F(z) is deter-
mined only up to a right hand constant non-singular factor which commutes with
G(z).
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Remark 2. The pair (Q, J) is a complete system of formal meromorphic invariants.
This means that all other formal meromorphic invariants are functions of Q and J.
Note that they have become invariant due to our normalization and in applications
one should keep this in mind. The normalization of the eigenvalues of J, mod (1/p)
can be undone, but the corresponding statement of invariance becomes more com-
plicated. The invariants Q and J are free within their special structure and a priori
normalization since in each super-block the polynomial ¢(z) and matrix J, can be
given arbitrarily to yield a formal meromorphic differential equation having these
invariants.

b. A commutation lemma.
We now state a lemma which is important in the proof of Theorem II.

Lemma 1. Let M and M’ be matrices in Jordan canonical form, whose eigen-
values A come from the same system of representatives modulo one (that is, 2, =1, mod 1
implies 2,=12,). If C is a non-singular constant matrix such that

(3.2 ZMCz~ ¥
is single-valued, then MC= CM’ and it follows that
(3.3) 2MCz M =C.
Proof. The single-valuedness of (3.3) is equivalent to
34 el Ce il = C,

and it follows that e***¥ is similar to e***#’. Since a Jordan form of e**¥ can be
obtained from M by replacing the eigenvalue A by e***, there exists a permutation
matrix P of the Jordan blocks of M’ such that the off-diagonal elements of M and
P M’P are the same and the diagonal elements are congruent mod 1 and hence
equal (in view of our special assumption); so we have

(3.5 M=P'M'P.
Hence from (3.4) and (3.5) we obtain
(3'6) e?niMC’/ p— C/eZIiM

with C’=CP, and we now show that MC’'=C’M. We may assume that M=
diag {M,, - - -, M}, where M, consists of all Jordan blocks corresponding to the jth
eigenvalue of M. It follows from (3.6) (see [5, vol. I; pp. 215-219]) that C’ is blocked
diagonally according to the distinct eigenvalues of ¢***# and hence those of M, there-
fore we may assume that M in (3.6) has only one eigenvalue. Since a scalar multiple
of the identity commutes with C’, we may assume that M in (3.6) is nilpotent. But
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(3.6) then implies that

z4C'z7 ¥
is single-valued and using
zt =T+ Mlogz+ (%)Zi -+ (finitely many terms),
we obtain
MC'z M =C" - (MC'—C'M)logz+--- (finitely many terms).

Hence MC'=C'M, z"C’z"=C", and using (3.5) the conclusion of the Lemma
follows.

Remark. Lemma 1 is true even when M and M’ are not in Jordan canonical
form.

c. Proof of Theorem II.
If [4] is formally meromorphically equivalent to [B], there exists a formal mero-
morphic transformation 7'(z) and a non-singular constant matrix C such that

(3.7 T(2)Hy(z)=H (2)C,
which may be rewritten as
(3.8) Uiz "Fi (2)T(2)Fs(2)z"2U=exp [Q4(2)]C exp [— O 5(2)].

In the same way as in the proof of Theorem I, and in view of our a priori ordering
of O we obtain Q,(z)=0Qx(z) and C must be diagonally blocked according to the
blocks of Q=0Q,=Q, Then the right hand side of (3.8) is C, U,=U,z=U, and
(3.8) may be written as

(3.9) Fo(2)T(Z)F(2) = 2/4Cz,

where C=UCU-". The right hand side is the direct sum of super-blocks, which we
now consider separately. Recall in each super-block

J =T+ U
where
Jy=diag {J(4), - - -, J(A)}

and

U’'=diag {Os, i[s, cee E[s}.
p
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Since the eigenvalues of J,(4) come from a universal system of representatives
mod 1/p, the eigenvalues of J, come from a corresponding system of representatives
mod 1, and the same holds for J,. Because the left hand side of (3.9) is a formal
meromorphic series, the right hand side is single-valued, and from Lemma 1 we con-
clude that

(3.10) J,C=CU,

in each super-block.

Since J(A)+((j—1)/p)l, and J(B)+((k—1)/p)I, have, for j+k, no common
eigenvalues, then C must be diagonally blocked (into s-blocks). Letting C=
diag {C,, - - -, C,} and C=diag {C,, - - -, C,} in CU=UC, we see that C=C and C,
=...=C,. Also, because C=C commutes with U’, then from (3.10) we have in
each block of the super-block

which implies that J,(A) is similar to J(B). But from our normalization we conclude
that J(4)=J(B)X=J,), hence J,=J(=J) and C commutes with J. Finally, from
(3.9) we obtain

(3.12) F (2T (2)Fy(z)=C

in each super-block and consequently for the total matrices, where C has the structure
described in Theorem II.

Conversely, if G,(z2)=G4z)(=G(2)) and C is a constant nonsingular matrix
which commutes with G, then

T(2)=F(2)CF3'(2)

is a formal meromorphic transformation such that H,C=TH,, hence x= Ty trans-
forms [A] into [B].

d. A formal meromorphic canonical form.

Let G(z2)=G,(2)=2z'U exp [Q(2)] and recall from Section 2 that L=U"*JU is a
formal monodromy matrix for G(z), hence there exists a single-valued matrix of ele-
mentary functions, E/(z), such that G(z)=E«(z)z’U. To calculate E (z) we remark
that within a super-block we have

()= 4(27e),

where 4 is a polynomial without constant term such that §(z"/*)=g¢(z). It follows that
within a super-block



210 W. BaLser, W. B. JurkaT and D. A. Lutz

E(2)=z"Uexp [Q@2)]U 'z
=exp [§(z"/7z7 Ue*V'U~'z77)]
=exp [§(z/7z"R™'z™")]

(note that z’* and R commute). If we define

0, 1, 0, -+ 0,

W= js
ZIS ......... Os
then zV?zY"R~'z-V'= W, hence we have
(3.13) Ez)=exp [¢(W)]

for every super-block. So each super-block of E.(z) is the exponential of a scalar
polynomial in the matrix variable W.

If we calculate G'(z)G~*(z), we have for each super-block zG'(z)G~'(z)=J+
27U (2/2e*V")(1/p)z*/7e***U"U ~'z~7, hence

(3.19) zG' ()G (@) =J+§(W)W/p.
For every integer k=mp -1, 0<<I<p, we have
Wkhe=zm W',

and we obtain W’ by calculating R~ and multiplying the non-zero blocks not above
the diagonal by z; for instance

_03 03 Is Os e 0.3—

0,

W= AL W?r=zI,
zl, O,
O, zI, o,

We see that for k>0, W* is a matrix polynomial in z of degree m+41. Since the
order of the solutions of [4] is bounded by r, the Poincaré rank of [4], we see that
the highest power of z occurring in Q(z) is less than or equal to ». Therefore, deg §
< pr, and it follows that zG’(z)G~'(z) is a matrix polynomial P(z) in z of degree at
most . Hence A4 is formally meromorphically equivalent to [P(z)z™'] which has
Poincaré rank not exceeding the rank of [A]. This means that a Birkhoff reduction
(see [16]) can be made using formal meromorphic transformations. Whether it can
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be done with a convergent meromorphic transformation still remains an open
question.

e. Formal root-meromorphic invariants.

We conclude this section with a statement about the invariants corresponding to
formal root-meromorphic transformations, that is, 7'(z) which are formal meromor-
phic transformations in z'¢, where g is a positive integer. Note that H(z) from
Theorem I can be written as

H(2)=9(2)z" exp [O(2)], where @(z)=F(2)z"'U

is a formal root-meromorphic transformation and in the columns of @ correspond-
ing to each super-block of Q(z) we can take g=p. It follows that the eigenvalues of
J’ can be changed by arbitrary rational numbers if we allow arbitrary roots in F(z).
We now choose, a priori (with the help of the Axiom of Choice) a fixed system of
representatives modulo the rational numbers and change the eigenvalue of J, to come
from this system of representatives. We also make an a priori choice for a fixed
ordering of the Jordan blocks in this new J, and denote it by J and J° =diag {J¢,
-+, J{"}.  We use the same notation for the total matrix. Hence a formal funda-
mental solution matrix can be represented as

H(2)=0,2)G,(2),  where G(2)=2"% exp (Q,(2)).
Then we have the following analogue of Theorem II in the formal root-meromorphic

case:

Theorem IV'. Two formal meromorphic differential equations [A] and [B] are
Sformally root-meromorphically equivalent if and only if

0.,2)=052) and J7=J.

Furthermore, in case of equivalence, all formal root-meromorphic transformations are
given by

T(z)=90(2)CP5'(2),

where C is a constant, non-singular matrix which commutes with Q(=Q,=0,) and
JO(=T=J8), that is, C is blocked diagonally like Q(2) and in each super-block it
commutes with the corresponding J&.

The proof of Theorem II’ is similar to the proof of Theorem II but simpler, and
we omit it here. We remark that for the purpose of comparing formal meromorphic
and root-meromorphic invariants, it is natural after having selected J to select J,
so that the block structure is compatible and J,=J{ + D,, where D, is a diagonal
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matrix with rational entries. The remarks following the statement of Theorem II
have exact analogues in the formal root-meromorphic case, which we also omit here.

§4. Formal analytic and Birkhoff invariants

Analytic transformations have the form x=T(z)y, where T(z)= Y. T,z * con-
verges in a neighborhood of oo and det T, £0. Birkhoff transformations correspond
to those analytic T(z) for which T;=1. If the series is just assumed to be a formal
series, we call the transformations formally analytic, respectively formally Birkhoff.
The corresponding differential equations are called analytically (formally analytically)
or Birkhoff (formally Birkhoff') equivalent and the associated invariants are called by
the same names.

It is convenient to introduce the notation F,, F,, F, to denote, respectively,
formal meromorphic, analytic, Birkhoff transformations. We now denote the mero-
morphically normalized formal solutions (used in Theorem II) by

H,(2)=F,(2)G ,(2)

where G, (z2)=z"U exp [Q(z)] is the formal meromorphic invariant and F, is deter-
mined from the differential equation only up to right hand constant non-singular
factors C, where C commutes with G,,. Such matrices C are called G, -admissible.
In this section we see what can be adjoined to G,, to yield a complete system of
formal analytic and formal Birkhoff invariants. The remaining invariants are in F,,,
and the following lemma is helpful in recognizing them.

a. The Hermite Normal Form.
Lemma 2. FEach formal meromorphic transformation F,(z) can be uniquely
factored as

4.1) F(2)P(2)zE,

where F,(z) is a formal analytic transformation, P(z) is a lower triangular matrix
polynomial (in z) such that diag P(z)=1 and P(0)=1, and K is a diagonal matrix with
integer entries.

Proof. According to the Gaussian algorithm (see [11; pp. 32-33]), F,(z) can be
brought into the form P(z)z* with P and K as above, by means of a finite sequence
of elementary row operations (each of which is a formal analytic transformation).
To see the uniqueness, suppose

F(2)P(2)z" = F(2)P(2)z,
i.e.,
4.2) P(2)z5 EPY(2)=F(2)F,(2).
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Since the left hand side of (4.2) is lower triangular with diagonal z%-¥ and the
right hand side is formally analytic we have K=K, then P(z)P~(z) is formally analy-
tic iff P(2)P-'(z)=1, and finally F,(z)=F,(2).

b. Analytic normalization.

According to Lemma 2, F,, can be uniquely factored into an analytic transfor-
mation F, times P(z)z*. But as we remarked, the differential equation determines
F,, only up to constant right hand factors which are G,,-admissible. Such a F,,(z)C
can again be factored uniquely as F, times P(z)zX. We say that P(z2)z¥ is equivalent
to P(2)z® relative to G, if there exists a G,,-admissible matrix C and a formal analytic
transformation 7°(z) such that

(4.3) P(2)z5C=T(2)P(2)z .

It follows from (4.3) that such a 7'(z) must be, in fact, a polynomial in z~*! with non-
singular constant term.

Since the G,,-admissible matrices C as well as the analytic transformations form
a group, then (4.3) defines an equivalence relation. From each equivalence class we
select a representative. Given F,(z)=F,(2)P(2)z%, a member of the equivalence
class determined by P(z)zX can be reached by factoring F, (z2)C=F (2)P(z)z% for
some G,-admissible C. Therefore we can find such a C so that the selected
representative appears in the factorization. Hence there exists a formal fundamental
solution matrix

(4.4) H(2)=H,(2)C=F(2)G.(2),

where F,(z) is a formal analytic transformation, G (z)=P(2)z¥G,(z), and P(2)z* is
the selected representative from its equivalence class. Such a formal solution is said
to be analytically normalized.

c. Formal analytic invariants.
The formal analytic invariants of a differential equation can now be determined
from an analytically normalized formal solution.

Theorem III. Two formal meromorphic differential equations [A] and [A] having
analytically normalized formal fundamental solution matrices F,G,, F.G,, resp., are
formally analytically equivalent iff

4.5) G,=G,, ie., G,=G,, P=P, and K=K.
In case of equivalence, all formal analytic transformations are given by

(4.6) T(2)=F,()C@)E; (2),
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where C(z) is any analytic transformation satisfying
4.7 P(2)zXC=C(2)P(z)z*
for some G ,-admissible matrix C.

Proof: If [A] is formally analytically equivalent to [A], there exists a formal
analytic transformation T(z) and a non-singular constant matrix C such that

(4.8) TH,=H,C, i.e., TF,Pz*G,,=F,Pz*G,C.
According to Theorem II, G, =G, and G,,C=CG,, so (4.8) can be written as
4.9) PzXC=(F;'TF )Pz%,

which means that Pz¥ is equivalent to Pz¥. But because H, and H, are analytically
normalized, then Pz¥=Pz%, ie., P=FP and K=K. From (4.9) we obtain

(4.10) PzXC=C(z)Pz*,  C(z2)=F;'TF,,

where C(z) is a (formal) analytic transformation, and this proves the necessity of
(4.5), (4.6), and (4.7). To prove the sufficiency, assume G,=G, and let Cbe a G,-
admissible matrix such that (4.7) holds with a formal analytic C(z) (actually a poly-
nomial in z~! with non-singular costant term). Then

T(2)=F,(2)C(DF;(2)

is a formal analytic transformation and satisfies TH, = F,(z)C(z)G ,(2) = F,(2)G ,(2)C=
H,C, hence [4] and [A4] are formally analytically equivalent by means of 7. This
completes the proof of Theorem III.

d. Remarks on formal analytic invariants

(1) If we set A=A in the theorem, we see that G, is uniquely determined by A4
and is a complete system of formal analytic invariants. This invariant is free within
our specifications and modulo the last equivalence relation on P(z)z*. The matrix
G, determines the formal analytic type of the solutions and [G,,G; "] may be called the
formal analytic canonical form of the differential equation [4].

(2) The G,-admissible matrices C which satisfy (4.10) for some C(z), a poly-
nomial in z~! with non-zero constant determinant, form a sub-group of the G-
admissible matrices, which we call the G,-admissible matrices. The formal analytic
series F,(z) in H, is determined by the differential equation only up to such right
hand factors C(z).

e. Formal Birkhoff normalization.
If we write
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Fa(Z):Fo+ﬁlz"1+ ... and C(Z):Co—i—ClZ-l—f— o

then note that according to the above discussion, F, (in H,) may be replaced by F,C,,
where C(z) corresponds to a G,-admissible C (4.7). The set of such matrices C,
form a group which is completely determined by the invariant G,. We say that F,
and F, are equivalent relative to G, if there exists a C, from this group such that
F,C,=F,. This defines an equivalence relation and from each equivalence class we
make an a priori selection of a fixed representative denoted by F,. Since F,C, runs
through the complete equivalence class as C runs through the G,-admissible matrices,
there exists a formal fundamental solution matrix

H\(z)= H,(2)C=F,(2)C@)G(2)=(F,C,+ - - )G,
:(Fo+ s ')Ga(Z).

Hence H,(z) may be written as
(4.11) H(2)=Fy(2)Gy(z),  where G,(2)=F,G.(2)

and F,(z) is a formal Birkhoff transformation. We say that such a formal funda-
mental solution matrix (4.11) is Birkhoff-normalized.

f.  Formal Birkhoff invariants.

Theorem IV. Two formal meromorphic differential equations [A] and [A] having
Birkhoff-normalized formal fundamental solution matrices F,G,, F,G, resp., are
Sformally Birkhoff equivalent iff

(4.12) G,=G,, that is, G,=G, and F,=F,.
Moreover, in case of equivalence, all formal Birkhoff transformations are given by
(4.13) T(2)=F(2)C)(2)F; (),

where C,(z2)=F,C(2)F;* and C(z) corresponds to any G,-admissible matrix C with C,
=1

Proof: 1f[A]is formally Birkhoff equivalent to [ 4], there exists a formal Birkhoff
transformation 7" and a non-singular constant matrix C such that

4.14) TH,=H,C,ie., TF,F,.G,=F,F,G,C.

From Theorem III we obtain G,=G, and G,(z)C= C(z)G,(z), where C is G,-admis-
sible. Hence (4.14) becomes

4.15) T(2)F,(2)F,= F,(2)F,C(2).

From the constant term of (4.15) we obtain F,=F,C,, hence F, is equivalent to F,
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relative to G,=G,. By our selection we therefore obtain F,=F, and C,=1. Hence
C is G,-admissible, C,=1, and T(2)=F,(2)C,(2)F; (z).

Conversely, if G,=G, and C,(z) is any formal Birkhoff transformation such that
Go(2)C=Cy(2)G,(2) for some G,-admissible C, then T given by (4.13) is a formal
Birkhoff transformation such that

T(2)H(z)=F,(2)C(2)G(2)= F(2)G(z)C= H(2)C,
hence [4] and [A] are formally Birkhoff equivalent by means of 7.

g.  Remarks on formal Birkhoff invariants.

(1) If we set A=A in Theorem IV, we see that G, and F,, thatis, G,, are
uniquely determined by [4] and form a complete system of formal Birkhoff invariants.
This invariant G, is free within our specifications and modulo the last two equiva-
lences.  The differential equation [G},G; '] may be called the formal Birkhoff canonical
form of the differential equation [4], and G, determines the formal Birkhoff type of
the solutions.

(2) The set of G,-admissible matrices C such that C,=1 are called the G,-
admissible matrices. Note that they form a subgroup of the G,-admissible matrices
which is completely determined by the invariant G,. Also, the matrices C,(z) where
G,(2)C=Cy(2)G,(2) and C is G,-admissible likewise form a group. If this group is
not the trivial {I} group, the formal Birkhoff series F,(z) could be further normalized,
but we choose not to do this here.

§5. The case r=0, a singularity of the first kind

When r=0, the meromorphic differential equation [4] is said to have a singu-
larity of the first kind at . This implies that Q(z)=0, hence p=1 and s=n;
furthermore, the formal solutions converge automatically, so that there is no
difference between formal and proper invariants. According to our theory, the
Birkhoff invariant is given by

G (2)=F,P(2)z%z’.
We only discuss the case of a convergent power series
(5.1 A=Az + Az -,

where 4, is in (lower triangular) Jordan form and normalized as follows: We as-
sume that the single Jordan blocks with equal eigenvalues are grouped together as
blocks, that the blocks with congruent (mod 1) eigenvalues are grouped together as big
blocks, and that the blocks inside the big blocks are arranged so that the real parts
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of the eigenvalues occur in decreasing order (these eigenvalues differ by non-zero
integers).

Now we select a priori a fixed system of representatives for the complex numbers
mod 1 and form the matrix M, by changing the eigenvalues of 4, mod 1 so that they
come from this system of representatives. Clearly

(5.2) K,=A,— M,

is uniquely determined by 4, and is a diagonal matrix with integral entries which are
constant along blocks and strictly decreasing from one block to the next block inside
a big block. According to Gantmacher [5; vol. T, pp. 148-164], the differential
equation [A4] has a solution of the form

(5.3) X(2)=Fy(z)zz¥,

where F,(z) is a (convergent) Birkhoff transformation and A is diagonally blocked
according to the big blocks of 4, and lower triangularly blocked inside the big blocks
according to the blocks of 4,. Such a block structure is called admissible with respect
to A,, and we denote the matrix consisting of the diagonal blocks (corresponding to
the blocks of A4,) by diag,, M. Comparing the coefficients of z~' in the logarithmic
derivative of

FlX = zKoz¥,
we see that A, is the constant coefficient in

K, 4-zF Mz %o,
hence
5.4) M,=diag,, M.

Next we investigate the freedom in the choice of M. Suppose that C is a con-
stant matrix with 4,-admissible block structure satisfying

(5.5) diag,, C=1,
hence non-singular. Then

(5.6) M=C'MC
is also 4,-admissible. Since

(X)) C(z)=2z%Cz %o

is a Birkhoff transformation, we see that
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X(2)C=Fy(2)C(2)z%oz" = F(z)z%z"

is another solution of the type considered. Observe that these matrices C form a
group and that the corresponding matrices A7 vary over a similarity class denoted by
(M}, It is convenient to select (a priori) a fixed representative in this similarity
class which we denote by M from now on.

We now give a different, but particularly natural system of Birkhoff invariants
using the selected M.

Proposition. Two differential equations [A] and [A) of the normalized form (5.1)
are Birkhoff equivalent iff

A=A, and M=M.
In case of equivalence, all Birkhoff transformations are given by
T(2)=F(2)C@F;(2),

where C varies over the A-admissible matrices which satisfy (5.5) and commute with
M= M and C(2) is given by (5.7).

Proof: Let X(z)=F,(z)z5z¥, X(z)=F,(z)z%z" be our selected solutions and
let T be a Birkhoff transformation from [4] to [A]. Then there exists a constant
non-singular matrix C satisfying T7X=XC. Trivially we see that 4,=A4, K,=K,
and becuase z”Cz ™ must be single-valued (see Lemma 1 and Remark), we obtain
MC= CM since the eigenvalues of M and M come from the same system of repre-
sentatives in view of (5.4). This implies, in particular, that C is diagonally blocked
according to the big blocks of A,=A,. Next, we observe that

C(2)=25Cz %o =F; () T(2)F(2)

is a Birkhoff transformation, hence C must be lower triangularly blocked within the
big blocks and diag,, C=1. Therefore (M), = (M), and by our selection it follows
that M= M ; but then C commutes with M.

Conversely, if A,=A4,, M=M, and C, T are arbitrarily selected as specified in
the Proposition, then 7 is a Birkhoff transformation satisfying

TX =F,(2)C(z)z%°z" = F,(2)z5°z" C= XC.
Hence the differential equations are equivalent by means of 7.

Remark 1. The proposition shows that 4,, M or A,, (M), is a complete sys-
tem of Birkhoff invariants. An equivalent system is K,, M and the corresponding
canonical form for the differential equation is given by the logarithmic derivative of
zFoz¥  Within the above-mentioned specifications, the invariants K, M are free. It
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is natural to select M in such a way that a maximal number of entries vanishes. If
we partition the big blocks according to the single Jordan blocks of A4, then we can
arrange that the rectangular blocks below the diagonal blocks have non-zero entries
in at most the last column or first row, whichever is shorter. But this condition may
not determine the representative uniquely yet. The problem of finding a natural
representative remains open.

Remark 2. To consider analytic equivalence, it is convenient to further
normalize 4, by putting the single Jordan blocks of a block of 4, into a fixed (a
priori) order. At the same time we permit matrices C, where condition (5.5) is
replaced by the requirement that diag,, C should be non-singular and commute with
A,. The similarity class changes accordingly as well as the selection of the repre- .
sentative M. It is convenient to consider the more general type of solution

X(2)=F (2)z%z",  F(@)=F,+Fz'+---,

where F, is non-singular and commutes with A,, hence it is blocked diagonally ac-
cording to the blocks of 4,. With these changes the discussion and the Proposition
.remain true for analytic equivalence. The proof changes only slightly.

Remark 3. The invariants K,, M can, of course, be used to calculate G,. We
may assume that [4] has a solution of the form X=z%z¥, where K, and M are as in
the Proposition. Clearly, there is a constant non-singular matrix C such that XC=
F,G,. Remember that the eigenvalues of J are selected mod 1; here we can use the
same system of representatives as for 4,. Also, the arrangement of the single Jordan
blocks in J is fixed a priori. Moreover, we can assume that the blocks with equal
eigenvalues are grouped together as big blocks and that the order of the big blocks
is determined by the (representatives of the) eigenvalues; the same principle of ar-
ranging the big blocks should be used for 4, and M,. Since z¥Cz"” is single-valued,
it follows that J=C~'MC. Therefore, J is a Jordan form of M. Remember that
the big blocks of M have one eigenvalue each, which are incongruent. It follows
that the big blocks of J are Jordan forms of the big blocks of M separately and, in
view of our arrangements, C is diagonally blocked according to the big blocks. Since
the arrangement of the single Jordan blocks of J inside the big blocks is fixed, J is
uniquely determined by M according to the remarks above.

Now let C be any constant non-singular matrix satisfying

(5.8) J=CMC.

Then zXz¥C=z%Cz’ and using the unique factorization (see Section 4, Lemma 2)
we have

(5.9) 2500 = F(2)P(2)z% = F,(2)F,P(2)z*
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from which we obtain XC= F,(z)G,(z) provided we make these choices for the repre-
sentatives P(z)zX and F,. Other choices simply correspond to other choices of C in
(5.8). Checking the proof of Lemma 2 for the case of z%°C, we find that every big
block is treated separately and that inside a big block (using the same notation)

(5.10) Z5C=F,(2)z5C',

where K is a permutation of K, and C’ is a lower triangular matrix with ones on the
diagonal and zeros in positions (7, /) below the diagonal where k,< k;, so that

(5.11) zE5C'z7 ¥ =P(2)

is a polynomial in z with P(0)=17. Since it is not clear how the triangular structure
of M reflects itself in C and C’, the structure of G,(z) is not entirely determined;
nevertheless, the procedure above can be used to calculate G,(z) and gives some infor-
mation about X and P(z); in particular, G, is diagonally blocked according to the big
blocks of J.

References

[1] Balser, W., Jurkat, W. B. and Lutz, D. A., Birkhoff invariants and Stokes’ Multipliers for
meromorphic linear differential equations, accepted for publication in J. Math. Anal. Appl..

[2] Birkhoff, G. D., The generalized Riemann problem for linear differential equations and
the allied problems for linear difference and g-difference equations, Proc. Amer. Acad.
Arts and Sci., 49 (1913), 531-568.

[3]1 Coddington, E. A. and Levinson, N., Theory of Ordinary Differential Equations, McGraw-
Hill, New York, 1955.

[4] Cope, F. T., Formal solutions of irregular linear differential equations, Part I, Amer. J.
Math., 56 (1934), 417-437, Part I1, ibid., 58 (1936), 130-140.

[5] Gantmacher, F. R., Theory of Matrices, Vol. I & II, Chelsea, New York, 1959.

[6] Gérard, R. and Levelt, A. H. M., Invariants measurant P'irrégularité en un point singulier
des systemes d’équations différentialles linéares, Ann. Inst. Fourier, 23 (1973), 157-195.

[7, 8] Jurkat, W. B., Lutz, D. A. and Peyerimhoff, A., Birkhoff invariants and effective calcu-
lations for meromorphic linear differential equations: Part I, J. Math. Anal. Appl., 53
(1976) 438-470; Part 11, Houston Jour. Math., 2 (1976), 207-238.

[91 Jurkat, W. B., Meromorphe Differentialgleichungen, “Enstanden aus einer Vorlesung im
Sommersemester 1977 in Ulm,” Lecture Notes in Mathematics, Vol. 637 (entire volume),
Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[10] Levelt, A. H. M., Jordan decomposition for a class of singular differential operators, Ark.
Mat., 13 (1975), 1-27.

[111 MacDuffee, C. C., Theory of Matrices, Chelsea, New York (corrected reprint of First
Edition).

[12] Sibuya, Y., Linear Differential Equations in the Complex Domain; Problems of Analytic
Continuation (in Japanese), Kinokuniya, Tokyo, 1976.

[13] Sibuya, Y., Stokes’ Phenomena, Bull. Amer. Math. Soc., 83 (1977), 1075-1077.

[14] Trjitzinsky, W. J., Analytic theory of linear differential equations, Acta Math., 62 (1933),
167-226.



[15]
[16]

[17]

Meromorphic Differential Equations 221

Turrittin, H. L., Convergent solutions of ordinary linear homogeneous differential equa-
tions in the neighborhood of an irregular singular point, Acta Math., 93 (1955), 27-66.
Turrittin, H. L., Reduction of ordinary differential equations to the Birkhoff canonical
form, Trans. Amer. Math. Soc., 107 (1963), 485-507.

Wasow, W., Asymptotic expansions for ordinary differential equations, J. Wiley-Inter-
science, New York, 1965.

nuna adreso:

Balser, W.

Universitdt Ulm

7900 Ulm, West Germany

Jurkat, W. B.

Universitdt Ulm

Syracuse, New York 13210,
US.A.

Lutz, D. A.

University of Wisconsin-Milwaukee
Milwaukee, Wisconsin, 53201
US.A.

(Ricevita la 31-an de marto, 1978)
(Reviziita la 26-an de oktobro, 1978)



