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1. Let K be a bounded convex subset of a normed space, and let E be a
Hausdorff topological vector space. Denote by C= C(K, E) the space of all bounded
continuous functions K—E with the topology of uniform convergence. In this
paper we prove the connectedness of the set {x ¢ C: x=F(x)} for a certain class of
nonlinear mappings F: C—C. The method of proof is based on a connectedness
argument given by Hukuhara [2] for integral equations in the finite dimensional case.

Assume that 7, € K, x, € E and that 2 is the family of all open balanced neigh-
bourhoods of 0in E. Denote by @ the set of all continuous functions F: C—C such
that

1°  F(C) is an equiuniformly continuous subset of C, i.e., for any U ¢ {2 there
exists ¢ >0 such that

F(x)(#)—F(x) (s) e U for each x e C, ¢, s ¢ K such that || 1—s]||<¢;

2°  F(x) (t))=x, for every x e C;

3° for every e >0

x|K,=y|K=>F(x)|K,=F())|K, (x,yeC),

where K,= B(t,, ¢) N K and B(t,, ¢) is the closed ball of center ¢, and radius e.
Let I denote the identity mapping on C. First we shall prove a modification of
some result of Vidossich given in [8].

Lemma 1. For any F e @ there exists a sequence (F,), n=1, 2, -- -, such that
I—F, is a homeomorphism C—C, and lim, _,,, F,(x)=F(x) uniformly in x € C.

Proof. For any positive integer » let

B 1, ifte Kl/n
’“m"{a_ Unllt—tDrtafnt—t]  if te K\Ky,.

It can be easily proved that r, is a continuous mapping of K into itself. By this, the
equality

(1) F)@O)=Fx)(r.(t)) (xeC, teKk)
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defines a continuous mapping F,(x): K—F, and therefore F, maps C—C. Since
lr.(©)—t||<1/n, from (1) and 1° we deduce that

lim F,(x)=F(x) uniformly in x € C.

n—co

Now we shall prove that I—F, is a homeomorphism C—C. For any continuous
function x: K,—E denote by £ the function defined by the formula

t)=x(p(?)) (e K),
where

t ifte K,

P (t)z{to—l—e(t—to)/“t_ton ifte K\K.

Then % is a continuous extension of x and #(K)=x(K,). Since K is bounded, there
is a positive integer m such that KC B(¢,, m/n). Assume that y e C. Putting

x()=y(t)+x, forte Ky,
and

xz(t)zy(t)'l_Fn(fz—l)(t) forte Ki/n (Z=2’ Tt m),

we see that x,, ¢ C and x,,— F,(x,,)=y. Conversely, if x e C and x— F,(x)=y, then
x|K;,,=x, for i=1, - - -, m, so that x=x,. This proves that I—F, is a bijection
C—C. The continuity of F, is a direct consequence of the continuity of F. Suppose
that (x,; @ € A) is a net in C and lim, ., (x,— F,(x,))=x—F,(x). From the defini-
tion of F, and 2° it follows that

(2) lim x,(#)=x(¢) uniformly in ¢ € K;,,.
aCA

Put z,=(x,—x)| Ky, From the definition of Z, and (2) it is clear that lim,. , Z,(?)
=0 uniformly in ¢ ¢ K, so that lim,., (x+Z,)=xin C. As F is continuous, this
shows that lim,., F(x+2)=F(x). Since (x+2)|K,,,=x,|Ky., by 3° we have
F(x+2)|K,,,=F(x,)| Ky, and hence lim, ., F(x,)(2)=F(x)(¢) uniformly in ¢ € K;,,.
As x ()=(x () —F(x)@)+F(x ). () and r,(¢) e Ky, for t € K;,,, this implies
that

lim x,(¢)=x(t) uniformly in ¢ € K,,,.
acd
Since r,(¢) € K;_y,, for t € K;,,,, by repeating this argument we find lim, . , x,(t)=x(z)

uniformly on X, (i=3, ---,m). Thus lim,., x,=x in C, which completes the
proof.
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Let © denote the family of all open balanced neighbourhoods of 0in C. Tt is
interesting that for any F e @ the well-known Hukuhara theorem [2] is also true.

Theorem 1. Let Fe @ and Ue . Then the set
Sy={xe C:x—F(x) e U}
is non-empty and connected.

Proof. Since I—F, in Lemma 1 is a homeomorphism and approximates, uni-
formly, I—F, it follows that the set S, is non-empty. Assume that x,, x, € S;. As
U is balanced, the set T={r(x;,— F(x,):|r|<1, i=1, 2} is contained in U. Since T
is compact, we can choose a V' in 0O such that T+ V+VCU. By Lemma 1 there
exists a positive integer # such that F(x)— F,(x) € V for every x e C, where F, is the
mapping defined by (1). Put

—r(x,—F,(x)) for —1<r<0
r(x,— F,(xy) for 0<r<lL.

a(r):{

It is clear that a(r) e T+ V for re [—1,1]. Letu,={—F,) "(a(r)). Because I—F,
is a homeomorphism C—C and a(r) depends continuously on r, we see that r—u,
is a continuous mapping of [—1, 1] into C. Moreover

u,—Fw,)=F,u,)—Fu,)+ar)e T+V+VCU for —1<r«l,
u_=I—F,)(a(— D))=~ F,)'(x,— F.(x))=x,
and
u=—F,) " (a(1))=(—F,)"(x;— F,(xs)) =x,.

From this we conclude that for any x,, x, € S there exists a continuous curve in Sy
connecting x, and x,, which proves that Sy, is arcwise connected.
The following result is a generalized Kneser theorem for the equation x=F(x)

with Fe .

Theorem 2. Assume that F ¢ @ and the mapping I— F is O-closed, i.e.,
(3) 0e (I=F)(V)=>0e (I—F)V) for every closed subset V of C.

Then the set S={x e C: x=F(x)} is nonempty and connected.

Proof. Forany Ue { there exists an element z,, in Sy, namely z;; which satis-
fies z,— F(zy) € U. Therefore 0 e (/— F)(C) and in view of (3) there is a z such that
z—F(z)=0. Thus S#&. Suppose that S is not connected. Then there are non-
empty open sets G,, G, such that SCG,UG,, SN G,#J, SNG,#< and G,NG,=
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J; let G=G,UG, Suppose that for every Ue £ there exists x, ¢ Sy\G. LetV
={x,: Ue @}. Since x,—F(x;) e U, 0e (I—F)V). Therefore by (3) thereis y e

V such that y=F(y). Moreover, VC C\G, as G is open and x, € C\G for every U
e 0. Hence y e S\G in contradiction with SCG. Consequently, there exists U e {
such that S;CG. On the other hand, G,N Sy =T +G,N Sy, because SCS,. This
proves that S, is not connected, which contradicts Theorem 1. Hence S is con-
nected.

Remark. In particular, the condition (3) is satisfied whenever the set F(C) is
relatively compact in C.

2. Now we consider the differential equation
( 4 ) x/:f(t, x) P x(0)=x0,

where f'is a bounded continuous function from JX E into E, J=[0, a] is a compact
interval in R, and E is a complete locally convex topological vector space. Let 2
denote the family of all open, balanced and convex neighbourhoods of 0 in E.

Lemma 2. For any ue C and U € £ there exists a V in Q such that
S, x(O))—f@t, u(t)ye U  foreveryteld
whenever x € C and x(t)—u(t) e V for every t e J.

Proof. From the continuity of f it follows that for any s e J there exist a
neighbourhood T, of s in R and ¥V, ¢ £ such that

(5) S »—fls,u(s)) e 3U forte T, and y ¢ u(s)+ V..

On the other hand, by the continuity of u, for any s € J there exists a neighbourhood
H, of s, contained in T, such that

u(t)—u(s) e 3V, forte H,.

Since J is compact, there is a finite subset {s,, - - -, s,} of J such that JC(J~, H,,.
Let V=42, V,,. Assume that xe C and x(¢#)—u(t) e V for every te J. For
any ¢ € J we choose s; such that ¢ H,,. Because u(t) € u(s,)+%+V,,Cu(s;)+V,, and
xX()= () —u(@))+u(?) € u(s)+ 4V, + VCul(s)+ 3V, + 5V, =uls)+ V., by (5), we
get

S, () =1, u(@) =(ft, x(€) —[f(s;, uls.)))
+(f(si, u(s))—ft, u(®))) € 3U+3U=U.

which ends the proof.
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It is known [4] that (4) is equivalent to the integral equation
x) =t [ fls, x)ds (e D),
0

‘where f denotes the integral defined in [4].

Put

(6) F(x)(t):x0+j: f(s, x(s))ds  forxe Cand te J.

From Lemma 2 we deduce that F is a continuous mapping of C into itself. More-
over, the set F(C) is equiuniformly continuous. Indeed, as the set f(J X E) is bound-

ed, for any U e £ there is a number. ¢ >0 such that ¢ conv f(JX E)C U, and there-
fore

FE(0—FG@) = [ s, x(6)ds € (¢—=) somv fUx B)C ' = UcU

)

for every x ¢ C, t, 7 € J such that 0<{t—r<e.
From this, by Theorem 2, we conclude that the following is true.

Theorem 3. If f is such that the mapping I—F satisfies (3), where F is defined
by (6), then the set S of all solutions of (4) defined on J is nonempty and connected in
C(J, E). In particular, if the set f(JX E) is relatively compact in E, then S is a con-
tinuum in C(J, E).
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