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On a Pfaffian System Containing Parameters

By
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Introduction

The purpose of this paper is to study a Pfaffian system containing parameters.
When we have no so-called turning point case, our result gives a fundamental
solution.

We consider a completely integrable Pfaffian system of the form

4) dz— ( 3 ff(xf_s)dxi)z
=1 gt®
where we suppose that:
) x=(x,,---,%,) is a complex variable in C",e=(e, ++-,¢,) Is a complex
parameter in C” with ||e||=maX,;.,|¢;| sufficiently small. p(i) are v-vectors with
nonnegative components {p,(0)}. &% stands for a scalar expression

0.1 D = @, i@,

2) <z is an m-vector with components {z,}.
3) The A¥x,¢c)’s are m by m matrices whose components are holomorphic and
bounded functions of (x, €) for

0.2) (x,8) € U(ro) X 23 (g0, 5 @)

with ‘

(0.3) U(r)z{xmxn: max |x,.|<r},
1<j<n

0.4) 2 (oo 0, ) ={e]0< |e||<e,, larg e — | < ax}.

Here, arge denotes a v-vector with components {arge;}, ¢ and a are also v-vectors
with components {@,} and {a,}, so that a vectorial inequality is to be understood to be
component-wise inequalities.
4) The A'(x,e)’s have uniformly asymptotic expansions in powers of ¢
0.5) Ax,e)= >3 AL(x)e* as e—0
&

120



96 S. SHIMOMURA

(cf. §1, Chapter I). The coefficients Ai(x) are holomorphic and bounded matrix
Sfunctions of x for x e U(r). Here |k| is the length of a multi-index k with com-
ponents {k;}, i.e.

0.6) \kl=k+- - +k,
and e¥=gf1. . . gk,
The integrability condition is given by

©.7) 6,,(j)__?aA;(x, ) | Ai(x, ) A(x, )= emw_—ﬁa“l;(x’ ) | Ai(x, A, o)
X, X4

for any (7, j). Since the both sides are considered as asymptotic expansions in
powers of e, these relations can be also expressed by using the A%i(x)’s appearing in
the asymptotic expansions (0.5). When the Ai(x,e)’s are expressed by a formal
power series of the form (0.5) with holomorphic coefficients, the system (4) is called
a formally integrable system if (0.7) holds as a formal power series of . In particular,
we have, therefore,

(2] [Ai(x), A§(x)] = AYx)4(x) — A{(x) 4i(x)=0
which means that the 4¥(x)’s are mutually commutable.
We assume furthermore that

5) For any i, the eigenvalues {2, - - -, 2.} of the matrix AY0) satisfy the con-
dition

(09) {zi’ MR 2;} m {2§;+1’ Y Zzn}ng
namely,
(0.10) #2  for any (a, B) such that a< p, 8>p.

This assumption is called AssuUMPTION 2.

Then, there exists a nonsingular constant matrix S such that the matrices
S~14}(0)S are at the same time block-diagonalized as follows

(0.11) S-1440)S = diag [4i, Ai]

with the same partition independently of i and
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/2;1[ * 2;;+ 1 *
(0.12) A= " , A= .. (upper-triangular)
0 ra 0 i,

for some p (Cf. [1] p. 333 Corollaire 2).
The theorem which we are going to establish can be stated as follows:

Theorem A (Main Theorem). We suppose that all the assumptions imposed on
system (A) are satisfied. Then, for any direction arg =8 in ) (g, @, @), there exists
a nonsingular trgnsformation

0.13) z=U(x, e)v
defined in the domain of the form
0.14) (5, 0) e U(r)) X 23 (e5, 0, ) CU(r) X 25 (&0, 05 @)

such that system (A) is transformed into an fntegrable Pfaffian system of the form

(©) dv:( 3 i((’%idxi>v
i=1 gttt
with
©.15) Ci(x, &) = diag [CH(x, ¢), CH(x, &)].

Here the matrix U(x,¢) is holomorphic and bounded for (0.14), admits for (0.14) a
uniformly asymptotic expansion in powers of e, with holomorphic and bounded
coefficients for x e U(r;y), as e tends to O through the sector }] (ep,0,a’). And, the
minor matrices C*'(x, e) and C**(x, ¢) are holomorphic and bounded functions of (x, )
in the domain (0.14) such that C*'(0,0)=A}"*, C**0,0Y=AL?, and admit uniformly
asymptotic expansions analogous to that for N(x, ¢).

Theorem B (General solution). Instead of AsSUMPTION ¥ we assume that, for
any i, the matrix AY0) has mutually distinct eigenvalues. Then, for any direction
arg e=0 contained in Y, (s, ¢, @), we can find a small sector } (e, 0, &) such that, in
a domain of the form (0.14), there exists a fundamental solution matrix of the form

.16) U(x, &)= P(x, &) exp (M)

Ep(O)

Here, P(x,¢) is a nonsingular matrix, and Q(x,¢) is a diagonal matrix, whose com-
ponents are holomorphic and bounded functions in (0.14), and admit there uniformly
asymptotic expansions in powers of ¢ with holomorphic and bounded coefficients of

x e U(ry) as e—0. p(0) is a v-vector with components {max yj(i)}.
1<i<n
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Once Theorem A has been established, Theorem B will be almost trivial. So
we would like to prove the Theorem A, only.

In Chapter I, the definition and the properties of asymptotic expansions to be
used here will be discussed. And, a theorem concerning the simultaneous block-
diagonalization of several commutable matrices will be proved. Chapter II is
devoted to the proof of existence of a transformation for formal block-diagonaliza-
tion. Namely, in a view point of purely formal sense for asymptotic power series,
the existence of a matrix 1(x, ¢) used for Theorem A will be proved. In Chapter
II1, we discuss an asymptotic validity of a matrix 1i(x, ) obtained in Chapter II.

The notations about vectors and multi-indices are as follows:

1) For two v-ple indices £ and / with components {k,} and {/,}, k<] means
k,; <, for every i, and k</ means k<] and k,</; for some j.

2) For two v-vector a and y with components {«,;} and {r;}, a vectorial
inequality @<y means component-wise inequalities, c«; <y, - - -, &, <7,

3) I, denotes the s by s unit matrix.

The author wishes to express his thanks to Professor Tosihusa Kimura for help-
ful advices during the preparation of this paper.

Chapter I. Preliminaries

§1. Asymptotic expansions in powers of several parameters

Let there be given a function A(x, ¢) which is holomorphic and bounded for

(1.1 (x,¢) e U(r) X X (60> 0, @)

where

(1.2) U@n)={xllx|<riccr

and

(1.3) 2 (oo oy ) ={el |arge—o|<a, 0<|e]|<e}CC7,

r, & are positive constants, « is a v-vector with components {«,} positive numbers,
and ¢ is a y-vector with components {¢,} real numbers.

We shall say that the function A(x, ) admits uniformly for x ¢ U(r) an asymptotic
expansion

(1.4 A(x,e)=~ ZE) A (x)e*

as ¢ tends to the origin through the sector |arg e—o|<a, if, for any natural number N,
there exists a positive constant Cy independent of x in U(r) such that
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(1.5 ‘A(x, O— 2, Ak(X)e"‘SCN [le¥**
kI<N

Jor (1.1).  Simply, we shall also say that A(x,¢) admits a uniformly asymptotic ex-
pansion (1.4) for (x,¢) e U(r) X X (& ¢, @) as e—0.

Obviously, we have

Proposition 1.1. If there be given two functions with uniformly asymptotic
expansions

(1.6) A(x, )~ éo A (x)e", B(x, )~ ]Z>]0Bk(x)ek,

Sor (1.1), then the functions A(x,e)+B(x,¢) and A(x,e)B(x,¢) admit uniformly
asymptotic expansions of the form

(1.7 A(x, &)+ B(x, €) = 2 (4 + By (x)e",
and

(1.8) A, 9B, )= 3 Cy(0)e*

with

(1.9) C)=_ T Au()Bun().

We want to prove the following.

Proposition 1.2. The coefficients of the uniformly asymptotic expansion (1.4)
are uniquely determined.

Proof. 1t is sufficient to prove that if we have

0~ kZ‘:o A (x)e* for (x,e) € U(r)x 23 (e, 0, ).

Then we have necessarily 4,(x)=0 for x e U(r).
Suppose that all the 4,(x)’s do not vanish identically. Then there would be an

index k, such that
(1.10) A (x)=£0 for |k|=|k,|,
A, (x)=0 for [k|<|k,|.

By the definition of uniformly asymptotic expansions, we can find a positive con-
stant C such that
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(L.11) D A= B A<l

1&1<1kol k=1%o

for (1.1). Observe that if ¢ belongs to 3] (g, ¢, @), te does too as long as >0 is
sufficiently small. Hence, inequality (1.11) gives

] 2 lAk(x)(te)’“’gc||t5||nao|+1’

1E1=1%k0o

or

| B A <t-Clle| ™ =o(1).

k| =1kol
Hence, we must have

(1.12) T A(x)eF=0

|k|=1%kol

for (1.1). The expression (1.12) is a polynomial in ¢, so every coefficients must be
zero identically, which contradicts assumption (1.10).
Therefore 4,(x)=0 for all k.

The following two propositions are almost trivial.

Proposition 1.3. A bounded function A(x, £) which admits a uniformly asymptotic
expansion

A(x, €) :kg A (x)e"

for (1.1) enables us to differentiate termwise with respect to x € U(r). Namely, the
uniformly asymptotic expansion

0A(x,e) _ 04,(x) &

1.13
(1.13) 0x; k200X,

holds for (1.11).

Proposition 1.4. A4 bounded function A(x,e) with a uniformly asymptotic ex-
pansion in the form

A(x, e):%}o A, (x)e*

permits us to integrate termwise with respect to x, so that the uniformly asymptotic
expansion

(1.14) I A ae=3 (I Ak(s)dg)sk
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holds, where the integration is to be taken along a path contained in U(r) joining the
two points a and x in U(r).

When a formal power series in ¢ with coefficients bounded for x € U(r) is given,
we need to construct an analytic function which admits the formal power series as
a uniformly asymptotic expansion for an arbitrary sector with respect to e.

The following proposition is a kind of a well-known Borel-Ritt theorem (Cf. [4]
Theorem 9.3).

Proposition 1.5. Let A,(x) for every k be holomorphic and bounded function in
x e U(r). Let there be given any sector ), (&, ¢, «) in the e-space. Then there exists
a holomorphic and bounded function U(x, ¢) of (x,¢) for a domain of the form (1.1)
which admits a uniformly asymptotic expansion

(1.15) U(x, &)= 3 A (x)e*
30
Jor (1.1).
Proof. Without loss of generality, we can assume that
(1.16) =0, ---,0), g<1.

For a given v-ple «, we can find a sufficiently small positive constant g so that

(1.17) 0<ﬁ<-;—
(1.18) arg eﬁn<||ﬁ[a]||<{1.
Let

(1.19) b ={(s‘2p A"("))_l(’“ cUr),  if A(x)=0

0, if 4,(x)=0.

A described function U(x, ¢) is expressed by the power series

(1.20) A(x, e)=k§) A ()7 ()
where

re=1
1.21)

r(©=1—exp (—L’“ ) k>0.

5ﬂ(k)
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The f(k)’s are v-ples (3,(k), - - -, B,(k)) with

B if k,>0
1.22 (k)=
(122 ,) {0 oo
where k; is the j-th component of k.
Observe that, if Re z<0,
2 1z]
(1.23) |1_eZ\=U0 eCdc‘gL &8[1de|<] ],

where the integration is to be taken along a segment between the two points 0 and
z. By using (1.18) and (1.19), we have, therefore,

|Ak(x)7’k(8)€k|£z:g?) lAk(x)l'bk'|6k"s(k’1£|ek_ﬁ(’”!

for e e 3] (¢, 0, ). Hence,

RICDIEDN L

Since
Iek—ﬁ(k)|=]€1|k1—ﬂ1(k) .. .Ievlku—ﬂv(k)

<lea7F- - e, [27F,

the power series (1.20) is uniformly convergent for U(r) X Y] (s, 0, @), so A(x, ¢) is a
holomorphic and bounded function of (x, ¢), there.
It remains to prove that

(1.24) |Ax,e)— 2 A()et| <O(le]*™,

lEI<N

for any N >1. Observe that
’?Y(x, o— 2, Ak(X)ekl
iy

<

> Aux)exp <— b >5"

0<ILTEN At

+} 5 AIEe
k| >N
Since

larg ¢ < |arg ¢ | <larg fr|< 7.,

there exists a constant C% such that
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<Ch el

> Ay(x)exp <— by )s"

0< k<N gf®

Of course, C}, is independent of x. On the other hand,

|, D, 4n@e]< 3 1)

< XS X flef ML [l
|

RSN E>N
where 1=(1, - - -, 1). Thus we have
(1.25) ‘%(x, &— 2, Ak(x)e’“lgCN [e]|¥ 72
1By

for (1.1) with C, a certain positive constant. It is easy to see that inequality (1.25)
implies our desired inequality.

§2. Simultaneous block-diagonalization of mutually commutable matrices

In this section, we have to prove a useful proposition which will play an im-
portant role in a block-diagonalization of a Pfaffian systems.

The following lemma is well known:

Lemma 2.1. For any two constant square matrices A and B of order g, we con-
sider a matrix equation with respect to unknown X

2.1 AX—XB=0.

Then a necessary and sufficient condition for equation (2.1) to have a non-zero solution

X is that the matrices A and B have at least one common eigenvalue (Cf. Theorem 4.1
in [4]).

Now we want to prove the following theorem.

Theorem 2.1. Let there be given m by m matrices A4(x) (i=1, ---, M) holo-
morphic at x=0¢e C". Assume that these matrices are mutually commutable.
Moreover assume that the eigenvalues (X, - - -, 23,} of the matrix A'(0) satisfy

(2-2) {Zia ) Z;} m {2119+15 RS 2}n}z ¢:

for some positive integer p<m. Then, there exists an m by m matrix S(x), which is
holomorphic and nonsingular in a neighbourhood of the origin x=0, such that the
AY(xY's are simultaneously block-diagonalized as follows:

2.3) S-1(x)A(x)S (x)=diag {B*'(x), B"*(x)}.
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Here B*Y(x) and B**(x) are p by p and (m—p) by (m—p) matrices holomorphic at
x=0. For any i, the matrices B*(0) and B**(0) are of upper-triangular form:

(Zf * .. % Ay * e %
AR
Be(0)= B R o
( %) 2,

Corollary. In addition, if we assume that, instead of (2.2), the eigenvalues
{4 + + -, An} are mutually distinct, then the matrices (2.3) are reduced to diagonal
ones:

@4 S (x)AYx)S (x) =diag [4(x), - - -, 2(X)]
for every i.

Proof of Theorem 2.1. We can prove the following proposition by the same
way as that of Theorem 25.1 in [4].

Proposition. Under condition (2.2), there exists a nonsingular and holomorphic
matrix S(x) so that

(B M) 0 ))p
S (%) A(%)S (x) =
0

B“*(x))ym—p
N
y4 m-—p
where the eigenvalues of B“0) and B"“*0) are 2}, ---,2, and 2,4 -+, A0,
respectively.
Let us set

. B¥'(x)  B"*(x)\)p
S (x) A (x)S(x)=
A (B*ﬂ(x) B(x) ))m —p
Since
[S7H(x)4' (0)S(x), STH()4 ()S(X)]=0,
it follows that
2.5) BYY(x)B%?(x)— B*(x)B"*(x)=0
(2.6) BY*(x)B**(x)— B"*(x)B"(x)=0.
We regard (2.5) as an equation for p(m—p) components of B"’”(x). Then by

using Lemma 2.1, the Jacobian of (2.5) at x=0 is nonsingular. Hence, by the im-
plicit function theorem, we have
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B13(x)=0.

By the same way, we have B»?(x)=0. Therefore, 4%(x) (i=1, ---,n) are block-
diagonalized simultaneously by S(x).

Chapter II. Formal block-diagonalization of a Pfaffian system

We consider a completely integrable system

4) dz— ( 3 de,.)z

i1 6#(11)

under the assumptions stated in the introduction. Since the 4%(x, ¢)’s are supposed
to have uniformly asymptotic expansions in powers of ¢, system (4) can be also
regarded as a formally integrable Pfaffian system.

§3. Formal block-diagonalization

We assume that ASSUMPTION ¥ stated in the introduction is satisfied.
We want to prove the following theorem.

Theorem 3.1 (Formal block-triangularization). Under ASSUMPTION U, there
exists a matrix ©(x, €) which is of the form

I, S(x,¢)
@3.D S(x, &)=S(x)
0 I,
and is expressed by a formal power series
(3.2) G(x, )= 2, Sy(x)e*
k>0

with the properties that

(i) S(x) is an m by m matrix which is holomorphic, bounded and nonsingular
for x in a neighbourhood of the origin of C", namely for x & U(r,),

(ii) every ©,(x) is a holomorphic and bounded matrix for x € U(r,),

(iii) the formal transformation

(3.3) z=C(x, e)u
changes formally system (A) into a formally integrable Pfaffian system
() du=(3 2 ax Ju,

ic1 ep(z)

(iii, a) the B(x, ¢)’s are expressed by formal power series
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(34 B(x,e)= 3, Bi(x)e*
£=0

where the Bi(x)’s are holomorphic and bounded for x e U(r,) and have the block-
triangular form with the same partition as S(x, ¢),

3.5 B (BF 0 kI>1
(3.5 k(x)—< B B%n(x)> (k=1
and

irn Biy(x) 0 k=0),
(3.6) Bo(x)_< o Bgﬂ(@) (

(iii, b)  the eigenvalues of the matrices B™(0) and By*(0) coincide respectively
with {%, -, 2} and {2, - - -, 25}

Furthermore we have the following theorem.

Theorem 3.2 (Formal block-diagonalization). Consider a formally integrable
Pfaffian system of the form (B) with AssuMpTION N. Then we can construct a matrix
L(x, ¢) of the form

I, 0
(3.7) s(x,s)=<T(x o >

m-p

which is expressed by a formal power series
(3.83) T(x,6)= LT ((x)e"
k>0

with the properties that
(i) the T, (x)’s are holomorphic for x e U(r,),
(ii) the formal transformation

(3.9) u=32(x, e

changes formally system (B) into another formal integrable Pfaffian system of the
form

©) d’l)=<i Ci(x, )

=1 5,u(i)

dxi>v,

(iii, a) the CU(x, ¢)’s are expressed by formal series in &

(3.10) Ci(x, )= 73, Ci(x)e",
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where every coefficient matrix is holomorphic and bounded for x € U(r,) and of block-
diagonal form with the same partition as T(x, ¢),

Ci'x) 0 >

(3.11) c;;(x)z( 0o civeo

(iii, b) the matrix Cy“(0) and Ci*(0) have the same eigenvalues as those of
B3™0) and Bi*(0) respectively.
§4. Proof of Theorem 3.1

Let

CHY A'(x, ) =2 Aix)e",

be the asymptotic expansion. Since system (A) is integrable, the relations
(4.2) [45(), 4](x)]=0

must be satisfied.

Then, by virtue of Theorem 2.1, there exists a matrix function S(x), which is
holomorphic, bounded and nonsingular for x in a certain neighbourhood of the
origin U(r), such that the matrices S(x)7'4i(x)S(x) are simultaneously block-
diagonalized with the partition of the same size

Ai'(x) 0

4.3) S"(x)Aé(x)S(x)=( 0 Ai)

> (=1, ).

Moreover, A5%(0) and 4%*(0) are of the upper-triangular form

IW. o) IH“. DA
44)  4HO)= S s 4ro)=| .
| o [ Z )

Hence, by applying the transformation
4.5) z=S(x)z",

we can assume without loss of generality that, from the outset, the matrices A(x) have
the form Ay(x)=diag [Ai*(x), Ay*(x)], with (4.4).
The proof of Theorem 3.1 is based on the following fundamental lemma.

Lemma 4.1. Let there be given an integrable system (A) with ASSUMPTION 2.
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Moreover, assume that, for a positive integer N, the matrices Ai(x) for |k|<N—1
appearing in (4.1) have the form

. Apx) 0
(4.6, N) A=\ . ’
A(x)  Ay*(x)
with the same partition as (4.3), in particular
(4.6,0) Aj(x)=diag [45(x), 45°(X)],
with (4.4).

Then there exists a matrix function S y,(x, €), which is a polynomial in ¢ with
holomorphic and bounded coefficients for x e U(r,), of the form

“.7 @(N)(x, e)=I+ mZ_:N@l(x)el,
v 0 S
@8 @z(x)z(o ) )

with the same partition as before, r, being a positive constant independent of N. If
we apply the transformation

“4.9) z=C y,(x, e)u

to system (A), Pfaffian system (A) is changed into an integrable system

(®) e (i Ei(x, ¢)

i=1 E,u(i)

dxi)u

with the properties that:
(1) every Ei(x, ¢) admits a uniformly asymptotic expansion

4.10) Ei(x,e)= ), Ei(x)",

where the E,’;(x) ’s are holomorphic and bounded for x e U(r,) and, in particular,

@.11) Ei9=Ai(9)  |kI<N
4.12 Eiy=(EF ® k=N
@12 k(x)_(E;;’ﬂ(x) E#Z(x))’ I=A

Remark. When N=1, condition (4.6, N) is unnecessary.

Suppose that this lemma has been established. Theorem 3.1 can be proved in
the following manner. We start from system (4) with AssumptioN ¥ and (4.6, 0),
which satisfies the assumptions in Lemma 4.1 for N=1. By using Lemma 4.1, we



Pfaffian System Containing Parameters 109

can find a transformation z'=&,(x,)z* by which the transformed system (4,)
satisfies the assumptions in Lemma 4.1 for N=2. Thus, after N’-times successively
repeated applications of Lemma 4.1, we have an integrable system (4y.,,) which
fills all the assumptions in Lemma 4.1 for N=N’+1. It is obvious that the trans-
formation form z to z¥'*! is given by

(4.13, N’) S (x, )= ,(X, )« - - Sy, (%, &)

Then, we have a desired formal power series

“4.14) S(x, &)= lim &Y'(x, &)=, S, (x)s".
N’'—oo k=0

The discussion about an analytic meaning of series (4.14) will be given in Chapter III.

Proof of Lemma 4.1. Since

E(x, &)= (I+ P @l(x)s‘)_lAi(x, e)([+ = @,(x)el)

S (CICTOR) IR HICTERS
iti=n 0x; Iii=w¥
we derive Ei(x)=Ai(x) for |k|<N—1, and
@.15) EL(X)+Sx) EY(x)=Ai(x) + Ai(x)S(x)

for |k|=N. In particular,

4.16) Ei(x)=AYx).
Let us set
sp= (0 AN, gy (F) e
M) AE) E(x)  E%(x)

with the same partition as before. Then it follows from (4.6, 0), (4.8), (4.15) and
(4.16) that

E" = AP (x)Sy(x)— S()45*(x) + Ay"(x)  for [k|=N.
Now we shall show that S,(x) can be chosen so that
4.17,1) Eb*(x)=0 i=1---,n
for |k|=N. To do this, observe that

0 0

A -y () — o

2 J

@.18) A o= 3 A0, AL]
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for i, j=1,...,n, (formally integrability condition of (4)) where the term
(08/6x,)A} _ ,1,(%) is gotten rid of if k—u(i)£0. From (4.6, 0), (4.6, N) and (4.18),
we derive

(4.19)  AP()A](x)— AP () AR () + AP ()AL (x) — AP0 A H(x) =0
for |k|=N, i, j=1, - - -, n,

(420 A AP — AP AL =0,

“4.21) AP (x) A (x) — A (%) Ay (x) =0,

fori, j=1,--.,n. Set

(50 5
fori=1, ---,n,|k|=N. Then, from (4.19), (4.20) and (4.21), we obtain
(4.22) [A(x), A (x)] =0,
and
(4.23) [2(%(0), 2(0)] =0,

for i, j=1, - --,n. On the other hand, by virtue of (4.4), (4.23), and AsSUMPTION ¥,

there exists a nonsingular matrix U= <0P S) such that U A(0)U= (22)11 %(»
2

with the same partition as before, where %! and U are of upper-triangular form,
and have the eigenvalues same as those of A5%(0) and A%%@0), respectively. Apply-

: —19ps ; ; I, T'(x)
ing the Theorem 2.1 to U-WYx)U (i=1, - - -,n), we obtain T(x)= 01’ J
m-p

such that T-'(x)U ~1A*(x) UT(x)=<* 0), ie.
* ES

—(PT(x)Q7"'+ RO A5 *(x) + A5 (x)(PT(x)Q ™"+ RO ™)+ A ™(x) =0,
fori=1, ---,n, |k|=N. This implies that
Sy(x)=PT'(x)Q'+RQ™
satisfies (3.17, i) for all i=1, - - -, n, simultaneously. Furthermore, if we regard
(417, 1) A () S(x) — S() 4y *(x) + Ay (x) =0

as linear equations for the p(m—p) components of S,(x), it is easy to see that this
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has a unique solution S,(x) holomorphic and bounded for x ¢ U(r,), where 7, is
chosen so that 43'(x) and A%*(x) have no common eigenvalues if x ¢ U(r,). There-
fore S,(x) is holomorphic and bounded for x ¢ U(r,), r, being a positive constant
independent of N.

Finally, the formal integrability of (E) is verified by a simple computation.
This completes the proof of the lemma.

§5. Sketch of the proof for Theorem 3.2

The desired matrix E(x, ¢) can be given such that
T(x, o)=2. T(x)e"= [[ wnZ(x,e).
k=0 N=1
Here, the matrices
%(N)(x, =1+ (lll_lN Ty(x)et

with

~ B 0 0
9= (Tl(x) 0)

are determined inductively as follows.
Assume that the transformation

u=%,(x, &) - - xp(x, u¥
changes system (B) into
B)x P ) G (S0
izl eﬂ(i)
with
B*N(x,e)= 3, By (x)e",
k>0

0
B;;N(x):(: *> for |k|<N.

Then, in the same way as for the case of &(x,¢), one can determine ¥ . (x,¢) so
that the transformation " =% y,,,(x, eu”** changes (B), into

By duNH:(ﬁ dei)uw
i=1

et



112 S. SHIMOMURA
with

BU¥i(x, )= 3 BT (),
k=0

B;.'C,N+1(x)= * 0 fOI‘]k|<N—I—1.
0 =x
Thus we can construct a desired formal power series T(x, ¢).

Chapter III. Block-diagonalization of a Pfaffian system

Under the assumptions stated in the introductions, we study a completely
integrable system

(4) dz= ( 3 A_i(’fzf)_dxi>z,

i=1 ey(i)

and want to prove Theorem A. In Chapter II, under the same assumptions, we
have already proved the existence of a formal transformation of the form

(1) z=8(x, e)T(x, e)v
by which system (A4) can be block-diagonalized as follows
(€) dv= ( 3 Mdm)v.
P SO
Here the matrices C¥(x, ¢) are formally expressed by

C¥x,e)= %}0 Ci(x)e"

where coefficient matrices Ci(x) are holomorphic and of block-diagonal form with
the same partition as the A450). Since &(x,¢) and T(x,e) are expressed by formal
power series in ¢, system (C) has only a formal meaning. We shall show that the
transformation (77) has an analytic meaning.

§ 6. Analytic block-diagonalization

Analytic validity of transformation (7) is clarified in the theorems below.

Theorem 6.1. Let there be given a completely integrable system (A) which
satisfies the assumptions stated in the introduction. Take any direction arge=0
contained in the sector Y, (e, @,a) " C*. Then there exists a holomorphic matrix
Jfunction ©(x, ¢) defined for
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6.1) (x,8) e U(r'YX 3 (e, 0, &)

with the properties that:
(i) ©(x,e) admits a uniformly asymptotic expansion to the formal series
appearing in Theorem 3.1,

(6.2) S, 9= 3 S0

as e tends to zero through the sector 3, (s5, 6, &),
(ii) the transformation

(6.3) z=8(x, e)u

changes system (A) into a completely integrable system

(B) du— ( 3 ii("_’i)_dxi>u,

a0
(ii, a) the matrices B¥(x,¢)’s are holomorphic for (6.1) and of lower block-

triangular form

64 B <B"’“(x, 9 0 >

B (x,¢)  Bb™(x,¢)
(ii, b) we have uniformly asymptotic expansions
6.5 BY(x,¢)~ go Bi(x)e* (e—0)
for (6.1), where the B}'c(x) ’s are holomorphic and bounded matrix functions of x in U(r}).

Theorem 6.2. Under the same assumptions as in Theorem 6.1, system (B) can
be transformed into a completely integrable system

(€) dv— ( 3 dei>v

= er®
by applying a transformation
(6.6) u=3(x, e)v

with the properties that:
(i)  Z(x,e) is holomorphic for

(6.7) (x,&) e UGr{) X 2 (e, 6, )

and admits a uniformly asymptotic expansion to the formal series appearing in
Theorem 3.2,
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(6.8) T(x, )~ 3] T()e*  (e—0)
k>0

Jor (6.7),

(ii) the Ci(x, ¢)’s are block-diagonal matrices with the same partition
6.9 Ci(x, e)=diag [C"!(x), C**(x)]
defined for (6.7), and have uniformly asymptotic expansions

Ci(x, &)~ ’CZZIO Ci(x)e* (e—0)

Jor (6.7).

If Theorems 6.1 and 6.2 are once established, Theorem A can be derived easily.
So we shall prove these two theorems in the remaining part of this paper.

§7. Proof of Theorem 6.1

By applying, if necessary, a nonsingular and holomorphic transformation of
the form

z=SX)w

we can assume without loss of generality that every matrix 4i(x) has a block-
diagonal one with the same partition for every index i. So we consider system (A4)
with block-diagonal matrices 4i(x).

As was already shown in the proof of Theorem 3.1, a formal transformation of
the form

I, S(x)
z=C(x, e)u S(x, &)= (0 )

L,
changes systam (A) into a system of the form

du=(ﬁ Bi(x,¢) dxi>u’

S e

BiY(x,e) 0
Bi¥(x,e) B“*(x,¢))

Bi(x,¢e)= (

By a direct calculation, we see that the equation for determining a matrix S(x,¢) is
given by

(S) o0 05 _ ginnie o) 4 401(x, &)S— SAM2(x, &) — SAVI(x, &)S

0x;
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where A*#(x, e) denotes the (@, f)-block of the matrix 4%(x, ¢) in our partition.

Since system (A) is completely integrable, we have identities

e 04" | g0 047 4 s
X, 0x;

This relation is also written by relations among the 4“*f(x,¢)’s. Then, a simple
computation shows that system () is also completely integrable.

On the other hand, as was already proved, system ($) is formally solved.
Namely, there exists a formal solution of the form
.1) S=>] S (x)"

k>0
with S,(x) holomorphic and bounded for x ¢ U(r,).
The following facts should be noticed.

(S.1) System (S) is a completely integrable Pfaffian system.
(S.ii) System (S) is nonlinear.
(S.iii) System (S) possesses a formal solution such that

S(x, 0)=0.

(S.iv) The leading term of the right-hand member of (S) is 4}'(0)S—S45%(0).
If we regard (S) as p(m— p)-vector equation with respect to the p(m—p) unknown
components of S, by virtue of AssumprioN U, Lemma 2.1, and the completely
integrability condition of (S), one can assume that, for every i, the Jacobian matrix
with respect to S is nonsingular and of upper-triangular form.

Therefore, the problem of studying an analytic meaning of the formal solution
(7.1) is reduced to the problem of solving the following nonlinear problem.

Lemma 7.1. Let there be given a completely integrable nonlinear Pfaffian system

n

(7.2) dw=3, E% £, w, e)dx,
where we assume that

(1) w is an M-vector with components {w,}, the u(i)’s are multi-indices with
positive components.

Q) The fi(x,w,e)’s are M-vectors whose components are holomorphic and
bounded functions for

(1.3) (x,w,e) e U(FO)X{W | ||WH<W0}>< 2 (eos P, a@).

Moreover, we have asymptotic expansions in powers of



116 S. SHIMOMURA

(7.4 fix, w, e):kZZ]o Si(x, w)e*

uniformly for x e U(r,), ||w||<<w,, as e tends to zero through the sector Y, (&, ¢, a).
The coefficients fi(x, w) are holomorphic and bounded vector functions for x e U(r,),
[wl[<ws.

(3) For every i, the Jacobian matrix A* defined by

4i=91"0,0,0)

aw

is nonsingular and of upper triangular form.
(4) There exists a formal solution of the form

(1.5) w= 3 c(x)e*

16121

with ¢, (x) holomorphic and bounded in U (r).
Then, for any direction arg e=0 in the sector }, (e, ¢, @), system (7.2) possesses
an actual solution w= §(x, ) which is holomorphic and bounded for

(7.6) x,0e U)X 2 (e, 6,a)

and admits a uniformly asymptotic expansion to the formal solution (1.5) for (7.6) as
& tends to zero through the sector Y, (g, 0, o).

By the help of this lemma, analytic validity of a formal block-triangularization,
namely Theorem 6.1 has been now established.

Proof of Lemma 7.1. By virtue of Proposition 1.5, there exists a vector func-
tion ¢(x, ¢) such that
c(x, &)=~ cp(x)e®
14721
uniformly for x € U(r,) as e tends to zero in }; (e, ¢, @). Then the transformation
z=w—c(x, ¢) changes system (7.2) into

7.7 =31

i=1 6;z(i)

(L'z+p'(x, 2, €))dx,

with
Pi(x, 2, ) =a'(x, &) + G (x, &)z+g'(x, 2, ¢),
where G(x, ¢) are M by M matrices such that
G'(x, &)=0(| x ||+ D,

and d’(x, ¢) and g(x, z, ¢) are M-vectors such that
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ai(x, ‘e):'O uniformly for x e U(r,) in }; (&, ¢, @)
&°(x, z,&)=0(| z|").

Let us set
V(x)=] exp [e=*® A,x1].
i=1

Then, by virtue of the integrability condition of (7.7), the solution of the integral
equation

(7.8) =5 VY@ opE 26,9, 94z,

satisfies system (7.7). Here, the path of integration I",(x, a) will be given later such
that I"(x,a) U - - - UL, (x, a) ends in x. Therefore, it is sufficient to prove that the
equation (7.8) possesses a solution z(x, ¢) such that

i) z(x,¢) is holomorphic for U(r’)X X (e, 8, ), r’, e, and a’=(a};) being
sufficiently small positive constants,

il) z(x, £)=0 uniformly for x € U(r’), as ¢ tends to zero in ; (s, 6, &').

If we choose the paths of integration as follows, the proof of the above asser-
tion is very similar to that of Theorem 26.1 of [4]. So the proof of this is omitted.

Determination of the paths of integration. Let us set
AZ:dlag [[07i, ft P%{]'I“NZ:

where N’ is nilpotent and of upper-triangular form. Since A' (i=1, ---,n) are
nonsingular, there exist real constants @] such that, for ¢ ¢ {¢|arg e=6},

cos (arg (" Py exp (v —16)#0 (=1, .- -, M).

Hence, we can choose sufficiently small positive constants «f, - - -, a, 4, - - -, 47,
and § such that

|cos (arg (e™* 7o} exp (v — 10%)))|> 8|0} >0
if e € {e]|arge—0|<a’}C{el|arge~o|<a}, &' =(af, - - -, &),
|0'—6f|<4 (=1, ---,n).
Then, we set
U'={x||arg (a£x)—06,|< 4}, ®
X'={e|large—0|<a’},
T+(xi):{$iléi:txi+(l_t)aia 0<r< 1},
r-)={&1& =, +(1—1t)(—a), 0<r<1},

* A denotes the closure of 4.
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where
@0:(633 "’s@g)9 A:(AI’ _..,An)

and a=(a,, - - -, a,) is a point contained in U(r,) such that arg e=6,. Furthermore,
for (x,¢) e U'X 2", we put

L ())={l|Re (7" pi(x;—E))< —Ble " V(x,— &) for &, € 7.(x.)},
L_(@)={l|Re (e7*Ppix,—E))< — ple™*(x,— &) for &, e y_(x)}.

Note that L () UL_(i)={1, - - -, M }.
Let 7i(x, a) be a line segment from

(xls s Xiots a(i, l): a(l+13 l)a . 'sa(nz l))

to
(xb sty Xyt Xy, a(i+lbl)ﬂ ot 'ya(n’ l))s
with
i l L ]
a(i, Iy = a e L,@)
—a, leL_(i).

Then, for each i, the path of integration I",(x, @) is given as a set of M paths 7i(x, a),
which is used in the integration of the /-th component of the integrand vector. Thus
the paths of integration are determined.

§8. Outline of the proof of Theorem 6.2
In the same way as for the matrix S(x, ¢), it is shown that the transformation

u==(x, e with T(x, e)z( 1, 0

»

T(x,e) I,_,
T(x, ) satisfies the nonlinear Pfaffian system

) changes system (B) into system (C), if

@.1) emgl:zai»ﬂ(x, o)+ B4(x, &) T— TB*\(x, e).

X, c '
This system satisfies the conditions which are similar to conditions (S.1), (S.ii),
(S.iii) and (S.iv). Hence, applying Lemma 7.1 to system (8.1), we conclude that
(x, ) have the properties stated in Theorem 6.2.
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