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§1. Introduction

We study an abstract Volterra integrodifferential equation of the form
¢
(E) x’(t):cx(t)—l—j K(t —x(@)de+F(@),  x(0)=x,,
0

in a Banach or Hilbert space X. Here ’ denotes the strong derivative with respect
to the variable ¢ ¢ R* =[0, «), F: R*—X and c is a real scalar. For each ¢ ¢ R*,
K(?) is a linear operator with domain dense in X. In particular, we will consider
the case with K(#)=B(t)A+ G(t) where 4 is the infinitesimal generator of a strongly
continuous cosine family. Here B(z) and G(¢) are real-valued functions of the form

By=p+[ bexr,  Go=r+| g()ds

with b, g in CY(R*)N LY(R*), and >0 and y real constants. If K(¢), F(¢) and the
solution x(¢) are sufficiently smooth, then the differentiated form of (E) is

(E)  X'(O)=cx'()+Lx(t)+ J: Kyt —ox(@)dc+ f (1), x0)=x, x'0)=,

where L=K(0), K,(1)x=K'(t)x for each x in the domain of K(z), f(#)=F'(t) and
Vo=cx,+ F(0).

In Sections 2 and 3 we obtain conditions which imply that solutions x(z) of (E)
depend continuously on the pair (x,, F). Here we also deal with the question of the
existence of a unique solution to equation (E) on R*. This work is motivated by
the well-posedness results in Miller [13] and Grimmer and Miller [6].

Sections 4 and 5 deal with questions of stability and asymptotic behavior as
t— oo of solutions of equation (E). In this part of the paper we restrict our atten-
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tion to the case where the abstract space X is a Hilbert space.

An equation of the form (£) arises in a model for heat flow in materials with
memory proposed by Gurtin and Pipkin [7]. This model exhibits certain behavior of
a hyperbolic nature. An alternate parabolic model for heat flow proposed by
Coleman and Gurtin [1] has been studied by many authors, see Miller [14] and its
bibliography. Studies of well-posedness and stability similar to those here, but for
abstract integrodifferential equations having parabolic form, appear in papers by
Friedman and Shinbrot [5], and, more recently, Miller [13] and Miller and Wheeler
[15].

Dafermos [2] has used Lyapunov techniques to investigate stability properties
of equations in Hilbert space which have the same form as those studied in this paper.
Also, in a series of papers (see [8], [9] and their bibliographies) Hannsgen has analyzed
uniform stability properties of scalar integrodifferential equations with a parameter,
and used these results to obtain stability results for equations in Hilbert space having
the form of the equations studied here. In the work of Dafermos and Hannsgen it
is assumed that the scalar kernels occurring in the equations studied satisfy positivity,
monotonicity and certain convexity assumptions. We make no such assumptions
here; instead, we assume that the corresponding kernels are integrable on 1 >0. As
a consequence of this we must use different techniques, and the stability results we
obtain are of a different nature.

§2. Continuous dependence

This section deals with the question of continuous dependence of solutions x(z)
of equation (E) on the pair (x,, F).

We recall the notation L=K(0), K(t)=K'(¢) of the Introduction. We will
assume throughout this section that the forcing function F(¢) belongs to CY(R*; X),
and that

(Al) The operator L is a closed linear operator with domain D(L) dense in
X while for each 7e R*, the domain of the linear operator K(#) contains D(L).
Moreover, for each x € D(L), K(¢t)x € C'(R*; X), and there exist continuous positive
functions x and k, with ¥ € L*(R*) and &, ¢ L'(R*) so that

@.0 [K@x[<e@) 1 xllz, [ KOx[|<ro?) | x]lz
for all e R* and all x e D(L).
Here || x||z=||x||+||Lx|| denotes the graph norm.

Let BU denote the Banach space BU={fec C(R*; X):f is bounded and uni-
formly continuous} with norm || f||=sup {|| f(#)||: # € R*}. Define the Banach space
Z=X X X X BU X BU with the norm {|(x u, f, FY||=| x|+ lu|+|f|+] F]. Define
the linear map C on the domain
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D(CY={(x,u, f, F) e Z: x and F(0) e D(L), Fe C?,
F' e BU, F"+ K()ex+FO)]+ K(+)x e BU}
by

@2 Clx,u, f, F)
=(L+c]x+cFO)+ F'(0), LF(0), F', F”+ K(-)lcx+ F(O)]+ Ki( - )x).
Here I denotes the identity operator.

We begin by showing

Lemma 2.1. The operator C is closed.

PI’OO_](: Let Zn:(xn: Ups f;w Fn) € D(C)a Zp 2y = (x(): Uy, Jloa FO) ¢ Z and Czn"")
(»,w,9,G)in Z. Since L is closed and LF,(0)—w, we see that Fy(0) e D(L) and
LF(0)=w. Also, since L is closed, we find that x, ¢ D(L) and Lx,= y— c’x,— cF,(0)

—9(0).
Next we observe that
(2.3) F/(6)—G(t)— K()[ex, + F(0)] — Ko(2)x,, n— oo,

uniformly for ¢ on compact intervals in R*. To verify (2.3) we use the bounds
(2.1) to write

[ F () — G(2) + K(O)exo + Fy(0)] + Ko()x, |
<IF =G+ K(lex, + F(0)] + Ko )ox |
+ (1) [| e —x0) + Fo(0) — Fo(0) [ + #o(2) || X0 — X1,

and (2.3) follows by letting n—oo. Thus, we apply the fundamental theorem, and
use (2.3) to take limits under the integral to obtain

00)=90)+ | {66)—K@lexo+ FO)]— Ko}
A second use of the fundamental theorem and passage to the limit yields
Fy(t)=F(0)+£9(0)+ f: j 0 (G(e)— K(©)exo + Fo(O)] — Kof(e)xededs.
We can differentiate this last line to see that F, e C?, F{=g ¢ BU and Fy'+ K(-)[cx,

+ F0)]+ Ky(+)x,=G ¢ BU. Thus, z,¢ D(C) and Czy=(y,w, g, G); hence, C is
closed. Q.E.D.

Hext we show
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Lemma 2.2. D(C) is dense in Z.

Proof. Let z=(x,u,f, Fye Z and ¢e>0. We must find z,=(x,, u, f, F;) ¢ D(C)
so that ||z—z,||<e. Since D(L)=2X, pick x, € D(L) so that |[x—x,[|<e/2. To find
an F,, we begin by using the denseness of D(L) to pick a ¢ D(L) satisfying || F(0)— ||
<e/6. Next, let £&(r) be a nonnegative function so that £ € C*(— o0, ), £(0)=1,
&#)=0for|¢t|>1and &(—1)=&(0)=0. Set ¢(¢)=[cx,+ a]te’+ &(¢)x,, and define

g(t)=j:° K(@)d(t —)de.

It follows using the first inequality in (2.1) and the definition of ¢, that g ¢ BU.
Moreover,

9O =—K0x+ | K@t~
9"(0)=—Ktn— KOlexo+al+ | K@t —ode.

Hence, g’ and 9"+ K(-)[exo+a]+ Ki(-)x, lie in BU. Let + be a C*function with
v ¢ BU forj=0,1,2, and ||F—g—||<e/6. (For example, let m(z) be a non-
negative, scalar, C=-function with support in [—1, 1] such that

f m(z)de=1.

Extend the domain of definition of F—g to (— o0, o) by setting F(¢)—g(¢t)=F(0)
—9(0) when ¢z <0, and mollify F—g to obtain

V=0 [ m@ =)o@ — gz

for each §>>0. Then +{” € BU for j =0, 1,2, and | F — g —,|| <e¢/6 for § sufficiently
small.)
Define Fy(t)=a+4()—4(0)+ g(t) — g(0). Then F,e BU, Fy(0) =« e D(L),
Fj e BU and F{/ 4 K(-)[cx,-+ Fy(0)] 4+ Ko - )x, € BU. Also,
|F—F|<|F—+¥—gl+le—y0)—g©0)]]
<e/6+ | a—F(0) ||+ FO)—v(0)—g(0)]|
<¢f2.
Thus, zy=/(x,, u, f, F;) € D(C) and || z—z,|| <e. Q.E.D.
Define

o) =[L+ KF@R)+ cK*(A)+ I — 21T
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at all points 2 with Re 2>>0 for which the inverse exists as a bounded linear map on
X. Here * denotes the Laplace transform so that, for example,

K;“(Z)x:J: Ki(o)x exp (—Ac)de

for all x € D(L) and all points 2 with Re 1>0.

Lemma 2.3. Suppose p(2) exists for some A with Re 2>>0. Then, given z ¢ Z,
there exists z, € D(C) so that

2.4 (C—2Dz,=z.

Moreover, if Re 2 is sufficiently large, z, can be chosen so that
(2.5) [z | <M@) ||z|

where M(2) does not depend on z.

Proof. Suppose that 2, Re 2>>0, is so that p(2) exists. Given z=(x, u, f, F)
e Z, we must find z,=(x,, u,, f;, F;) in D(C) so that (2.4) holds. Set F,(0)=0, x,=
pDIF*(A)+x], and F0)=2*x;— Lx,—c*x,+x. Also, define u;=—u/2® and fi=
(F{— f)/2* where

2F ()= eu{F;(O) + f: e‘“G(r)dz'}
- e‘“{F{(O) +L ehG(f)df},
with
G(t)=F(t)— K(t)cx,— K(t)x,.
Our choice of x; and Fi(0) yields F;(0)+ G*(2)=0; hence, we can rewrite F,(¢) as
VF ()= — et j °° e~ *G(z)dr

2.6)
_ e‘“{F{(O) +L e"G(t)dr}.

It is easy to verify that this z, € D(C) and that equation (2.4) holds.

It remains to show that if s=Re 2 is large enough, then there exists a constant
M(2) which does not depend on z so that (2.5) holds for this choice of z;. We be-
gin by finding a constant M,(4) which is independent of z so that

@7 IFIO)< M) ||zl
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To obtain (2.7), recall that F;(0)=—G*(1). Then, using the definition of G(z),
the bounds (2.1), and the definition F;(0)=A%x,— Lx, — c’x,+ x, we obtain
IFIO)I I Fll o+ c] £*(0) +£5(o)] || x|z
<IIFl o™ +[le| £*(0) + &5 (@1 +]2F +[c[) [l [+ x|+ F1(0) []-

For ¢ sufficiently large, |c| £*(¢) + £§{(0) <1/2; hence, using the definition of x,, (2.7)
follows with

M@)=20""+ (1A +[27 +[cf) oD 1 +07)+ 1.

Next, starting with equation (2.6), and using (2.1) and (2.7), we deduce that for
t>0,

IEOI<{e [ e U FI+ 6 e+ me) 15 1de

+ e (IFO 1+ [[ e TP+ 66 el +ae) Ide)} /213

L2 e N Fll 4+ £ llo tel o7+ [l 1 [l 41 F1(0) [1/2}
<IATHo (5]l Tel o7+ [ ao[DIA +12F +[cP) | o@D || (L +07)+ 14 My(2)]
+ M.(2)/2} ||z ||
=My2) | z].
Also, if we differentiate both sides of equation (2.6), we find after some mani-
pulation that
Fl(t)= — AF()— &* r e G(z)dx.

The second term can be bounded using the methods of the previous paragraph, and
we obtain

IFION<{ 2] M)+ 07+ (]l [e] 67 + [ oL+ 2F + ) [[ o@D (14071
+ M)+ 11} || 2|
=M, | z] for £ >0.

Finally, using the definitions of x,, u;, f; and F, as well as the last two estimates,
we have

Izull= N2+l |+ A1 F
<le@I A+o™) 2]+ Uull+IFN+ 1D 12172+ £
<{le@Il (1 +07)+ 1+ My(2)) 2172+ Mo} | 2|
=M(2) |z,
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where M(4) does not depend on z. Q.E.D.

By a solution of equation (E) we mean a function x: R*—D(L) so that x(0)=x,,
x(t) e C(R*; X), Lx(¢t) e C(R*; X) and (E) is true for all t1>>0. By a generalized
solution we mean the limit uniformly on compact subsets of 0<¢t < oo of a sequence
of solutions.

We make the additional assumption.

(42) For any point (x,, u, f, F) € D(C), there exists a unique solution x(¢, x,, F)
of equation (£) on R*.

Let 7, denote the projection onto the first coordinate of Z. For (xy, u, f, F)
e D(C) define

]
@8) U S, F)= (30 f, Fot || Ko ox(e)d)
0
where x(¢)=x(t, x,, F), and F,(s)=F(¢ +s) denotes translation. Thus, for each # >0

( F,+ r Kb_rx(f)df> (5)=F(t+5)+ It K(t +s—1)x(r)de
0 0
for all s>0.
Lemma 2.4. Let z ¢ D(C? and x(t)==,U(t)z. Then x"'(t)=n,U(t)Cz for t >0.

Proof. Fix z=(xy, u, f, F) € D(C? and let x(t)=n,U(¢)z. Let X(z) be the
solution of (E) with X(0)=[L + c¢¥]x,+ ¢F(0)+ F’(0) and forcing function ¢=F"+
K()[exy+ F0)]+ K - )x; thus, X(#)==,U()Cz.

Let * denote convolution. An application of the fundamental theorem yields

X()=[L+ A x+ cFO)+ F'(0)+ 1scX (£) + 15K X (2) + 1x4(2).
Define 3’ =cx,+ F(0)+ 1xX, p(0)=x,. Then y"(#)=X(¢). Also,

V(1) =cxy+ F(0) + t{{L+ *1x,+ cF(0)+ F'(0)}
4 L lweeX () + 1515 K X (¢) + D 12g(2)
=cxo+ F(0)+ t{[L+ A x,+ cF(O)+ F'(0)}
+ K y(2)— 1% Kxy— 12 1xKexy— 11 KF(0) 4 L Lxc X (2)
+ L 1x{F""(8) + K(t)ex, + K(#)F(0) + Ko(2)x}
=Xy + 162y + teF(0) + 1x15c X (#)+ K+ y(t) + F(¢)
=cy(t) + Kxy(t) + F(2).
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By hypothesis (A2), (E) has a unique solution with initial value x, and forcing
function F; hence y(¢t)=x(t), and x"(¢)=X(¢). Q.E.D.

Define the normed linear space

W={(x,u,f, F)e Z: x e D(L), Fe C', F' ¢ BU}
with norm
166w, f, F)lw =1Cx, 4, f; )| +|[IL + *Lx + cF(0) + F/(0) ||+ F'|.
For fixed T >0 define
CW)Y={(3(t), u, f, F(t, -)): [0, T]—W: continuous}

with norm || z||¢w, =sup {|z(¢) |lw: 0<t < T}

Lemma 2.5. C(W) is a Banach space.

Proof. The completeness of C(W)is an immediate consequence of the com-
pleteness of W. The proof of the completeness of W is a routine exercise which
uses the definition of the W-norm and the fact that the operator L is closed; hence,
we will omit the details. Q.E.D.

We are now ready to state and prove our result on continuous dependence.

Theorem 2.1. Suppose (A1) and (A2) hold, and let p(2) exist for some 2 with
Re 2>0 so large that inequality (2.5) of Lemma 2.3 is valid. Then the solution
x(t, x,, F) of (E) depends continuously on (x,, F) in the sense that for any T>0, there
is an M =M (T)>0, such that for 0<t <T,

2.9) [13(2, X0, F)| <M (|| % || +sup {| F(2)||: 0<z<oo0})
Jor all (x, u, f, F) e D(C).

Remark. 1In the next section we exhibif a class of kernels K satisfying (A1)
for which the existence-uniqueness hypothesis (42) is valid, and for which p(2) exists
for all sufficiently large positive 2.

Proof. Fix T>0. 1t is not difficult to check that U: D(C)—C(W) where,
for 0<t < T, U(t)(xy, u, f, F) is defined by (2.8) when (x, u, f, F) ¢ D(C). Moreover,
U is a closed operator from D(C) with its graph norm || z||o=||z| 4] Cz|| into C(W).

To verify that U is closed, first observe that since C is closed, D(C) with its
graph norm is complete. Thus, let the sequence {z,=(X,, U, f,, F,)} and z,=
(%o» Uy, o Fy) be so that ||z, —zl|/c—0. Also, suppose that

Uzn:(xn(t)a Uy, f;w e9;%0’ ’))-"(y(t)a v, 9, g(t’ ))
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in C(W). Here, & ,(t, -) is defined by
F (1, 8)=F,(t +5) +L K(t +5—o)xn(0)dz,  s>0.
Then: Hxn(t)—y(t)“_>03
F (1 VDt Y] Oz 9w N
1 u(t, )—2(2, )[—0, H S 7ot )—Lat )H 0,
H[L+ o) =YY + cF o2, 0)— % (2, 0) +%[%(z, 0—%(, 0)]!'-—>0,

where each convergence is uniform for #in [0, T']. It follows that || Lx,(¢)— Ly(?)||
—0 uniformly for 0<¢#<T. Thus, we may integrate equation (E) for x/(¢) from 0
to ¢, apply the fundamental theorem, use the first bound in inequality (2.1) and let
n— oo to obtain

() =x,+¢ L )(s)ds i j 0 f o K(s—1)y(c)dzds +I: Fy(s)ds.

Hence, y satisfies (F) with initial value x, and forcing function F,. By the uniqueness
hypothesis in (42) y(t)=x,f) for 0<s<T. Finally, to see that Z(z, -)=F(t, ),
observe that for 0<¢<T and s ¢ R,

19(t 5)—F (1, DN || F o, )= F o8, )|+ || F ot 5)—=%(2, 5) |
=[|F (1, ) —F (1, 5) [+ 0(1)
as n—oo. Then, using the definition of %, and &%, and the first bound of 2.1),
let n— oo to obtain %(¢t, s)=F (t,s). This completes the proof that U is closed.
To continue with the proof of Theorem 2.1, let 2, Re 2>>0, be such that p(2)
exists and inequality (2.5) holds. Fix z=(x,, u, f, F) € D(C). Choose z;=(x, uy, f;, F,)

€ D(C?) satisfying (2.4) and (2.5), and write x,(¢)==,U(¢)z,. Using (2.4) and Lem-
ma 2.4, we find that for 0<¢ < T,

[X@ == U@)z]| =7 UEXC — 2Dz ||
(2.10) <[ @O+ 7 U0z |
A+ O+ [[mU 0z}

From the definition of the norm, || - ||, we have
[m U@z | <[ U@)zillw,  0<Zt<T.

Also, differentiating equation (E) for x,(¢) and then substituting equation (E) for
x1(¢) into the resulting expression yields
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M) =[L+ T (t) + c(Fl(t) +j K( —r)xmdr)
+JO Kyt — ) (0)de + F(1).

Hence, using the definition of || - ||, we have
U@z llw =[x/,  0<t<LT.

Thus, after substituting the last two inequalities into inequality (2.10), and using the
definition of || - ||¢wy, We find that

NOI<2A 412D N Uzllogr,  0<t<T.

Since U is a closed linear map from D(C) with its graph norm to C(W), U is bounded
[18, p. 181]. Combining this with (2.4) and (2.5), we obtain

X <20 +12P) [ U] [l 22|+ Cz |}
<2(14+12P) 1UN Tl 211+ (L 12 (122 ]
<20 +12P) UL+ M @A +2P] |21l
=M]z|

where M = M(T).

This inequality is true for all choices of u and fin z=(x,, u, f, F); in particular, it is
true with z=(x,, 0, 0, F). But, for this choice of z, the last inequality is simply (2.9).
Q.E.D.

§3. Well-Posed problems

We say that (E) is uniformly well-posed if for each pair (x,, F) with (x,, 0,0, F)
¢ D(C), there exists a unique solution x(z, x,, F) of equation (£) on R*, and if for
any T>0, || x(z, Xy, F)||—0 uniformly on [0, 7] as ||(x,, 0,0, F) |—0. In this section,
we give an example of a class of problems which are uniformly well-posed. We
begin by obtaining conditions that guarantee that the existence and uniqueness
hypothesis (42) holds.

Consider the initial value problem

G x(O)=cx()+ j “[B( —0)Ax(0) + Gt —x@lde + F(1),  x(0)=x,,
0
where c is a real scalar, B(¢) and G(¢) are real-valued functions in C*(R*) with B(0)

>0, and Fe CA(R*; X). The closed, densely defined linear operator 4 will be as-
sumed to satisfy
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(43) A is the infinitesimal generator of a strongly continuous cosine family
C(Z), te R:(—— 0, oo)

The fundamental work on cosine families is that of H. O. Fattorini [3, 4] and
M. Sova [17]. For more recent results concerning cosine families and abstract non-
linear second order differential equations, we refer the reader to the paper by C. C.
Travis and G. F. Webb [19].

Since x(r) satisfies (3.1) if and only if y(¢#)=exp (—ct)x(2) satisfies

¥(0)=| exp (et =B —)Ap(@)+ Gt — (@)l +exp (—cF (),

y(o) = xO:

we may assume without loss of generality that ¢=0 in equation (3.1). Moreover,
since B(0)>>0, there is no loss of generality in assuming that B(0)=1. Finally, it is
clear that solving equation (3.1) with ¢ =0 and B(0)=1 is equivalent to finding x(¢)
e C¥(R*; X) with x(¢) € D(A) and Ax(¢) e C(R*; X) so that

62 XO=U+T0O+ [ B —DAXE) + 9~ e+ ()

x(0)=x,, x(0)=wv,, where b=B’, g=G’, f =F’, y=G(0) and v,= F(0).

In order to state and prove our existence and uniqueness result for equation
(3.2), it is necessary to introduce the following notation and lemma from the theory
of cosine families. For proof we refer the reader to [19].

Let A be the infinitesimal generator of a strongly continuous cosine family C(z).

t

The operator S(¢), defined by S(t)x:f C(o)xdr, xe X, teR, is called the corre-
0

sponding sine family. Also, define the sets D(4) and E by

D(A)={xe X: C(t)x e C¥(R; X)}, E={xeX:C()xe C'(R; X)}.
With this notation, Travis and Webb [19] prove

Lemma 3.1. Assume that (A3) holds and that fe C'(R*; X). Then for each
x, € D(A) and v, € E, there is a unique function u(t) ¢ CA(R*; X) with u(t) e D(A)
which solves the initial value problem

(3.3 u'O)=Au(®)+ f(0), w0)=x, ' (0)=1v,

for t e R*. Furthermore, this u(t) can be written as
(2

(3.4 u(t)=C(t)x,+ S(t)v, —l—j St —1) f(r)dz, t>0.
0

Using this lemma we prove
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Theorem 3.1. Let (A43) hold, f e CY(R*; X), and both b and g belong to C'(R™).
Then for each x, ¢ D(A) and v, ¢ E, the initial value problem (3.2) has a unique solution
x(t) on R™.

Proof. Our proof is similar to the proof of Lemma 7.2 in [13].

Fix T>0. Let 0<¢,<T and define d(t,)={w:w maps [0, #,] into D(4) with
w(t), w'(¢) and Aw(t) continuous}. Since A is closed, it is easy to see that d(z,) with
norm ||| wlj|=sup {|w(®)|.+]|w'(#)]:0<r <t} is a Banach space. For w e d(t)
define

mw(t)=rw(t)+j: [6(t —2)Aw(z) + gt — Iw(D)de

on 0<t<t, Then ¥ w is strongly continuously differentiable with
T w) ()=7w'(t)+b(0)Aw(2) + g(O)w(7)
4
+ L [/(t — ) Aw(z) + g'(t — )w(o)]dx.

From Lemma 3.1 it follows that for any w e d(t,),
' (O)=Au@)+{¥w@)+ (O}, w0)=x, u'(0)=w,

has a unique solution u=¥'w which is again in d(z,).

Since ¥',w is linear, we see, using formula (3.4), that we can decide whether ¥'w
is a contraction map by computing the norm when x,=v,=0 and f(#)=0. If
we d(t,) and ||| w]]|<1, then

1w <l71+ [ (6E)|+19E)Ddz.
Thus, using formula (3.4) with x,=v,=0 and forcing function ¥,w(¢), we obtain
1Pl | 156 =)l T de
<[ {iri+] qe@I+19@Dasds
=m{j7ie+ [ =060 +19)ds}.

where M is a bound for |C(¢)| and || S(#)||on [0, T] and 0<¢t <1, If we differentiate
the expression for F'w(z), we obtain

Twy() =j: C(t — ) w(z)dr.
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Then, as above, we find that

(@Y OI<M{rl e+ [ (=905 +1g6)Dds)

for 0<t <t, Finally, if we integrate the expression for ¥'w(t) by parts, and ob-
serve that &' w(0)=yw(0), we obtain

wa(t):j: (t —o)C()yw(0)de
+ J: J:_S (t —s—w)C )T w) (s)duds.
Since 4 is closed, w(0) € D(A4), and 4 commutes with C(¢) on D(4), we have
Aﬁ (t —2)C()yw(O)de :L (t —2)C () Aw(O)dc.
Also, it is well-known from the theory of cosine families [17, p. 14] that for aﬁy xeX,
f: (t—2)C(c)xdz € D(A) and
4 L (t —)C(e)xdr=C(t)x—x.

Thus, again observing that A4 is closed, we may apply 4 to the above expression for
Tw(t) and get

A;lfw(t)zf (t —2)C(E )y Aw(O)dz
+ L [C(t —)— T W) (t)dx.

Then, using the expression for (¥',w), and recalling the definition of ||| w||| and the
fact that ||| w]|||< 1, we obtain

|4Tw@)< [ =21 C@Il 1711 4w d
+[ 1ce—o—111@wy@) o
<M 17| ¢+ + D{(71+BO+gODe + [ (=B 1+1g©Dds .

It follows that
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il WWIIIS(M+1){(4Ir!+lb(0)l+|g(0)l)to
to
+ [ =9 1601+ 2191+ 1(0) |+ 9/6) s} <1
for #, sufficiently small. The contraction mapping theorem implies the existence

and uniqueness of a solution of (3.2) on [0, z,].
Translate (3.2) by ¢, to see that y(¢)=x(¢ + f,) must satisfy

13
Y O=IA+1T150+ || Gt =D A+ 9 — )iz
to
+{F 0+ [ G+ =) A0+ 9+ 6 Dx(ds),
¥0)=x(z,), ¥ (0)=x'(¢,). Clearly the term in brackets, that is, the new forcing
function, is strongly continuously differentiable, and y(0)=x(z,) ¢ D(4). To see that

y'(0)=x'(t,) belongs to E, we note that ¥x=x, and hence, using the representation
(3.4),

X(t) = C(6)%g+ S(1)v,+ j 0 St — )T x(e)+ f(2)}de

for 0<¢<#,. From the theory of cosine functions [19], we can differentiate the last
expression and write

X =St A+ Ctoot [ St—HTW @)+ f @)

It is well-known [19] that S(7)A4x, € E. Since C(r)C(t)=2"Y(C(r +1,)+ C(r —1,))
and v, ¢ E, we have that

dirco)ca(,)v(,:z—lA(S(r 10+ S —1)00),
and, hence, C(#,)v, ¢ E. Finally, if g(¢) is strongly continuous on 0<¢t <1,,
@) L S(ty—0)g()de
:I: j: C(r)C(s)g(c)dsdz
=27 [ [Tt +9)+ co—sg(erdsaz.

Using this last expression, it is easy to show that
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h(C(r + 1) — C(r) L S(ty—2)g(@)dz
:I:° Qh) j: (C@r + ty—t+1u)— C(r — 1o+t +u))g(c)dudr.

It follows using the strong continuity of g(z), the continuity of C(z)x for each x ¢ X,
and the dominated convergence theorem, that

2o [ st—ngs

Thus, since (¥,x)’ + f’ is continuous, the last term in the expression for x’(z,) belongs
to E. Hence, x'(¢,) belongs to E.

Therefore, the same argument can be repeated to obtain a solution to (3.2) on
[to, 2], [2t5, 3%,), - - - until [Nt,, T] where (N +1)t,>7T. Since T is an arbitrary
positive number, this proves existence and uniqueness on R*. Q.E.D.

In order to give our example of a class of problems for which (£) is uniformly
well-posed, we make the assumption
(44) The scalar functions B and G are of the form

B(1)=5+ j: bE)ds, — Gt)=r+ L g(e)dz

with b and g in C}(R*) N LY(R*) and >0 and 7 real constants.
We have

Theorem 3.2. Assume that (A3) and (A4) hold. Then the initial value problem
(3.1) is uniformly well-posed.

Proof. Since >0, we may assume without loss generality that 3=1. The
existence of a unique solution x(z, x,, F) to (3.1) for each (x,, 0, 0, F) € D(C) follows
from Theorem 3.1 and the remarks preceding equation (3.2).

Define K(¢) by K(¢)=B(t)4+G(t)I. Since (43) and (44) hold, L=K(0)=
A+7Iis closed and densely defined, K(#)x is strongly continuously differentiable for
each x e D(L), and there exist positive functions x(z) € L*(R*) and k() ¢ L'(R*)
such that the inequalities (2.1) hold. Thus, K(¢) satisfies the assumption (41).

Finally, p(2) of Theorem 2.1 becomes

oD ={[A+ 711+ b*DA+ g* D) + c(B* DA+ G* Q) + T — XTI}

Since B*(2), G*(2), b*(2) and g*(2) all tend to zero as Re 1— 0, p(2) exists if and
only if
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(=7 —g* ) —cG*A)— (1 +b*() + cB*(2)

is in the resolvent set of 4 when Re 2 is sufficiently large. Since A4 is the infinitesimal
generator of a strongly continuous cosine family, it is known [3, p. 90] that the re-
solvent set of A contains 2> whenever Re 2 is sufficiently large. Thus, since the last
expression is asymptotic to 22 as Re 2— oo, p(1) exists for all sufficiently large positive
A.  Therefore, the hypotheses of Theorem 2.1 are satisfied, and problem (3.1) is
well-posed. Q.E.D.

We remark that if (43) and (44) hold with &’ and g’ both of exponential order,
if x, and v,=F(0) both lie in D(A4), and F ¢ C*(R*; X) is such that || F”(¢)|| is of ex-
ponential order, then the solution x(f) of (3.1) is such that |[x(z)|, ||x'(¢)|| and
|| 4x(z)|| are all of exponential order. This argument proceeds as follows. As above
we may assume that c=0 and f=1. Hence, if we differentiate equation (3.1), we
see that x”/(¢) satisfies (3.2). Equation (3.2) together with (3.4) imply that x(¢)
satisfies the equivalent equation

x(1)=C(t)x,+ S(t)v,

3.5 ¢ .
3:5) +L S(t _f){rx(f) +L [b(z— 5)Ax(s) + gz — )x(s)]ds —%—F’(z‘)}d‘:.

The argument used in the proof of Theorem 3.1 may be used again to see that 4x(z)
satisfies

Ax(t)= C(t)4x,+ S()Avy+ [C () —1lyxo+ F'(0)]
(3.6) + J: [C(t—2)—1] {rx’(r) + b(0)Ax() + g(0)x(z)

+ J [/ —5)Ax(5) + g/ (e —x(s)lds + F"(f)} dr.

If we set w(¢)=x'(¢) and z(¢) = Ax(¢), then equations (3.1), (3.5) and (3.6) are three
coupled equations for x, w and z which contain only bounded linear operators.
Since || C(¢) || and || S(¢) || are of exponential order [19], the exponential order of || x(z) |,
[w(®)|| and ||z(z)| now follows using standard comparison arguments from integral
equations (see, e.g. [12, pp. 121-122]).

The preceding remark justifies the Laplace transform arguments of the next
section.

§4. Stability considerations

We now consider some stability properties of solutions of equations of the form
(3.1) when the scalar kernels B and G satisfy assumption (44). Throughout the re-



Linear Volterra Equations 295

mainder of this paper, we assume that the space X is a Hilbert space. We also
make the additional assumption:

(45) Aisaself-adjoint, negative definite, closed, densely defined linear operator.
Moreover, the resolvent operator R(u; A)=(A—pl)™" is compact when it exists.

It is well-known (see Taylor [18, p. 343]) that if (45) holds, then there exist
eigenvalues {z,} satisfying 0>y, >p,> - - -— — o0, and a complete orthonormal set
of corresponding eigenvectors {¢,} associated with 4. Moreover, a complex number
 is in the spectrum of 4 (i.e., p € o(A4)) if and only if p=y, for some n, and in this
case A¢n:‘un¢n

We remark that (45) implies (43). Indeed, if {E)} is the spectral resolution of
the identity for A, then it is easy to check that

C(t)x= I '

cos (W —At)dEjx, xe X,

is a strongly continuous cosine family with infinitesimal generator A.
Since in assumption (44) §>0, we may assume, as in Section 3, that f=1. In
this case the differentiated form of equation (3.1) is

@) X=X O +A+ IO + [ [ — X + g @Mz + £,

x(0)=x, x'(0)=v,, where f =F’ and v,=cx,+ F(0). We choose to state our stability
results in terms of equation (4.1).

Let L?(R*; X) (1 < p< ) denote the space of measurable functions f(¢) from
R* into X with || f(?)| € LP(R*). -

Definition 4.1. Assume that both b(¢) and g(¢) belong to C*(R*) N L'(R*) and
that (45) holds. The initial value problem (4.1) is called L*-stable if for any x, € X,
v, € X and f(¢) e L'(R*; X), the unique generalized solution x(¢, x,, v, f) of (4.1) be-
longs to LA(R*; X).

Our stability results will be stated in terms of Laplace transform conditions.
We first give a condition which must necessarily hold if (4.1) is L*-stable.

Theorem 4.1. Assume that equation (4.1) is L*-stable. Then it is necessary that
1+ b5*(2)#0 when Re 2>0.

Proof. The method of proof is essentially the same as that for Theorem 5 of
[14]. Namely, suppose 1+5*(2,)=0 for some 4, with Re 2,>>0. Then, either 22—
ch—r—9*(2)=0, or (¥—ci—y—g*(D))/(145b*(2)) has a pole at 2,. Since p,—
— oo as n— oo, it follows that for all sufficiently large # one can find solutions 1=4,
of the equation
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A—cly—7— 9% Q) — (1 +56*(2,)) =0

with Re 2,>0. It is an easy matter to verify that the function x,(f)=exp (1,¢)4, is
a solution of (4.1) with x,=4¢,, v,=2,¢, and

F© = exp (e —Nb)+ 9@ Nde5,

Using the fact that Re 1,20, it is not difficult to show that || £(¢)|| ¢ L'(R*). Final-
ly, since Re 2,20, ||x,(¢)||— oo, and it follows that (4.1) is not L*-stable. Q.E.D.

Our hypotheses sufficient to guarantee the L*-stability of problem (4.1) will in-
clude the following Laplace transform conditions: '

(T1) 1+5%()#0  for Re 1>0.
T2 2—ci—7—g* D) — (1 +05*(2))#0 forn=1,2 ... and Re 2>0.

As Theorem 4.1 and its proof show, a necessary condition for equation (4.1) to be
L’-stable is that the transform assumptions (7'1) and (72) hold for 1 in the open
half-plane Re 1>>0. As a practical matter, if L’-stability is to be guaranteed, we
should generally have that (7'1) and (72) hold on Re 2=0 as well as in the open
half-plane. Otherwise, if, say, 1+5*(1)=0 had a solution on Re 1=0, then a small
perturbation could shift this root into the open right half-plane. However, the case
where 14 5%(2)#0 for Re 2>0, 210, but 14 5*(0)=0 will be considered separately
in Section 5.

We now derive two lemmas needed in the proof of our theorem giving condi-
tions which are sufficient to guarantee that equation (4.1) be L-stable.

Let B(X) denote the space of bounded linear operators on X. Also, let H*0; X)
denote the Hardy class consisting of all functions A4(2) from Re 2>0 into X which
are analytic on Re 2>>0 and which satisfy:

() sup {r’ \h(o+i7) de: 0>0}< o
(ii) A(ic)= lim A(o+i7) exists almost everywhere and belongs to L*(R; X).
=0+

Lemma 4.1. Let p(t) and q(t) be real-valued functions in L'(R"), let «<0 and y
be real constants, and assume that the operator A satisfies hypothesis (A5). Assume
that

42 2—a2—2p*D—7—q*D)—pm,+0  forn=1,2,--. and Re 1>0.
Then the B(X)-valued function

Q= —ad—2p* D) —r—q*(A)—A]"
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is defined for Re >0 and satisfies
sup {r | T*(o+iz)2 de 0'20} < oo

‘ Proof. Recall that since the operator 4 satisfies (45), || R(2; 4) || < [dist (1, a(4)] ™
(see, e.g., [18, p. 343]). Thus, Lemma 4.1 will follow provided we can show that
there exists a positive constant M such that

dist (2—ad—2p*(D)—7—q*(), o(A) > M(z|+1)

whenever 2=¢+ir with ¢>>0 and — o0 <7< o0.
Suppose that the last inequality is not satisfied. Then there exists 1,=0,4i7,
such that

(4.3) dist (4, — a2, — 2.P* () — 71— q*(4,), a(4) <((z,|+ D/n.

If there exists a subsequence n=n, such that 1,—1, as n—oo and such that (4.3)
holds, then the continuity of p*(1) and ¢*(2) implies that (4.2) fails for 4, and some
eigenvalue y,, € a(4), a contradiction. Therefore, we may suppose that 2,— o in
Re 1>0as n—> .

We now consider two cases. First, suppose that there exists a subsequence
n=n, such that |z,|<e,/2. Write p*(1,) =Pyt iPswm 9¥(A)=0q:,+iqs,, and recall
that both p*(2) and g*(1) tend to zero as 2—oo in Re A>>0. Thus, as n— oo,

Re (4 —ad,—2,0*(2)—r—q*(.)
:O‘?L_T?L—_aon—anpln—‘_Tnpm_r—qln
>30;,/4—a0,—0(0,) 2 0,/2=]7,|.

Since ¢(4)S(— =, 0), the above calculation contradicts (4.3).
On the other hand, suppose that there exists a subsequence n=n, such that
|z,|=>0,/2. Recalling that « <0 and ¢,>0, we see that in this case
[Im (22— a2y — 2,0*() — 1 — 4 *()|
2(20n—0() ITn|—'o'n [pZn]_|Tn| lpln[_lqzn!
z_aifnl—o(lrnl)z—a|7n|/2 asn—co.
This time (4.3) is contradicted since o(4) is real. Q.E.D.
Lemma 4.2. Assume that the hypotheses of Lemma 4.1 hold. Define the B(X)-

valued function R*(2)=2AT*(2) for Re 2>0 where T* is as in Lemma 4.1. Then for
each x e X

sup {jw | R*(o+ic)x || de: a_>_0} < oo,
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Proof. Forn=1,2, .-, define the scalar functions
RID=AC—ad—2p*D)—7—q*(D)— 7%, Re 2>0.

Since p and ¢ belong to L'(R*) and (4.2) holds, each R¥(2) is continuous on Re 2>0
and analytic on Re 22>>0. Moreover, each R¥())=0(|1]™!) as 1—oo in Re 1>0;
hence, R} belongs to H%0; C) and by a theorem of Paley and Wiener [16, p. 8] each
R¥ is the Laplace transform of a real-valued function R,(¢) ¢ LXR*). Thus, for
n=1,2, ...

(4.4) sup {rw |R¥(o+ic) de: 020} = j " IRzGo)p de.

‘We now show that
@.5) sup {r |R;s(if)12df;n:1,2,...}<OO_

Since each R,(t) € LA(R™), it is clear that (4.5) holds provided that we show that the
L*-norms of the R,(¢) are uniformly bounded for all sufficiently large n. Write p*

=pi+ip;, ¢*=q,+iq,, and set y,=+ —p,, D=||p|\,, d=|r|+]|/q],. We have
| R¥(i7) P =2 {(2" —opoit) + 7 + qu(iT) + ) + (ar +zpi(it) + (i)} 7,

and recalling that p(¢) and ¢(2) are real-valued it is easy to check that
j "\ REGO] de=2 j " |R¥Go) de.
—co 0

For # sufficiently large, decompose this integral as

[CRsaorac=([""7 4[4[ [T ) IREGo a

0 pp—~D-1 a+D+1 27

=L+L+L+1,.

Since p*(it) and g*(iz) tend to zero as z— oo, we have

L< f ”"”:1 Aoz -+ pilic)+ gulic)) e
3223)—}— Da~?+0(1) as n—oo.
If >7,+ D+ 1, then
' —ep(it) +7+aquit) + . > —Dr—d +p,
>27.+ Dy, +1—d>0
for all large n. Thus,
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290 00
13+14s( j "y j )fz(‘fz—fpz(if)+7‘+q1(if)+#n)’zdf
pp+D+1 29n

< (JZM + JW )z‘z(z'z—Dz-~ d+ ) tdv.
nt+D+1 27p

7

It is easily seen that
Iéf; (c*— De—d + ) *dr
— it f : W — Dups — dp— 1) %du
<7t : W’Bu*/4—1)"%du
<4y;? J:c u”tdu=2n7", n large.

In order to estimate the remaining two integrals, we first observe that an
elementary calculation yields the integral formula

(4.6) I A — ) de = %f(az—ﬁ)-ur 4% log | (e —6)/(z +0)).
Thus,

20
ISSI ’ (P —De—d+p,) %z

pp+D+1

270
<" 2D —dt )k

P+ D+1 4
as n—oo. Here we have used formula (4.6) with 6,=+/2Dy,+d— p, to evaluate
the last integral, and recalled that 7% = —y, when we let n—co in the resulting ex-

pression.
Finally, observe that for ¢ <y, —D—1 and n large we have

—rpfic)+r+a(icy+ p,<?*+Drt+d+p,
<—29,— Dy, +D+d+1<0.

Thus, using formula (4.6) with 6,=+/— Dy, + D*+ D —d —p,, we find that

n=D~1
I, gJ‘” (¢ + Dr+d + ) dz

0

<[ e Dy DD d ) (D +2)2
0

as n—oo. Thus (4.5) holds.
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To conclude the proof of the lemma, fix x ¢ X and observe that by the spectral
decomposition formula

R¥R)x =27 REQAX, $n) -

Here <, -> denotes the inner product in X and the sum is from n=1ton=oo. By
(4.4) and (4.5) we can find a constant M such that

[" iRt dr=3 [ REG+iR)F delCn g0F

<3 [ IREGDF dz (< T
<2 MKx, gyl =M || x|P,
and the proof is complete. Q.E.D.

Theorem 4.2. Let A, b and g satisfy the conditions of Definition 4.1, and assume
that (T'1) and (T2) hold. In addition, let b'(¢) € L'(R*) and b(0)+c¢<0. Then
equation (4.1) is L*-stable.

Proof. Define the scalar resolvent function r(¢) by
4.7 r(&)=5b(t)—bxr(z), >0,

where as in Section 2
bar (f) =I‘ b(t —D)r(2)dz
0

denotes convolution. It is well-known (see [12, Chapter 4]) that r(z) e C(R*).
Since (7'1) holds, the classical result of Paley and Wiener [16, paragraph 18] yields
r(t) e L'(R*). By differentiating equation (4.7), we see that we also have r’(¢) e C(R*)
N LY(RY). ‘

Fix x, and v, in D(4), f(¢) e CY(R*; X)N LY(R*; X), and let x(z)=x(¢, x4, Vo f)
denote the unique solution of equation (4.1) on # >>0. An integration by parts yields

rax”(t)=r’=x"(t) + b0)x'(t) —r(t)v,,

where we have observed that »(0)=5(0). Thus, if we convolve both sides of equation
(4.1) with r(¢), and use the last equality together with (4.7), we find that x(z) satisfies

xX"()=ax'(t)+ pxx'(£) +[A+ 7 I1x(t) + g =x(t) + h(2), t>0,

(“8) x0)=x,  x'(0)=w,

Here a=5(0)+ ¢ <0,
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pO=r'()—cr(t),  g(O)=9O)—r+g)—7r@),

and

h(ty=f(O)—r=f (@) —r(®)v,.

Clearly, the real-valued functions p(¢) and ¢(¢) lie in C(R*)NLYR*), and A(¢)
e C(R*; X\)NL(R*; X).
An elementary calculation yields

F—ad—2p* (D=7 —q* D) =@ —c2—y—g* D)/ +b*(2),

and using (7'2) it follows that (4.2) holds. Therefore, we can define the X-valued
function z*(1) on Re 1>>0 by

¥ =R*Dx,+ T*D[—axo— p*(A)xo+ vy + A*(2)]

where R*(2) and T*(2) are the B(X)-valued functions defined in Lemmas 4.1 and
4.2 respectively. Clearly, z*(2) is continuous on Re 2>0 and analytic on Re 1>>0.
Since | p*(1)|<||p | and ||*(D)]| <| 4]}, we have

[Z* @I R*Q%, [+ T*@ I e + 1 L] I xoll+ [0 ]| 41 211,
and by Lemmas 4.1 and 4.2 it follows that

sup {r |z*(e+iz)|? dz: 020} < oo,
Thus, z*(2) lies in the Hardy space H%0; X). Since X is a Hilbert space, the theo-
rem of Paley and Wiener used in the proof of Lemma 4.2 is true for functions in
H*0; X) [5, p. 164]; hence, there exists a function z(z) € LA(R*; X) whose Laplace
transform is z*(2) for all Re 1>0.

Next, observe that by the remark at the end of Section 3, ||x(¢)||, [|x'(¥)|| and
| Ax(2)|| are all of exponential order whenever both x, and v, lie in D(4) and f(¢) ¢
CY{R*; X)NLY(R*; X) with | f/(¢)|| of exponential order. Thus, there exists ¢,>>0
so that we may take Laplace transforms in equation (4.8) when Re 1>¢,. After an
elementary calculation using our definitions of 7%, R* and z*, we obtain x*(1)=z*(1)
for Re 1>0,. Uniqueness of Laplace transforms implies that x(¢)=z(¢) for almost
all ¢ >0; hence, x(¢) ¢ LA(R"; X) provided that the initial data and forcing function
are sufficiently smooth. But by Theorem 3.2 we have that solutions of (4.1) depend
continuously on parameters. Thus, an elementary density argument may be used
to show that the generalized solution x(¢) of (4.1) belongs to LA(R*; X) for all x,, v,
in X and f(¢) e L'(R*; X). Q.E.D.

We remark that equation (4.1) must be L*-unstable if «=5(0)+c¢ >0 in Theo-
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rem 4.2. To see this rewrite equation (4.1) in the form (4.8) and observe that when
a>0, 22—al—y—y, has roots at

=(at AV +4G + p)/2;

hence, Re 2,=a/2>>0 for all large n. On a circle of radius «/2 about 2,, the quad-
ratic form 2—a@A—7— p,, has modulus approximately equal to «|2,]. Since [2p*(2)
+g*()|=0(|1]) as 2— oo in Re 21>0, Rouche’s theorem implies that for all suffi-
ciently large n (4.2) fails with 1 in the open half-plane Re 2>0. Thus, (72) is not
satisfied for some 1 in Re 2>>0, and the proof of Theorem 4.1 shows that equation
(4.1) is unstable. The case where @=0 appears to be difficult to analyze.

§5. Homogeneous equations

In this section we obtain some additional stability results for the homogeneous
equation

6.1 xX'()=cx'(t)+[A+7I]x(t)+ J: [6(t —)Ax(c)+ g(t —)x(z))dz,

x(0)=x,, x’(0)=v,. Here the operator 4 and the scalar functions b and ¢ satisfy
the assumptions of the Section 4. We remark that the integrated version of equa-
tion (5.1) is equation (3.1) with forcing function F(z) identically constant.

Theorem 5.1. Let the hypotheses of Theorem 4.2 hold. Then for each x, e D(A)
and v, € E, the solution x(t)=x(t, x,, V,) of equation (5.1) and x'(t) are both in LX(R; X).

Proof. Since x(¢) e LR* ; X) by Theorem 4.2, we need only show that x'(¢) ¢
I*(R*; X). To see that this is true, recall the expression for x*(2) in the proof of
Theorem 4.2, and write

(D)= 2x*(2) — X,
=[AR*(Q) —I1xo+ R*(D[— X — p* ()Xo + vo— 1 *(A) 0]
for Re 2>>0. Since x, € D(A4), an elementary calculation yields
[AR*()— ITxy=[a+ p*(DIR*(2)x,
+[g*@) +71T*@)x,+ T(2)Ax,.

Since p(t), q(t) and r(¢) lie in L'(R*), Lemmas 4.1 and 4.2 may be used to show
that (x)*(2) belongs to H*0; X); hence, x'(¢t) € L*(R*; X) by the theorem of Paley
and Wiener and uniqueness of Laplace transforms. Q.E.D.

We conclude this section by examining the stability of equation (5.1) in the case
where b*(1)# —1 for Re 2>0, 10, but b*(0)=—1. Observe that 14+b*()=
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AB*(2) must have a zero at =0 whenever the kernel B(z) in the integrated form of
equation (5.1) belongs to L'(R™).

Theorem 5.2. Let (AS5) hold, and assume that b and g both belong to C'(R*)N
LY(R"), that b'(t), t*b(t) and t*g(t) all belong to L'(R"), and that b(0)+ ¢ <O0. Assume
that the transform conditions (T'1) and (T2) hold for all 2 satisfying Re 2>0, 1+0.
At 2=0 assume that the three conditions

(52 *O)=—1,  (*)'(0)#0,
(5.3) g*O)=—7,
(5.4 (e +@*YON/O)YO)# -,  (r=1,2,--)

are satisfied. Then for each x, ¢ D(A) and v, ¢ E, the solution x(t, x,, v,) of equation
(5.1) has the form x(¢)=X%x+ x,(t) where X ¢ X and x,(t) e L*(R*; X).

Proof. Let r(¢) be the scalar resolvent function defined in (4.7). Since the
only zero of 1+5*(2) in Re 2>0 is a simple zero at 2=0, and since #?b(¢) belongs
to L'(R*), a result of Jordan and Wheeler [11] yields that » has the form r(f)=r,+
r(2) with r, a constant and r,(¢) in LZ'(R*). By substituting this expression for r into
(4.7) and differentiating, we can easily show that r,/(¢) ¢ L'(R*) as well.

If we use the above expression for r(¢) in equation (4.8) with f()=0, we find
that x(¢) satisfies

(5.9 x'(t)=ax'(t)+ poex'(t) +[A+ (r — er)l1x(2) + g *x(2) + h(2),

x(0)=x,, x’(0)=7v,, where a and ¢(¢) are defined as in the proof of Theorem 4.2,
and

pi(O)=ri(t)—cr(2), h(t)=cryx,—ry0,—ri(t)v,.
Here p\(t) e C(R*)NLYRY). Also, since tg(¢) ¢ L'(R*) and (5.3) holds, it is easy to
see that r—l—jt g(z)dr belongs to L'(R"), and it follows that g(¢) e C(R*) N LY(R*).
An elemoentary calculatibn yields
Pl 2pFQ) 7+ ory— * D =@ — =1 — D)L+ 5*D)

for Re 1>>0, 20. Also, letting 4 tend to zero in Re 2>>0 and recalling that 14-5%(2)
has a simple zero at 1=0, we obtain

—7+er—q*(0)=—(c+(g*)O)/®*)(0).

Thus, using the transform hypotheses (72) when Re 2>0, 2+#0, and (5.4) at 2=0,
we see that the B(X)-valued functions



304 R. K. MILLER and R. L. WHEELER

T¥Q=[—aa—2pF D) —7 +cry— g (D) —A]™

and R¥(Q)=AT#(2) are defined for Re 1>0, and that Lemmas 4.1 and 4.2 hold for
T#(2) and RF(2), respectively.
Define the X-valued function z#(2) on Re 1>0, 10, by

zF )= RE@)xo+ TF D[ —exo— pFQ)xo +vo—rF (Dol
+27TFR)— TEO)eryx,— revl.

From the resolvent equation [18, p. 257] we find that

ATE@)—TFO)]

_ _[F=ad=1=0*Q | c+@O | x0)rs
= { AL @) T a9 }Tl(O)Tl(z)

for Re 2>0, 2£0. Since £2b(¢) and t?g(¢) lie in L'(R*), b*(2) and g*(2) are C? in
Re 2>>0, and it is easy to show that the term in brackets in the last equation has a
finite limit as 4 tends to zero in Re 1>0. Therefore, we may define z¥(0) so as to
make z¥(2) continuous at 2=0, and using Lemmas 4.1 and 4.2, we find that z¥(2)
lies in the Hardy space H*0;X). Thus, there exists a function z(¢) e LX(R*; X)
whose Laplace transform is z#(2) for all Re 1>>0.

As in the proof of Theorem 4.2, we may take Laplace transforms in equation
(5.5), and we find that

x* )=z )+ 27 TFO)eroxo—rev

when Re A>¢, for some ¢,->0. Then uniqueness of Laplace transforms implies
that x(¢) =X+ x,(t) where Xx= T(0)[crox,—r,v,] and x,(t)=z,(¢) for almost all #>0.
Q.E.D.

We remark that extensions of Theorem 5.2 to the case where 14 5*(2) has
several (possibly multiple) zeros both on Re 2=0 and in Re 2>0 would be of use
in analyzing the structure of solutions of equations (5.1). Results of this nature for
the nonhomogeneous equation (4.1) would also be of interest.

References

[1] Coleman, B. D. and Gurtin, M. E., Equipresence and constitutive equations for rigid
heat conductors, Z. Angew. Math. Phys., 18 (1967), 199-208.

[2] Dafermos, C. M., Asymptotic stability in viscoelasticity, Arch. Rational Mech. Anal.,
37 (1970), 297-308.

[3]1 Fattorini, H. O., Ordinary differential equations in linear topological spaces, I, J. Differ-
ential Equations, 5 (1968), 72-105.

[41 Fattorini, H. O., Ordinary differential equations in linear topological spaces, II, J. Differ-
ential Equations, 6 (1969), 50-70.



[5]
[6]
[71
[8]
(91
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

Linear Volterra Equations 305

Friedman, A. and Shinbrot, M., Volterra integral equations in Banach space, Trans.
Amer. Math. Soc., 126 (1967), 131-179.

Grimmer, R. C. and Miller, R. K., Existence, uniqueness, and continuity for integral
equations in a Banach space, J. Math. Anal. Appl., 57 (1977), 429-447.

Gurtin, M. E. and Pipkin, A. C., A general theory of heat conduction with finite wave
speeds, Arch. Rational Mech. Anal., 31 (1968), 113-126.

Hannsgen, K. B., The resolvent kernel of an integrodifferential equation in Hilbert space,
SIAM J. Math. Anal., 7 (1976), 481-490.

Hannsgen, K. B., Uniform L* behavior for an integrodifferential equation with parameter,
SIAM J. Math. Anal., 8 (1977), 626-639.

Hille, E. and Phillips, R. S., Functional analysis and semigroups, Rev. ed., Amer. Math.
Soc. Collog. Publ., vol. 31, Amer. Math. Soc., Providence, R. I., 1957.

Jordan, G. S. and Wheeler, R. L., Structure of resolvents of Volterra integral and inte-
grodifferential systems, SIAM J. Math., Anal., to appear.

Miller, R. K., Nonlinear Volterra Integral Equations, W. A. Benjamin, Menlo Park,
California, 1971.

Miller, R. K., Volterra integral equations in a Banach space, Funkcial. Ekvac., 18 (1975),
163-193.

Miller, R. K., An integrodifferential equation for rigid heat conductors with memory, J.
Math. Anal. Appl., to appear.

Miller, R. K. and Wheeler, R. L., Asymptotic behavior for a linear Volterra integral
equation in Hilbert space, J. Differential Equations, 23 (1977), 270-284.

Paley, R. E. A. C. and Wiener, N., Fourier Transforms in the Complex Domain, Amer.
Math. Soc. Collog. Publ., vol. 19, Amer. Math. Soc., Providence, R. 1., 1934,

Sova, M., Cosine operator functions, Rozprawy Matematiyczne, 49 (1966), 1-47.
Taylor, A. E., Introduction to Functional Analysis, Wiley, New York, 1958,

Travis, C. C. and Webb, G. F., Cosine families and abstract nonlinear second order
differential equations, Acta Math. Acad. Sci. Hungar., 32 (1978), 75-96.

nuna adreso:

Mathematics Department
Towa State University
Ames, Iowa 50011

US.A.

Mathematics Department
University of Missouri
Columbia, Missouri, 65211
U.S.A.

(Ricevita la 11-an de novembro, 1977)
(Reviziita la 2-an de oktobro, 1978)



