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§1. Introduction

There are many interesting problems in mathematical physics in which the
questions reduce to determine the coefficients of a partial differential equation from
the knowledge of functionals of its solution. Let us simply mention a few problems
in this direction:

1) In Quantum Mechanics, people usually ask if it is possible that, given the
spectrum of a second order differential operator, is it possible to find the operator. It
turns out that this problem must be posed somewhat differently since a single spectrum
is insufficient to determine the differential operator. See Gel’fand-Levitan [1],
Berezanskii, Ju [2] and Faddeev, L.D. [3].

2) The seismological inverse Kinematic problem which can be roughly described
as follows: In a region 2 bounded by a surface S, waves are generated by sources
at points of the surface S and their travel-times are “recorded” at various points of
the boundary of 2. By using this information, find the propagation velocities of the
disturbances inside £2. This problem is very important because even partial answers
could make it possible to make inferences about the Earth’s internal structure from
seismological data. A nice approach to this with references can be found in
Romanov’s book [4].

In this note we would like to present some results concerning the so-called Inverse
Scattering problem for the Klein-Gordon equation with an external potential g(x):

Du4 mu+qx)u=0 (1.1)

(m>0)in Q=R3, —oo<t<4 co. Here []=0?/0*—4, 4=)3_,0°/0x}. Suitably
conditions on the potential g(x) will be given later. It is important to observe that
q(x) will not necessarily be spherically symmetric. In a previous work (see [S]) we
have treated equation (1.1) in the particular case in which m=0 and we proved that
the scattering operator determines uniquely the potential g(x). In what follows we
generalize our previous results to the case m>0. The relativistic wave equation
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(1.1) was treated by J. Chadam in [6] who proved the existence and completeness
the wave operators and the unitarity of the scattering operator associated with (1.1).
Related results concerning equation (1.1) were given by Ju Berezanskii [2], T.
Schonbek [7] and more recently by G. Avila [8].

§2. Preliminaries

We denote by R® the three-dimensional Euclidean space. The space of C*-
functions with compact support in R* is denoted by C;(R®). By L?(R®) the space
of (classes of) measurable functions f(x) in R® whose p’th powers are integrable, with
the norm

1#1,=( If(x)lpdx)l/p (p=1)

and by L~(R®) the space of measurable, essentially bounded functions in R®, with
the norm

If]|. =ess sup |f(x)].

Let f be a function on R® with partial derivatives. We will denote the gradient of
f by grad f(x) where

gradf(x):( aaj ’ aa;{ ’ aa; )

and |grad f(x)’=>3_, |0f/ox,[?. An integral sign to which no domain is attached
will be understood to be taken over all space 2=R®.

The real valued function g(x) in (1.1) is assumed to be non-negative and belongs
to L'NL>(R®). The initial data at #=0 for the equation (1.1) are in C2(R?).

In particular, the above conditions on g(x) imply that the associated (Schrod-
inger) wave operators

W.=s— lim exp (i(m*+ q(x) — D) exp (—i(m>— A)¢t)
foxoo
are complete and invariance principle holds. Also, the scattering operator S=
W'W _ associated with (1.1) exists and is unitarily implementable in Fock space.
(See J. Chadam [6]). Let us present some technical lemmas concerned with energy
inequalities

Lemma 2.1. Let u=u(x, t) be a classical solution of (1.1) in all space-time,
which has Cy(R®) initial data at t=0. Then
a) The total energy of u is constant, i.e.
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2 1 2 au 2 2 9 9
HMHE=—2— |grad uf’+ ' + mtu +q(X)u]dx

is independent of t.
b) “ (mu+ qRudS <24/ 2 ulls
Ch

where Ch denotes any characteristic cone and dS the surface measure on Ch.

Proof. By multiplying the equation (1.1) by du/dt we get

L0 ((mY | e 2>_a_” =0
2 ot ((W) Fm - qOow’) =2 - Au=0. @D

Also, direct computation shows the identity

%—Au: —%%[grad uf'+grad- (% grad u) 2.2)

Substitution of (2.2) in (2.1) gives us

1 2 ( (au )2 22 2> ( ou )
— —(|grad uff+({ — m —=grad-{ — grad u). 2.3
5 5 |grad uf*+ ) T wgx)u’ ) =g o Fradu (2.3)
Integration (in space) of (2.3), followed by the divergence theorem, gives us a).
Now, let Ch be a characteristic cone with vertex at a point (z,, ¢,) and let T
be such that t,<<T.  We consider the integrals only on the upward cone (for 7, <
t<T) then integration in space-time of (2.3) gives us:

L((omwy 4 mu? z)_ Ou _@1]
”m[z« az) Flgrad ufmu'+q@u )= o[4S

= _‘/2:2—_ [(%’;’_Y +|grad uf +mPu® + q(x)uz] dx
Sr

2.4)

where 9u/d|x| denotes the “radial” derivative, i.e. grad u-x/[x|, Ch; denotes the
surface of the upward characteristic cone (for #,<t<T) and S;y={(x, 1), |x—z|<
T—t,}. Since (u/o|x))*<|grad uf, it follows that

%%g%[(%YH grad u]z]. 2.5)

By combining (2.5) with (2.4) and using part a) we get

”Ch (M +q(x)uw)aS </ 2 ||ulff (2.6)
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letting T— -+ o and considering the other half of the characteristic cone we get
part b).
We will need also a calculus type lemma:

Lemma 2.2. Let g(x) e L}(R®) N L"(R®) for some r>2, then F(x,y)=|y| 'g(x
+y) is as a function of “y” in L\(R®) and

(FC, D LZClgl 2 ||gl=/4=2
where C is a positive constant, depending only on s (hererl/ s+1/r=1, s>0).
Proof. 1If g=0, it is trivial. If g=£0, let ¢>0.
Then, the integral j [¥]7*|g(x+y)| dy may be broken in two parts. The first

part is the integral of |y|™'|g(x-+y)| over the region |y|>e¢, which is less than or
equal to (1/¢)]/gl,. The second part can be estimated as follows:

4
f 1yt g+ ) | dy <& || g,
lyl<e 3—s

because of Holder’s inequality and the fact that j |y|~¢dy= 34”" &%, There-
1yl <e —3S

fore, we have the inequality

4z
3—s

j|y1-11g<x+y)|dys—i-ngnl+ 2 gl

for any ¢e>0. By choosing
4 1(s—4)
=l (= ell)
3—s

we get the desired inequality with

4_7r 1/(4—s) 471' (3—8)/(4-9)
c=(57) )T
3—s + 3—s

§3. The inverse problem .

As we mentioned in §2, our hypotheses on g(x) imply the existence of the
scattering operator S associated with (1.1). The “action” of this operator S is es-
sentially the following: For each solution u of (1.1) with C7(R®) initial data at =0,
there exists a unique pair u, solutions of (1.1) with g=0 such that lim ||u—u, ||z=0.

t—too
In this case Su_=u,. In what follows we shall show that this operator §=5(q)
determines uniquely the potential, at least when g satisfies our previous hypothesis,
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plus continuity and is “small” in a sense we will specify later. Thus, we will give
a local kind of result via the time-dependent approach. The question of uniqueness
or reconstruction from S for general g’s seems to be very hard and remains, as far
as we know, an open problem. Although, a few years ago, L.D. Faddeev, announced
and presented a sketch of similar problems for the three-dimensional Schrodinger
equation, (see [3]), there are some crucial steps in his proof which remain obscure
to many physicists and mathematicians (see [9]).

Let u be a solution of (1.1) with Cy(R®) initial data at =0, then a useful way
to rewrite the operator S is (see [5], Lemma 3.1)

Su_(x, ) —u_{x, 1) :r R(x, t —s)xg(x)u(x, s)ds (3.1

where * denotes spatial convolution and R is the Riemann function associated with
Ou+m*u=0 (m>0), x ¢ R®, which, in this case, is given by

J.(mv/ 2—|xP)

_¥(xl—D
Rev, = =3 = tmil 0= s (3.2)

:RD(-X’ t) +Rm(x, t)

for t>>0. Here §(x) denotes the three-dimensional Dirac-delta function,

1, |x<t
6(x, t) =
0, |[x[>t
and J,= —J§ is the Bessel function of 1-th order. On the other hand we can also
write u as
u@, s)=u_, s)+Pu(y, s) (3.3)
where

Pu(y, s)= —f_w j RO —2, s—1q(@ulz, dzdr.

Now we need an estimate on Pu(y, s)
Lemma 3.1. Let u and Pu be as above, then
|Pu(y, s)| < constant (|q|i2*||q |/ +1|q 1 || g 1) | u]|z.

Proof. As in (3.2) we writt R=R;+R,. We already estimated the first
integral in Lemma 4.2 of [5], then

[ [ Rtz s—na@ute, nazar <const. a2 la i fuls. G4
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For the second integral we have

Hs—w JR’"(y_z’ s—rq(2)u(z, rdzdr

s 3.5)
<const. J I 1+ vV =1’ —|z—yP)~*q(z) |u(z, r)| dzdr
—o o |2-yi<s~T
because of the well known estimative
' J{p ‘ < constant
o 1= (+p
The right hand side of (3.5) can be estimated by
< const. fs I (A +(s—pn—|z—y)~*q(2) |u(z, r)| dzdr
—oo J l2—YI<s=71 (36)

=const. rf A+87*q(y + pw)
1] Che

u(y + pw, s——77;—$> 1 dsde

where p=|z—Yy|, §=s—r—p, y=5—r+p, Ch, denotes the surface of the char-
acteristic cone with & =constant, |w|=1 and 4§ the surface measure on Ch,.
It is easy to see that

[ aas<vZaql. 3.7)
Chg
The inequality (3.7) together with Lemma 1.1 gives us
[ alulds<constant|| g al* [uls. (3.8)
Che
Finally, combining (3.6)—(3.7) and (3.8) we get
U IRm(y—z,s—r)q(z)u(z, r)dzdr| < constant |2 ||| | |l

which together with (3.4) implies the desired inequality.

Theorem 3.2. If the scattering operator S associated with the equation (1.1)
is the identity operator, then

DLCllullz (a2l llal+qlk” gl 111+ gD

where C is a positive constant, u as in Lemma 1.1,

{gy=sup sup f; fR(x—y, t—s)a(u_(y, s)dyds
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u_ denotes any incoming free solution of (1.1) (with g=0) and R is given by (3.2).

Proof. It is clear that (3.1) and the above hypotheses give us

Cay<const. [ulls(la It + gl ak) [~ [IRlqdyds (3.9

because of Lemma 3.1. Now, the integral

[~ [iRal qayas
may be broken in two parts. The first part is

It f|Rm|qdydsgconst. Jt j (A +E—12—|x—yP)~¥*qdyds
—o —w J |2=yl<t—s

< const. Jw (I qu>—dm—
0 Chyy (1 +W1)3/2

where 5 =t—s—|x—y|, §=t—s+|x—y| and d4S denotes the surface measure on
Ch,, (recall that Ch,, is the surface of the characteristic cone with »,=constant).
By using (3.7) we obtain

[ [1Ruladyds<const. gl [ 1+~ dy, <const. | g1
Similarly

[ [ 1Rnl qayds<const. a1,

thus
Iiw J]Rm| gdyds<const. ||q|;. (3.10)
We also observe that an easy application of Lemma 4.2 in {5] gives us
["1rol adyds<const. a1 ale. (311

From (3.9)—(3.10) and (3.11) the proof of the theorem is complete.

Corollary 3.3. Let g, and q, be spatial potentials which are non-negative, and
belong to L* N L=(R®). Let S(q,) and S(q,) denote the scattering operators associated
with u,+ q,u; =0 and u,+qu,=0 respectively. If S(q)=25(q,) then

<gi—gpy <const. ||u ||z (| [ | g+ g b [ @ 2 @128 1 a7 41| @u 1)

3.12)
+ const. ||| (| €112 | €2 11° +11 22127 | € 2D (| 4o 2% [F g2 27 + 1| 22 1)
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where { ) is given as in Theorem 3.2.

Proof. 1In fact, because of (3.1) we have
(S(g)—Du_(x, 1) :I:, f R(x—y, t—5)q;(0)u,(y, s)dyds
i=1, 2, so it follows that
[*[RG—y. 1=910.030,9 - 0.0)0, 9dyds=0.

Now, by using (3.3), Lemma 3.1 and the estimatives given in Theorem 3.2, the
desired inequality follows. »

The above theorem gives us a good idea about uniqueness in the inverse problem
for small potentials. In fact, suppose we have a fixed function g,(x) that satisfies
all of our previous hypotheses, let us consider the function g,(x) =eq,(x) (¢>0) by
assuming all hypotheses in Theorem 3.2 are satisfied and plot ¢, in the conclusion
of the mentioned theorem to get

{qop <const. ||u, ||z &*(|Goll5* [ Gol"* +11Go " | 4o [EY Ul o 12 | o[ + 11 o })

by taking ||u, ||z <1 and letting e—0 we get that {q,>=0. If we assume that g is
continuous and then we choose a sequence {u?},., of free solutions with initial data
u?(x,0)=0, (Qu /6t)(x, 0) =¢,(x) with ¢,(x)—d(x), where ¢, is the standard 5-sequ-

ence: ¢, € Cy, ¢,>0, Jgop::l and with support equal to {§ e R |£|<p} then it

follows by an argument quite similar to Proposition 4.5 of [5] that ¢,=0. Thus,
in this sense, if S is the identity operator, then g must be identically zero. Observe
also that because of Corollary 3.3 and the above remarks we get

Theorem 3.4. Let g, and q, be as in Corollary 3.3 then, if q,(x)#q,(x) for
some x ¢ R® and {q,—q,y>a(q,, q,), where a(q,, q,) is the right hand side of (3.12)

then S(q,)#5(q,).

Final remarks

1) It should not be very hard by using recent results, for example the work
of Sh. Agmon (Ann. Scuo. Nor. Pisa, 152-218, Vol. II. 2, 1975) to improve the
above results to the case in which g is of order 0(x|™*"*), ¢>>0 and g being a “little”
negative so that

ngradu|1:+nmu||§+j qEdx + (||

is still a norm.
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2) Observe that by using (3.1) we can write
S(Qu_—u_ —r R(x, t—s)xg(x)u_(x, s)ds:jm R(x, t—35)xq(x)Pu(x, s)ds.
Therefore, by Lemma 3.1 and Theorem 3.1 it follows that

‘S(q)u_—u_— r Requ.
<const. |[u|lz g lal*+1 a2 a0 g -2 | g B 41 g lid.-

By choosing ||u||z <1 and plotting ¢, (¢>0) instead of g in the above inequality we
get

e (S(equ_ —u_)—*.ro R*qu_’ <eYconst.—0
as e—0. Thus
S’(O)u_—r Riqu_=0 (3.13)

for any incoming free solution u_. Therefore we may suspect that (3.13) should
allow us to determine g pointwise in terms of S’(0).
In a forthcoming work we will treat both of these remarks.
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