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On a Basic Analogue of the Generalised Laguerre Equation
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Harold EXTON
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1. Introduction.

In a long series of papers, F. H. Jackson has studied basic analogues of differen-
tiation and integration and various analogues of certain special functions, see, for
example, [4]; a complete list of Jackson’s papers is given in [1]. Instead of the
usual number system, a system of what is referred to as basic number is employed.
These numbers are defined by the relation

(1.1) [al=(1—g%)/(1—q),

where g is any number, real of or complex, called the base.
It will be seen that, corresponding to the sequence of positive integers, 1, 2,

-+, n, -+-, we have the sequence
[1]=1
[2]=1+g4
[B]=1+g+4°

................

In [4], p. 255, Jackson introduces the operative symbol 4 defined by

(1.2) i) =29 |

x(g—1)
which becomes the same as ordinary differentiation in the limit as g tends to unity.
Similarly, he defines basic integration as the inverse of basic differentiation, employ-

ing the symbol S which reduces in the limit to J These operations correspond

exactly, in every way, to differentiation and lntegratlon In order to avoid confusion
with the usual difference operator 4, we employ the operator qu to mean basic
differentiation, and omit the base and independent variable provided that this does
not lead to any possibility of misunderstanding.
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We have the following elementary results:
Bxr=[n]x"1,
BE [laxy=aE [(ax),

where

) [n]!=[1][2][3]- - - [n],

E ()=
X)=

D=2 [n]!
and corresponds to the exponential function, and,

(1.3) Bu(x)v(x) =v(gx) Bu(x) + u(x)Bv(x).

The purpose of this paper is to discuss a basic analogue of the generalised Laguerre
equation, and to study some properties of certain of its solutions. It is assumed in
what follows that all quantities and functions are real.

2. An analogue of the Laguerre equation.

Consider the equation
2.1 xB%y +{[oe + 11— g+ 'x}(By) 4z + [A1g"¥(gx) =0,

where
a>—1.

If g—1, (2.1) reduces to the generalised Laguerre equation

2.2) xy" +{e+1—x}y’ 4+ 4y=0.

By means of (1.3), it readily follows that (2.1) may be written in the form
(2.3) B{x=*'E(—x)By} + [1]g"x"E(—x)y(gx)=0.

Suppose thaty,, and y, are solutions of (2.1) corresponding to 1,, and 4, respec-
tively, then y,, and y, satisfy

2.4) B{x'E(— ) By} + [Anlq°x"E(— 0)yn(q2) =0,
and

2.5) B{x*""E(—x)By,} +2,1q"x"E(— x)y,(gx) =0,
so that

([2,,] = [ DE(—x)(gx)*y »,(qx)y(gx)

(2.6) . . . .
=Yu(qX)B{x* "' E(—X) By} —y.(qx) B{q**"E(—Xx) By .}
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Consider the expression
@7 B{x="E(—)BO,)yn— 1 E(—x)BGm)ya},
which on expansion by means of (1.3) becomes

Y @0) B{x= E(— %) By,)} + x* E(—x)B(7,) B(y,)
—Yu(gX)B{x=E(—x) By )} —x* " E(— x) Bon) BO).

This last expression is identical with the right-hand member of (2.6), so that if we
g-integrate between the limits of 0 and oo, the result

(]~ 2.1} s (@) E(— 2y (q%)y.(gx)d(gx)
=[x E(— %) By — 5 E(— ) BO Y,

(2.8)

follows immediately.
By hypothesis, «> —1, so that ***E(—x) vanishes at both limits, see [5], p.
195, and if 4,, and 2, are distinct, we have the interesting basic orthogonality relation

(2.9) s (@) E(—x)yn(qR)ya(gn)dgr) =0,  m#n.

This result reduces to the corresponding expression for the solutions of the general-
ised Laguerre equation when g—1.

3. Series solution of (2.1).
Substitute

3.1 y=3] a3+
into (2.1), when we have the indicial equation
(3.2) [el{le—1]+ [« +1]1g°'}=0.
Since this implies that
1— g 4= (1—g=) =0,
we have the two factors
[e]=0 and [e+a]l=0,
whence the two principal solutions of the indicial equation are

e=0 and e=—qa.
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If e=0, the recurrence relation for the coefficients {a,} is found to be
(3.3 Ul{lr—11+ e+ 11g" Y, —{lr—11—-[2l}g**"a,_,=0,

so that we have the solution

& I = ger+dro-nge
4 1= J . _ .
(3-4) Ty FIFNPRRTPTTEY

Similarly, the solution relative to the exponent e= —e« is given by

=3 7= {li—al —[A0}gtrr—Dxr
3.5 - Bi | . |
G WA i—al +la+ g 5 0+ 1—al

y; and y, may be presented more conveniently by observing that

[a]—[b]==2" =1+ _ opq_pj

1—q
and
% @ ___qa+bd
[al + [blge=2—2"+ 4" =" 1,14,
1—q
Hence,
_ e [___2]qu1'+%7(7‘—1) x7
e N |
and
e [ [__a__z]rqzr—k%r(r—l) x7
B L T, ]!
where

lal,=[alla+1]la+2]- - -[a+r—1],  [al,=1.

If 2=n, a non-negative integer, then y, becomes a polynomial of degree n, and
is written

a . < [_n] q’}T(T—l) o x
3.6 Ziq; %)= { '
(3.6) W 0=2 [1+al, [r]!

These polynomials correspond with the generalised Laguerre polynomials, apart from
a multiplicative constant independent of x ; they are g-orthogonal with respect to the
weight function (gx)*E(—x) over the range 0 to co.

4. A recurrence formula for Z:(q; x).

If the polynomial p,(x) possesses an orthogonality property (D, Pr)=Komu»
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where K is a constant and 3, is the Kronecker delta, then a three-term recurrence
relation of the form

(41) pn+1(x):(Anx‘]'Bn)pn(x)_Cnpn—l(x)

must exist, see [2], p. 158, for example.
Sister Celine’s technique, [6], p. 233, is now employed to obtain such a recur-
rence relation for the basic Laguerre polynomial. Let

v . N B [ [_n]kq%k(k—1)+nkxk _ oo
@.2) zila; 9=f@=5 I = 5 (),
so that
@.3) fos=35 IP=H ¢ &, m),

k=0 [n]
& In—k—1lln—kl
4.4) foit= 5 P I e )
and
@.5) Maa®=—3 ﬂ‘l[—[”;;—k]q ¢ (k, n).
Hence,

[nlln—1]=—A4,_,[n—1][k][a +K]g*~**

4.6)
+ B, ln—klln—11—-C,_,[n—k—1][n—k],

and if we put k£ equal to n, n—1 and zero, in turn, we have

_ q2n-z
" latnl’
B, —[n]_ p—latn—11¢

[e+n]
and

2

Cn—lz[n]'— [n—l][a-l—n—l]qz _1
[a+n]

and so, the required recurrence relation is

« (e ) _nlla+nlg®  g"x af e
zm(q,x)—{[nm A 1T e }%(q,x)

_ nlla+n1" o (.
+{1-tn+11+ o }251a3 ).

“.7
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5. [Expansions in series of basic Laguerre polynomials.

Suppose that the formal expansion

(5.1) f(x)= 2 ¢, 25(q; gx)

exists, then, if both sides of (5.1) are multiplied by (gx)*E(—x)£2(q ; gx), basic in-

tegration over the range O to co gives the expression

(5.2) h.c,= é(; (gx)*E(—x)f(x) Z2(q 5 qx)d(qx),
where
(5.3) h, =§ (@) E(—x){Z3(q 5 g0)}d(gx).

If f(x)=x™, m=0,1,2, - .-, then the expansion (5.1) exists, and
(5.4) he® =gr S x=rmE(—x)Z:(g; g)d(gx).
0

We now expand the basic Laguerre polynomial in the integrand, when

5.5) hyem =ge 3 L@ 0T & nip (g,
& Ttalik! 5

and since the series terminates, the question of convergence does not arise.

inner basic integral is equal to
g iermiR@rmt i (b m+k+ 1) if g<1
or to
Ia+m+k+1) if g>1,
where I",(a) is the basic gamma function, see [3] and [5]. If ¢<1,
I fa+m+k+1)=[a+m+1],q=rmeED (g +m+1),
and if g>1, |
Tfatm+k+D=[a+m+11,Ta+m+1),

so that, in the former case, after some reduction

66 hem=g e e mL ot m g DT L g
2

The
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(g<1), and in the latter case

5.7) R =q I (a+m+ 1)2@1("’ “jm“L L q*“ﬂ-””)

14+a;

(g>1). The basic Gauss function is defined by the relation

b, o lalglc]
5.8 @(“’ ’x): kel
8 P )= A T
and in (5.6) and (5.7), the kth terms of the series involve g¥*®+D+&r gnd ghk®k-D+ir
respectively.

The function £, may be calculated from the recurrence relation (4.7). If k,
is the coefficient of x" in #2(q; x), then it is shown in [2], p. 158 that

—_ kn+1kn—1 . h‘ﬂ
ka ooy

5.9 C,

From (3.6), we have

[_n]nq§n(n—1)+n2

5.10 =
10 [1+al,[n]!

which gives, after a little manipulation

(5.11) c,=_ntald h, _p,. q [dlletnle
" Intat+1l h,, la+n+1]
Hence,
h, _ Inlg~?
hn—l [n+0[],

after further manipulation, so that

[n]1g~n
5.12 b, =M " p
G o
where
(5.13) h:j (@ E(—0d(g) =g+« et 1), |qI<1
=gl (a+1), lq|>1;

the basic gamma function is given by

. [£]!
14 =1 (k1= 1
(5.14) Iy(a+1)=lim P[P R 1 lg]<




8 H. ExToN

or by

. [&]!
5.1 1) = gtata+D [k, >1,
(5.15) TI'fa+D=q 1,}{% la+11[a+2]- - - [a+ k] : @

see [3], p. 64.
It is evident that if f(x) may be expanded in the form of a convergent series
f(x)=X37_0 br", then, in this case, the formal expansion (5.1) is certainly valid.
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