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§1. Introduction.

Many authors ([2]-[5], [8], [9], [12]) have been discussed the problem of the
convergence of successive approximations to a solution of a differential equation,
when the latter is unique in virtue of a unique criterion. A well known example
due to Miiller ([11]) (see also [4], p. 53) shows that the continuity of the right-hand
side of a given equation and uniqueness of its solutions are not sufficient to guaran-
tee the convergence of its successive approximations. In [14] it has been proved
that “convergence of successive approximations” is a generic property, i.c., that
there is a dense second category set M in the space of continuous functions such
that for all f e M, the successive approximations converge. This result has a greater
generality since it shows that for f ¢ M the successive approximation have a unique
limit for every starting point. Thus it follows as corollary that “uniqueness of so-
lutions” is a generic property, as proved earlier by Orlicz [13] for f’s defined on
strips I X R and by Lasota-Yorke [10] for f’s defined on open subsets of any Banach
space. We show here that the class of all (¥, f, g) for which the successive ap-
proximations of the equation

YO =<0 for 1<,

(1) y’(t)=r f(t, y(t —s))dgr(t, s)—g(®) for a.e. t e [1, T1,

where integration is of a Riemann-Stieltjes type with respect to s>0, do not con-
verge, is of Baire’s first category in any complet metric space. In virtue of Baire’s
theorem our result generalise the result given in [14].

Let R denote the real line, and let R" be an n-dimensional linear vector space
with the norm || x||=max (|x,], |x,/, - - -, |x,]) for x=(x,, x,, - -+, x,). Let P denote
the set in R"™ defined by P={(¢,y): t,<t<T,y ¢ R"} and let Q={(t,y) e P: ||y—p||
<a}, where e R and a>0. Let us denote by G the Banach space of all

T
Lebesgue-integrable functions g: [, T]—R" with the norm || g||G:J [lg(®| dt and
to
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let Y r(t,s) denote the variation of r(¢, s) with respect to s=>0.
§=0

In this paper we shall take into account functions f: P—R" satisfying the follow-
ing Carathéodory hypotheses :

(C) f(-,»: [t,, T]—R is measurable for all y ¢ R,

(Cy) f(t, -): R*—R" is continuous for a.e. ¢ ¢ [t, T1,

(Cy there exists m; e £'([t,, T}, R*), where R*=[0, o0), such that ||f(z, ¥)||<
m () for a.e. t e [4, T] and y € R".

About a function r: [¢,, T]1 X [0, o)~ R we shall assume :

(1) rt,0)=0forrels, 11,

(II) there exists a number ¥ >0 such that :o( r(t, )V for t e [t, T1,
5=0

(III) for every ¢>0 there exists a number K>0 such that i} r(t, s)<e for
s=K
telt, T,
av) forevery «>0and ue[t, T] lim a[r(t, 8§)—r(u, s)| ds=0.
u—-t J O

Let us denote by @ the space of all continuous and bounded functions & : (— oo, £,]
— R" with the norm ||.&||,=sup || L@ |-
i<ty

§2. Fundamental metric space and basic theorems.

It was proved in [1] the following approximation theorem :

Theorem 1. If f: Q—R" satisfies Carathéodory hypotheses, then there exist
continuous functions f,: O—R™ such that
(1) ot MN<mD for a.e. telty, T] and y € R",
(ii) Lm max {||f,(¢, V)=, V)| : (¢, ) € O} for almost every t ¢ [t,, T].
noeo gy

Hence it is not difficult to obtain ([6])

Theorem 2. Suppose f: Q—R" satisfies Carathéodory hypotheses. Then for
every ¢ >0 there exists a continuous function f: Q—R" such that
(1) |If@II<myl) for a.e. telt, T] and all y € R" such that (t,y) € Q,
(ii) lirrol max {|| (¢, ») —f(, ¥)||: (¢, ¥) € Q}=0 for a.e. t e [t, T},
& Y

(iil) f¢(¢,y) has continuous partial derivatives of all orders with respect to y,,
Yas =5 Vo

Let us denote by F(P) the set of all functions f: P—R satisfying Carathéodory
hypotheses and let f be the class of all functions of F(P) which are different only on
a set of measure zero for fixed y ¢ R*. Let us denote by # (P) the set of all classes
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f. 1In the next paragraph we shall consider the metric space (£ (P), p,) with
~ ~ ~ ~ - ~ T ~ o~ ~
ps(f1, f)=|fi—1.lls, Where ||fl|§=L sup {|[f(t, »)||: (¢, y) € P}dt for f,f,f, e F(P)
[N

and f e f. It was proved in [7] that (% (P), p5) is a complete metric space. There-
fore (A, p), where # =0 X F (P) X G and p=max (p,, ps, pg) is a complete metric
space too.

For a given (¥, f, 9) e # and a r satisfying (I)-(IV) by a solution of (1) we
mean a function y ¢ C((— o0, T1, R®) N AC([t,, T1, R®) satisfying (1) for ¢<T.
Throughout C(I, R™) and AC(I, R™) denote the set of all continuous and absolutely
continuous functions from I to R” respectively.

It is well known that for every (¢, f, g) and r satisfying (I)—(IV) there exists
at least one solution of (1). It is easy to see in this case that every solution y of
(1) satisfies max [[y(0)|<b where b=|| s+ V- mllo-+]g o

Now for h=(¥, f, 9) € o and r satisfying ()-(IV) let us consider the sequence
{y1 of successive approximations defined by

o [P0 fori<t
Yoy = {y(to) for t e [£,, T1,
2) ZL(1) for 1<y,

YO=1 7@ +f { f (= )dsr(u, )+ g(u)}du
“for t e [, T] and n=1,2, - - -.

In similar way as in the theory of ordinary differential equations it is easy to
verify if f e & (P) is Lipschitz continuous with respect to y € R, i.e. if there exists
a k e L[4, T1, R*) such that || f(z, ;) —f(t, )| < k(@) ||y, —y,] for a.e. ¢ ¢ [£,, T] and
all y,, y, € R, then {y}} is uniformly convergent to the unique solution of (1). Itis
easy to see that for every h=(%,f, 9) and n=0,1,2, - -- we have tsgg IO ||<D,

where b is defined as above.

§3. Non-convergence of successive approximations.

Now we shall prove that non-convergence of {y!} is in any sense a rare case.
Exactly we shall show that the set &/ C# of those h=(¥, ], g) for which {y?} is
not convergent is of Baire’s first category in the space (o, p) for fixed r satisfying
-AV). ]

Suppose r satisfies (I)—-(IV). For fixed h=(¥,f, 9) and ¢ e [t,, T] let A(h, §)
=lim sup {diam E[y%()]}, where E[y.O)]={yu®),ys..(®), -} for n=1,2, ... and

n—sco

diam 4 denotes the diameter of a set ACR™. Obviously 4(k, £)=0 for each t<T
is equivalent to the convergence of the sequence {y:}. Then the sequence {y"} is
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not converging in [z, T] iff there is a 7 e [#,, T] such that 4(h,7)>0. Let {t,} be
a sequence of points of [¢, T] dense in [f,, T]. Then let 2,y,,. be defined by
Quwpg:={F:1,9) € #: | L [o<N, | {,<M, || 9lls<q> 4(h,t)>1/p}, where h=
(#,7,9). In the proof of our main result we shall use following lemmas :

Lemma 3. 0y, are closed subsets of s for every M,N,p,q,7=1,2, - -.

Proof.  Suppose {h,} is a sequence of 2# such that s, € Qyy,,. forr=1,2, ...
and lim p(h,, h)=0, where he #. Let h,=(%,,f,,9,) and h=(%,f, 9). Itis

r—c0

easy to see that |||, <N, ||f|l<M and ||¢g|ls<g. Furthermore there exists a sub-

sequence {#;} of {A,} such that |7, () —L (|30 for 1<t [|g,(&—9@®|—0 and

sup {||f:( »)—f@, y)||: ¢, ¥) € P}—0 for a.e. te[t,, T] as k—oo. For each k=1,
K

2, ... we have 4(h,,t)>1/p. Then sup {diam E[y* ,(t)]}>1/p for n,k=1,2,

Hence it follows that for every I=1,2, ... there exists m,; such that
diam E[yz% ,,,(t)]1 > 1/p—1]/1, i.e. sup||yphp, s (t) =Yk 0, (8| >1/p—1/1.  Then
(psv)

for every j=1,2, . - . there is (y;,v;) such that
(3) Vo i) = Yoy (> 1 p—1]1—=1]j

for every n,k=1,2, ---. Let x(k, n+m+p)=yi%,,..,- It is easy to verify that
the family X CC({¢,, T1, R*) defined by

X:{x(k, n+m, +ﬂj)}k,n,z,j=1,2,--.

satisfy the hypotheses of Arzela’s theorem. Then there is a subsequence {x(n,

n+m;+p)} of {x(k, n4+m;+p;)} which is uniformly convergent on [#, T]. Sup-

pose lim x(n,, n+m; + p ) () =x(n+m;+ p,;)(¢) for fixed n, m, and p;. Fort e [1,, T]
k—oo

we have

2t my 4 ) (O — ) —f {j H(uty X1+ my 4ty — 1) —))dr(u, )
(4) e \
+ g(u)}du= X 40,

where
AO=X+m,+ 1) (O =300y, 1,4 1) D, 4D =F 1)~ F (1),
AO=[ {[" oot 3, n-+ 1y = Dw—s)

— ft, 21ty 1y gy — D) (u—5)dsr (@, s)}du,
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/14(t)=ﬁ {f: Lf(u, x(ny, n+my + p;— D (U—s))
— fu, 2+ + gy — 1) —)dsr(u, s)}du,
40= 19,00 —gGldu.

It is easy to see that for ¢ ¢ [4, T]1 we have || 4,) <V ||f.—Fll» and 4,0
<l gm—Gllan Lot Wo@ =1, X, nt-my+ pry— Du—3)) —f(t, X+ m,+ py
—1)(u—ys))|| for fixed n, m, and g;. The functions W, are measurable on [#, T]
and such that ||W, (0)||<2m/(#). Since lim W, ()=0 uniformly with respect to:
s,n, m; and p;, then 4,(f)—0 as k—oo. Then passing to the limit in (4) as k— o
we obtain

Xt my+ ) D=t +j { ", X1+ — D= ), 9) +g(u>}du

for te[t, T] and n,l,j=1,2,.... Obviously for ¢ and n,l,j=1,2, .- we
have x(n+m,+p)®)=<L(). Therefore x(n+m+p)=Yp.m+,; for n,l,j=1,2,
For k,n,1,j=1,2, .. - we have ||x(n,, n+m;+ p)(1) —x(ng, n+m+v)(@)||
>1/p—1/1—1/j. Therefore (¥4, t)—Viesmps,,EIN>1/p—1[1—1]]j for n,1,j
=1,2, ---. Hence it is not difficult to see that 4(%,2,)>1/p. Then h e Qyy .-

Lemma 4. Qyy,,. are non-dense in 5 for every M,N,p,q,t=1,2, ---.

Proof. Suppose Q37 is dense in a sphere S,(h,) with a center sy=(,, For 90
¢ # and a radius £>0. Then S,(h)C 255,,- Hence and Lemma 3 we obtain
Se(h) CQ75pge- Note that for every h=(Z, f, 9) and 5 € R™ there exists a number
a>0 such that the sequence {y”} corresponding to 4 is just the same as {y'?} corre-
sponding to #|Q, where h|Q=(¥,7|Q, g). Here f|Q denotes the constraction of
ftoaset Q={(t,¥)eP:|y—yl<a}. In virtue of Theorem 2 for f,|Q and >0
there is a function f*: O—R such that ()—(iii) hold. Then max {||f°(¢, ¥) — (&, V) ||:

¥
(t,y) € Q}<4 for a.e. telt, T]. Taking §<<&/(T—t,) we obtain ||f—f|,<é&.
Then W’ =(%, ’, 9) € S:(h,). But A(W’, f)=0 for every ¢ € [#, T]. Then 1’ ¢ Q5 5,4-
This completes the proof.

Now we-can prove the main result of this paper.

Theorem 5. The set of of those h=(%,§,q) € # for which succesive ap-
proximations {y.} are not converging is of Baire’s first category in the space (A, p).

Proof. In virtue of Lemma 4 it is enough to show that
U U U U U ‘QMN pace
M=1N=1p=1¢=17=1

N,p 32y

Since Qywp. S for M, - then it remain to show that
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]
N
C
C
(s
fa

OQMNW. Let us observe that o/ ={h e 5 : thereis ¢, e [t,, T];
=1

A(h,t,)>0}. Suppose h=(#,],9) ¢ o/. Then there is a positive integer p and a
point 7, e [#,, T] so that A(h,7,)>2/p. In similar way as in the proof of Lemma
3 we can verify that for a given j there is an element 7, of the sequence {¢,} such
that A(h, %) > A(h, ¥,)—1/5. Therefore there exists a positive integer ¢ such that
A(h,t)>1/p. Obviously we can finde positive integers M, N and § so that || I4

~

<N, |Ifl,<M and || g|s<§. Therefore he Q5. Hence it follows &/ C
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