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Non-continuation of Solutions of Differential Equations

By
T. A. BURTON

(Southern Illinois University, U.S.A.)

We prove a general theorem on non-continuation of solutions of differential
equations when there is a Liapunov function which fails to be mildly unbounded.
The theorem is applied to a variety of second order equations. Necessary and suf-
ficient conditions for continuation of solutions of a certain equation x” -+ a(f)h(x’)
-f(t, x)=0 are given. Finally, we prove a general continuation theorem for
x4 g(t, x)f(t, x)=0.

1. Introduction.

We consider an equation
X' =F(, X) (=d/dt) (1)

in which F: [0, o)X R"—R™ and F is continuous. Thus, for each (¢, X,) in
[0, o) X R™ there is a solution X(z, ¢,, X)) defined on an interval [#,, ¢,+ 8) for some
8>0. Either =+ o or there is some T'>0 with the solution defined on [, T)
and lim [ X (2, t,, X)|= + 0.

t-T—

In case F is sufficiently smooth (F locally Lipschitzian) then every solution of
(1) can be continued on [£,, o) if and only there is a mildly unbounded Liapunov
function for (1) [8; p. 306]. For reference:

Definition 1. A function V: [0, co) X R*—[0, o0) is a Liapunov function for
(1) if V(z, X)>0, V is continuous, locally Lipschitzian in X, V' (¢, 0)=0, and

V'(t, X)=limsup [V (t+h, X+ hF(t, X))—V(t, X)]/ h<0.
ho0+

Definition 2. The function V is mildly unbounded if for every T>0, V (¢, X)
—>co0 as | X|— oo uniformly in ¢ for 0<t<T.
In case V has continuous first partial derivatives, then

V'(t, X)=grad V.F+aV/at.

For a general F the function V can be constructed only if the solutions of (1)
are known. However, for special F many Liapunov functions are known.
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The result of Kato and Strauss has been used extensively to prove continuation
results, but we are unaware of its use in showing non-continuation. )

In this note we prove a general non-continuation result and apply it to three
second order equations. We also construct a Liapunov function for the equation

x+1(t, X)g(t, X')=0 (2)

which yields continuation of all solutions.

In recent years a number of authors have considered (2) and proved results
regarding boundedness, oscillation, and boundary value problems. These results
often fall in one of the following three categories :

a) An excessively stringent condition is placed on f and g implying continua-
tion (cf., e.g., [5]).

b) The express assumption is made that all solutions are extendable (cf., e.g.,
[4]) or the result concludes that all extendable solutions have a certain property.

c) The tacit assumption is made that all solutions are extendable, thereby
rendering the results questionable (cf., e.g., [7]).

2. Non-continuation.

Under fairly general conditions, one can view the geometry of Liapunov func-
tions as follows. If there is a mildly unbounded Liapunov function for (1), then
for each ¢>0 and ¢,>>0, the set of points X satisfying V(t,, X)=C is a bounded
set. The work of Leighton [10] then gives a complete geometry when ¢, is kept
fixed. If V' is a Liapunov function which fails to be mildly unbounded and which
is unbounded, then there exist £,>>0 and ¢, >0 for which V(¢,, X) =c, is satisfied for
all X in some unbounded set S. Suppose that V'’ is negative and there are un-
bounded sets S near S defined by V(#,, X)=c, with ¢,>¢,. If solutions starting on
S are defined in the future, then V" negative suggests that these solutions may ap-
proach § at ¢ increases. However, if |F(¢, X)| is very large near S and if V'(z, X)
is bounded away from — oo near S, then one might show that solutions starting on
S tend to infinity before reaching S. That is the idea behind the next result, and
it serves as a guide in determining where to look for non-continuable solutions.

We assume that there exist disjoint closed sets S and § in R”, a set M in R*,
a sequence {X,} in § with [X,|—>c as n—oco, a sequence {t,} in an interval
(t,, t,+ ) with t,—tf, a differentiable function V': {#,, #,+a]l X M—[0, =), and a
continuous function g: [, t,+ a]—{(— oo, ) such that:

(A,) The sequence {X,} is selected such that if X(z, ,, X,) is defined on [z, ¢,],
then X(t,, t, X,) is in S with | X(z,, ¢, X,)|—co as n—oo and X(t, t,, X,) is in M
for t,<t<1t,.

(A, There exists >0 and H>0 such that if {Y,} is any sequence in S having



Non-continuation of Solutions 289

the property that |Y,|— oo, if {s,} is any sequence in [, t,+ &) with s,—?;, if n is
sufficiently large, and if {X,} is the sequence in (A,), then V(s,,Y,)<H and
V(ty, X) 2V (sy, Y,) +6.

(Ay) If (¢, X) e [t,, t,+al XM, then V'(t, X) > p(OV (¢, X).

Theorem 1. If (A;) through (A,) hold, then there are solutions of (1) with
finite escape time.

Proof. Suppose that for each n we have X(z, t,, X,,) defined on 1,<t<t,.
Then by (A, and (A,) we have

Ve, X(2, 1, X)) 2 p(OV (1, X (2, 10, X))

on t,<t<t,. Thus, from this and (A,) we have
Vit Xty toy X)) =Vt X,) exp j " (Dt
to
> [V (tns Xty 1o X)) +8] exp f " p(ddt
to

where we have taken Y,=X(t,, t,, X,)), s,=t,, and n large.
Now n—oo, t,—t,, and p is continuous so

Vit Xty 11y X)) = [V 1, Xt 1o, X)) +6] exp f p(dt
to

is a contradiction for large n since V(¢,, X(t,, 1, X,))<H. This completes the
proof.

Example 1. Consider the system form of (2) which is

X' =y

/ (3)
Y'=—1t 09, ).
Let y,<<0, x,>>0 and define

S={(x,y): X=X, yo=>y> — 0},
S={(x,y): x=0, y,>y>— oo},

and
M={(x,y): 0<x<xp, y,>y> — o0}.

Suppose that there exist #,>0 and «>0 such that on [, t,+ «] X M we have:
a) f@t,x)>0if x=0, 9z, y) >0,
b) f,g,0f/ot, and 9g/ot continuous,



290 T. A. BUurTON

c) af/at>p®f(t,x) and dg/ot< —u(®)9(t, y) for some continuous function
[1: [to, to’i‘a']““)(—‘ oo, 00)9
d)y if s,—t; and if s and n are large, then

U , [0/ g(s,, )] —L " lvdv/ g, )]| <5

where 25:r0 f(¢,, s)ds, and
0

e) Jy [sds/g9(t,, )I<H for some H>0, any sequence t,—f;, and for all
0

Y<Yo-
Under these conditions, there are solutions of (3) having finite escape time.

To see this, let X,=(x,, —n) for —n<y, and let V:Iy [sds/g(t, s)] +
0

J.x f(t, s)ds. We note that a) will imply (A)) since x'=y<0, y'=—f(t, x)g(t, ») <0
0
in M, assuring the existence of {z,} if solutions are defined in the future; more ex-

def
plicitly, as long as X(t, , X,,) ;(x(t),y(t)) is defined and in M, then we haev
X =y()< —n so x()<x,—n({t—1t,) which implies that x(¢#) reaches zero before
t—t, reaches x,/n. Now for (A)), let Y,=(0, —u,) where u,— o and let n be
large. Use d) to obtain I_un [vdv/g(s,, v)] —J.gn [sds/ g(ty, $)1 < I - [vdv/g(s,, v)]
0 0

0

— j ;” [sds/g(ty, )]

<(1/2) rﬂ 1(t,, 8)ds. Using the first and last terms, we subtract
1]
o from both sides and rearrange to obtain fﬂn [sds]g(t,, $)] +JW f(t,, 8)ds>
0 0

j [wdv [ g(s, )] + (1 /2)j”° {(to, )ds OF V(ty, X,)>V(s,, Y,)+6, vielding (A, as
0 0
e) supplies the H bound for V(s,, Y,). We now obtain (A,) from c) by calculating
V= j " [s@g(t, 5)/91) | (2, 5)1ds
0

+ [ tote, ) /a01ds 2 v 2, X).

A similar presentation could be made in Quadrant 1iI if fy [sds/g(t, 5)] is
0

bounded for y>0.
1f g(¢, y) can be expressed as the product of a function of ¢ and a function of
y, then the example is considerably simplified.

Example 2. Let ty,, S, S, and M be defined as in Example 1 and suppose
that on [t,, f,+a]l XM there are positive continuous functions a(f) and h(y) with
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g(t, y)=a(®)h(y) where a(¢) has a continuous derivative and:

a)  f(t,x)>0if x+0,

b) 9f/at is continuous,

c) 0f/ot>u®)f(t, x) for some continuous function y: [#, #,+ a)—(— oo, ),
and

dy J:m [vdv/h(v)] converges.

Under these conditions, there are solutions of (3) with finite escape time.
We next show that the integral condition d)’ in Example 2 leads to the necessary
and sufficient condition for non-continuation.

Theorem 2. Let f: [0, c0) X (— o0, o0)—(— 0, o) with xf(t, x)>0 if x+0,
9@, y)=a®Oh(y) where a: [0, ©)—(0, ), h:(—o0, 0)—(0, ), |af/ot|<b(?)
[f(¢, x)| where b: [0, 0)—[0, ), while f, 3f/ot, a’, b, and h are continuous. Then

all solutions of (3) can be continued for all future time if and only if ‘r/ [s/h(s)lds
0

— 00 as |y[—oo.

Proof. The necessity was shown in Example 2 when f_m [s/h(s)]lds < co.
0

If r [s/h(s)lds< oo, then a similar argument holds in Quadrant II.
0

Suppose the integrals diverge. Then along solutions of (3) we have that

V= —[d(@)/a®)] j [s/a(t)h(s)]ds+j: [61(1, ) /01lds
<[ld@)/a®)|+|bOV

and so along any solution X(#) of (3) we have
V(L X0Vt Xa) exp [ 11a(s)/a)]+[b(5)ds.

Thus, if the solution X(#)=(x(#), y(?)) is defined on an interval [#, T), then |y(r)| <P
for some P. As x'=y, it follows that x(¢) is also bounded on [f, T). Therefore,
it can not be that x*(¢) + y*(tf)— oo as t—T~. This completes the proof.

Example 3. We consider a generalized van der Pol equation,
x"" +mx)n(x)x' +r(x)=0 (4)
or
x'=y

Y = —m(x)n(y)y —r(x) (5)
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in which m(0) <0, n(y) >0, and xr(x)>0if x£0. If n(y)=1, m(x)=e(x*—1), and
r(x)=x, then this is the van der Pol equation. It is known that the van der Pol
equation (with ¢>0) has a nontrivial periodic solution to which all nontrivial solu-
tions converge. The introduction of a large function n(x’) destroys the behavior.
The reader may verify that

V(x,y)= j " ds /()] +j r(s)ds

and M={(x,y): —a<x<0,y>0} where m(x)<0 on —a<x<0 can be used in
Theorem 1 to show finite escape time in case r [ds/h(s)] is bounded above for
0

y>0.

Remark. Before we give our final result it seems desirable to indicate the
proper place for our second order results in the literature. To do this, we consider
the equation

x +a@®a(x)f(x")=0 (6)

with 8(y) >0 and xa(x) >0 if x5£0. If a(f) is positive and differentiable, then we
can write a(f)=0b(H)c(t) where b(¢)>0 and decreasing while ¢(¢) is positive and in-
creasing so that for the system form

= (7)
¥ = —b@Oe@a()E)

it V=[1/c()] jy [s/ﬁ(s)]ds—i—b(t)jx a(s)ds then V'<0 and one can show that all

solutions are continuable if and only if r [s/8(s)lds— oo as |y|-»>oo. If the condi-
0

tion on a(f) fail to hold, then there are essentially three ways in which solutions of
(7) can fail to be extendable.

1) 1If a(?) fails to be of bounded variation, then solutions may oscillate un-
boundedly (cf. [3] and [6]).

2) If a(®) is continuous and negative at one point, then both x(¢) and x'(¢) may
tend monotonically to infinity in finite time (cf. [2] and [11]).

3) 1If B(y) becomes too large in some sense, then x(z) may approach a finite
limit and |x’(f)| may approach infinity in finite time (cf. [1], [9], [11]), as we have
already seen.

There seems be no known method to detect the general behavior described in
1). Cofiman-Ulrich and Hastings have given examples of such behavior. ~Possibly
a Priifer transformation could be used to obtain a polar coordinate system for which



Non-continuation of Solutions 293

a Liapunov function could be constructed satisfying V() >[V(6)]” with r>1. Our
efforts in that direction have failed.

The author and Grimmer [2] constructed a simple technique for detecting the
behavior in 2).

3. Continuation.
The work in Example 1 can be used for a continuation result. Consider again

X =y

3
y,:‘—'—f(t;x)g(t,J’) ( )

with f: [0, 00) X (— o0, 00} —(— 00, ), g: [0, 00) X {(— oo, c0)—(0, o0), xf(t, x) >0
if x0, 9f/ot and o[1/g(t, y)}/6¢ continuous. We assume that the following holds.

(A, There exist continuous functions £: [0, o0)—(0, ), k: [0, c0)—(0, ),
¢: (— o0, 00)—(0, ), and 5: (— oo, 00)—(0, ) such that

| st 9 fanas<ho | 96 + [ e, 9as .
[ 15190 91/a0ds <o) [,7@) + f ls/9(, s)]ds],
and
k| [ 1579, ds + [ 10t 95| = (909 +700
if x24+y? is large.

Theorem 3. Let (A) hold. If for each T>0, r [s/9(t, s)lds— oo as |y|—
]

oo, uniformly for 0<t<T, then all solutions of (3) are continuable for all future
time.

Proof. Define
V(e 0=| [[ 1s/9 s+ [ 16, 9ds | exp [ nsyas
so that along solutions of (3) we have
V(2 ) AO@ 4700 exp — || his)ds

<hOkOV(,s,y)

if x*4y*>M for some M. If there is a solution (x(z),y(?)) on an interval [¢,, T)



294

T. A. BURTON

with x*(f) +y*(t)— oo as t—T~, then there is a ¢, in [z,, T) with V’(z, x(®), y(®) <
h@Ok@V (2, x@®), y(®) on [t,, T) so

Ve, x(@), @) <V, x(1,), y(1,)) exp LT h(k(2)dt.

Thus, V is bounded, so y(¢) is bounded. But then x’()=y(f) so x(¥) is bounded
on [t,, T). This contradiction completes the proof.
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