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Asymptotic Property of Nonoscillatory Solutipns
of Second Order Differential Equations

Yoshiyuki Hixo

(Iwate University, Japan)

In [2], Hammett has pointed out that the oscillation of the equation
@) +a) f(x)=0
does not necessarily imply the oscillation of the equation
1) @) +a(®) f(@)=g(),
even if g(¢) is sufficiently small, and proved the following;
Theorem 1. Assume that
(i) (e Cro, ), A P r()ds=co and r(£)>k for some positive constant

k,
(ii) a(@®)eC[0,x) and a(t)>7; for some positive constant E,
(i) f@el(—ow, ), zf(x)>0 for x+0 and f'(x)=0,

(iv) 9@ ECIO0, ) and /0 *19(s) ds <co.

Then a nonoscillatory solution x(t) of (1) satisfies lim x(#)=0.
t—0
Recently, Grimmer has extended Hammett’s result to the equation
@) +h@)x"+a@) f(x)=g()

and replaced the conditions on a(¢) and on g(¢) in Theorem 1 by following

conditions;

*) a@)=0and if {¢,} and {s,} are sequences with 0<--- <t,, <5, <tn:; <--- and

oo Sn
Sn—tn>€, where ¢ is a positive constant, then 3] a(s)ds=co,
n=0 J ¢,

and
t
%) /g(s)ds is bounded,
0

respectively (see, Theorem 1 in [11).

In this paper, we shall give some extensions of Hammett’s and Grimmer’s
results mentioned above.

Consider the second order differential equation
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>y @) +h(@)ax"+f(, x, 2)=g(),
where 7(#)>0 and g(#) are continuous on I, I=[0, o), h(x) is continuous on R,
R=(—oo, oo),hb(x) s'atiysﬁes x-/x h(w)duz=0 and f(@,x,y) is continuous on
0

IXRXR. For any continuous function ¢(¢) and ¢&[0, o), let {¢()}=max
[e(®,01, {¢@} =min [¢(#),0] and let

@ { 1 for ¢(@)>0
SEROVITI L for  o(a) <O
Lemma. Assume that
(3) _/'ool/r(s)dszoo
1]
and
t
(4) / g(s)ds is bounded.
]

Let x(t) be a ksalution of (2) which is nonoscillatory on [6,0) and satisfies

(5) [ tsgm 50 -£ s, 5, ()} ~ds> 0.

Then we have

(6) [T tsen 5 -£Gs, 59, /(D) Hs <o,

In addition to the above conditions, if
(7) r(®) =k for some positive constant k,

then sgn x(o) -x'(2) is bounded above for all t=o0, and futhermore, if
(8) . [ lgelds<eo

and there exists a sequence {s,},s,—>o0 as n—oo such that &'(s,)=0 and x(s,)
—0 as n—>oo, then limsupsgnx(o) -2’ () <0. In particular, if
t—co

9 h(u)=0 on R,
then the solution x(t) satisfies lim x'(z)=0.
f{—oco

Proof. Suppose that a solution x(¢) of (2) is positive on [g,00). An
analogous argument will hold if x(#)<0. It follows from (2) that

F163) ¢ ot V R
A0 r@F@O—r@w@=—[ | hGdu— [ CEORIOEY TSP
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2(8) t
=— / h(u)du— / 1£ G, 3(s), a/ (D)} *dis
(o) 4
t 14
= [ v, e @) ds+ [ aras.
Now; suppose that
[T, e @) ds=on.
Since ;
an - f :Z)h(u)duz_ A ”“)h(u)duf A “ h(wdu< ﬁ ) du

for all =0, there exist a 7>>¢ and an M>0 such that »()x'(¥)<—M for all
t=7 by (4), (5), (10) and (11), and hence, by (3),

i
x(t)—x(-z')<—M/;1/r(s)ds———>—-oo as t— oo

This contradicts x(¢)>0 for t=¢. Thus (6) is proved.
It follows from (7), (10) and (11) that

a»  v@s{| [ owas|+ [ “hau— [ (76, (52,5}

@l @I} 4
and hence x/(t) is bounded above for all £=¢ by (4) and (5).
¢
Replacing ¢ by s, and noting that by (6) and (8), l f 9(s)ds
Sn

</ los)lds

and f “lg()|ds—0, /; O (du—0 and f ZLFCs, 5(5), 2/ ()} *ds—0 as n—co,

the third part follows from the inequality (12).’
Now, we shall show the last part. Since

r@w @+ [ “:i’zh(u)duz— [ at,wmyas- [ "gCo)lds

by (10), it follows from (6) and (8 that for any >0 there is an N>0 such
that

. x(&) .
(13) F(F () + f hGdduz—

for all >N and t=s,. Assume that there exists a z*=sy such that «’(z*)
< —¢lk. Then there exists an N*>=N such that x/(z)<0 on t*=¢=sy*, which
implies that '



222 Y. Hivo

2(t%) »
f h(w)du<0

(sy*)

by (9). Hence we have »(#*)x’/(t*)>—e¢ by (13). Since ¥/(#*)> —¢/k by (7),

we have a contradiction. Thus lim inf 2/(¢)=0, and therefore lim x/(z)=0.
t—>0

o0

The following theorem is the case where a(z) changes the sign.

Theorem 2. Assume that the conditions (3), (4) and (7) in Lemma hold
and the following conditions are satisfied;

(a) For t=0 and x=0, there exist a continuous function a(t) and an a(x)
such that xa(x)>0 (x>0) and

as a@®a(®) =1 2,y)

Jor all large t,x=0 and ly| <co.
(b) For t=0 and x=0, there exist a continuous function b(t) and a P(x)
such that xB(x)>0 (x<0) and

s) f, 2, ) <b(DB)

for all large t,x<0 and |y|<co.
Moreover, suppose the following conditions are satisfied;
(¢) If {t.} is a sequence with 0< - <8, <ty <--+—>00, then

o Fate
(16) 5 [T e rds=oo
and
o tote
an 3 [ o) ds=e
Jor any e>0.
(d)
(18) [) P {a()} ds> —oo
and
(19) ﬁ T 1b()} ~ds> —co.

Then a bounded nonoscillatory solution x(t) of (2) satisfies lim x(z)=0. In
-0

particular, if the condition (8) holds, then the condition (c) is replaced by the
condition that

'(c)! there exists an >0 such that if {¢t,} is a sequence with 0<---<¢t,<
tpiy < 00, then (16) and (17) hold.

Proof. Lex x(t) be a solution of (2) satisfying 0<x(#)<L for some
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positive constant L and for all t&[g,), where ¢ is sufficiently large. An
analogous argument will hold if x(¢) is a negative bounded solution.
First, we shall show that lim inf x(¢#)=0. Suppose not, then there exists
oo )

an >0 such that x(2)=# for all t=0, and hence there exists an m>0 such
that a(x(@))=m for all £=g. It follows from (14) and (16) that

/;oo{f(S, x(s), x,(SD}+d5,2_/;°°{&(5)a(90(s))} +dsgm/;w{a(s)} tds=oo,
which contradicts (6) in Lemma, because
[T a0y dszM[ {a()ds> —oo

by (14) and (18), where M= sup a(x).
osesL
Next, we shall show that lim'sup 2(z)=0.
f—oo
(i) The case where conditions (4) and (¢) hold. Suppose that lim sup
t—oo

£(£)#0. Then there are sequences {t,} and {r,} and a constant K>0 such
that- <t, <7, <tpy < =0 as n— 00, x(t,)=K[2, x(r,)=K and K2=Zx(@)<K
for t,<t<r,. By Lemma, 2/(¢) is bounded above, and hence there exists an
>0 such that r,—t,>e. Thus we have

20) 2(H=K/2 on t,tex=t=t,

for n=N,N+1, N+2, -, where ty=0. It follows from (14), (16) and (20) that

f, : (£ s, 2(), &/ ()} Fds= / °° {a(s)a(@(s))} *ds

o tyte
=M 3 {a(s)}*ds
n=NJ i,
=0,
where M= inf «a(x), which contradicts (6) in Lemma.

K/2<z<L
(ii) The case where conditions (8) and (c)’ hold. Suppose that lim sup
—o0

2(#)#0. Then, there are sequences {s,}, {t,} and {r,} and a constant K>0
such that s,—oo and x(s,)—0 as n—oo, 2/(s,)=0, 2(t,)=K/2, -+ <1, <tp+1<
Tt <o 8(r)=K and K/2<x(#)<K for t,<t<r,. By Lemma, there exists an
N>0 such that #/(¢)<K/2¢e for t=ty, where ¢ is the one given in (c)’, which
implies that 7,>#,+¢. Thus we have (20). Therefore, by the same argument
as in the proof of the case (i), we have a contradiction.

Thus Theorem is proved.

The following theorem is the extension of Grimmer’s theorem.
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- Theorem 3. Suppose that the conditions (3), (4) and (7) in Lemma and
the conditions (), (b) and (c) in Theorem 2 hold. Assume that a(t)=0 and
b()=0on I, '

(21) lim inf a2(x)>0
and
(22) lim sup pf(x) <0.
z—>—c0

Then a nonoscillatory solution x(t) of (2) satisfies lim x(¢)=0. In particular,
—co

if the condition (8) holds, then thé condition (c) is replaced by the condition
©".

In the proof of Theorem 2, the boundedness of a solution x(¢) is used only
in showing the existence of constants m and M’ and the inequality

ﬁ T Cs, 1), 3 ()} ds> —oo.

We can easily show the existence of constants m and M/’ by (21), and it is
clear that

f,. TG, 15, (s} ds=0,

because a(z)=0, and hence Theorem 3 is proved by the same argument as in
the proof of Theorem 2.

We shall consider the homogeneous system.

Theorem 4. Assume that

(23 f&x,p=a®OF, ),

where a(t) is a nonnegative continuous function on I and F(x,y) is a continuous
function defined on RXR and satisfies

@2y x-F(x,)>0 (x+0)
and
- (25) F(Ax, dy) = A2a+1F (2, y)

for every (x,y)&R?% A&R and some nonnegative integer q. Suppose that the
conditions (3), (7), (8) and (9) in Lemma and the condition (c) in Theorem 2
hold.

Then a nonoscillatory solution x(t) of (2) satisfies 1im x(2)=0.

Proof. Let a solution x(z) of (2) be positive on [g,), where ¢ is
sufficiently large. An analogous argument will hold if x(#) <0 for all £=0.
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First, we shall show that lim inf 2(Z)=0. Suppose not, then there exists an
f—co

m>0 such that x(z2)>m for all £=0. By Lemma, x/(#) is bounded for all ¢=0.
Hence there exists an M >0 by (24) such that

(26) min F(L, 2/ (0/5(6)= M.
ft follows from (16), (23), (25) and (26) that
[T,z eds= [ " a(IFCa(s), o/ ())ds
= [Tata*nF A, (Hla(s)ds
> m2e+t. M. / * a(s)ds= oo,

which contradicts (6) in Lemma.
Next, we shall show that lim sup x(2)=0. Suppose not. Then, by the same

t—oo
argument as in the proof of Theorem 2, there exist a sequence {t,} and numbers
K and N which satisfy the condition (20) for an >0 given in (c)!. Hence
there exists an />0 such that

2N min F(,x'()/x@)=M

ISttty te

for ﬁ:N, N+1,N+2,---. It follows from (16), (23),(25) and (27) that
f :’ 1f (s, (), 2/ (D)} s = ft " a() FCa(s), o' (s))ds
=/;°°a(s)x(s)2‘1“F(1, x'(s)]x(s))ds

= 31 [ ey rQ, v a(s)ds

nt€

. fd ¢
> 2g+1, .
2K/ 0 3 ft T atsyds
> oo, |

which contradicts (6) in Lemma. This proves Theorem.

The following theorem contains the case where »(#) =0 and r(#)a(t) =0 as
{— o0,

Theorem 5. Assume that h(x)=0 on R and that the conditions (3) and
(4) in Lemma and the conditions (a) and (b) in Theorem 2 hold. If a(t)=0
and b(t)=0 on I, a(x) and B(x) are nondecreasing and there exists a function
()= C?([0,0),R) such that for a ¢=0

(28) p@)>0 on [og,0),
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(29) FOE'®Y>1g®] on [,00)
and
(30) [Faatp)ds=co, [Tspcosds=co,

then a nonoscillatory solution x(t) of (2) satisfies {x(£)|Z¢(t) for all large t.
Moreover, if ¢(t)—0 as t—o, then lim x(z)=0.
o0

Proof. Let 2(2) be a solution of (2) satisfying x(£)>0 for =T, where
we may assume that T20. An analogous argument will hold if x(¢) is negative.
By (2), (14) and (29), we have

@D (r@a' (D)) = —a(®ax(O)+ 19O <@’ @)
for all z227T. Since »(2)>0 on I, it follows from (81) that either x(2)=¢(2)

for all large ¢ or x(2)<¢(2) for all large z. However, if x()=¢@®) for all
t=T,, T,=T, then we have

/ TLF G, 2, 2 ()} ds= / " (s, 10s), 2 ())ds= / “a(s)a(x(s))ds
T T T

> f " a(Dalp())dsz oo
Fsl

by (28) and (30), which contradicts (6) in Lemma. Thus Theorem is proved.
Ezxample. Consider the differential equation

(32 1) +aP =314,

Put ¢(2)=(1/)"®, then it is easily seen that ¢(z) satisfies the required conditions
in Theorem 5, and nonoscillatory solutions of (32) tends to zero if # tends to
infinity. In fact, 2(2)=1/¢ is a nonoscillatory solution of (32).
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