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On Some Perturbation of the Navier-Stokes

Equations in L” Spaces

By Hitoshi Isun

(Waseda University)

1. Introduction.

In [5], Temam proposed a perturbation of the Navier-Stokes equations to
avoid the difficulty in numerical analysis caused by the condition of divergence
free. Indeed, he showed there that as e—0, the solution u, of the Cauchy
problem for the equation with a parameter ¢>0,

Ou,
ot
with the initial data u,=L2(R"), divuoz:O, converges to the solution u« (in the
Leray-Hopf class) of the Cauchy problem for the Navier-Stokes equations,
—Z—Z:—Au—}-u-gradu—l—graszo (2, £)eQr=R*»x (0, T)
d.2 1 divu(x, ©)=0
u(x, 0)=uy(x), divu,=0,

1.1

—Au, +<u5 . grad—{——;— div us> u, ——i—grad (div u,) =0,

where P is the pressure function.

On the other hand, Fabes, Jones and Riviere:[ 1] proved the existence and
uniqueness theorem in some L9(0, T; LP(R”)) spaces, p,q=2, for the Cauchy
problem (1.2) with the initial data in L”(R”), r>n. One asks naturally whether
the solution #, of the equation (1.1) converges to the solution u of the problem
(1.2) in the function spaces L2(0, T; L?(R"™)). It, however, seems (perhaps
technically) difficult to discuss the problem. The aritificial term (1/2)(divu.)u,
in the equation (1.1) is not suited for the discussion in the L2(0, T; L?) {rame-
work and should rather be replaced by (divu.)u..

In this note, we shall consider the Cauchy problem for the equation with a
parameter ¢>0,

Ou,

1.3) ot
u. (@, 0) =uo(%),

and show that the solution u, of the problem (1.3) with the initial value #, in

L7(R™), r>n, satisfying divu,=0 converges in L2(0, T L?(R")) to the solution

« of the problem (1.2) if 1g§+%>§, n<r<p<oo and T (>0) is sufficiently

— Au,+ Cu, - grad +div )z, —% grad (dive) =0, (x,£)EQr
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small. Here and later L”(R*) denotes the space of all measurable functions =
(ay, -, u,) for which

lalh=33( [, Justorlda)” <oo,

and L%(a,b; L?(R”)) denotes the space of all measurable functions z=(uy, -,

[leel| 22 ¢a, 327y = 121{ Lb< [Rnlui(x, t)|1>dx>q/pdt}l/q<oo

(when a=0, we simply write this space as L&2(Q3)).

u,) satisfying

The author wishes to express his gratitude to Professor Riichi Iino for his
valuable advices and Professor Masayoshi Tsutsumi for his suggestion of this
problem and for helpful discussions..

2. Weak solutions of the problem (1.3).
To study the problem (1.3) in L%?(Q7) spaces, p,q=2, we make use of
the concept of weak solutions.

Definition. A function u, is called a weak solution of the problem (1.3)

if u,&L9?2(Qr) and if for any ¢=Cy (R”X (—oo, T)), the equation

T % 1 .
@D / f Gty 22+ Ao+ (T @y grad (div @) ddx dt

o JRe ot e
+ [ <@, oG, 00>z =0

holds. Here J¢ denotes the Jacobian matrix, i.e., J ¢:<_3_§0L> .

0x; /1<i,j<n
To obtain an equivalent integral equation to the functional equation (2.1),

we first seek for the solutions ej=(eij, -+, en;), 1=j<n, of

2.2) %—Aeﬁ——i— graddive)) =a;06(x,2), (x,t)ER#*, >0,

where § and «;, 1= j<n, stand for the Dirac measure at the origin and the unit
vectors whose j-th components equal to 1, respectively. With the aid of the
Fourier transform with respect to the variables %, we have

det ~” 1 -

=2 +lylPei+— Al e=a;5(0)

dt €
where A(y) denotes the matrix (¥¥,)1<i j<n, and where we write &5 for the

Fourier transform of ¢j. Putting E¢=(ef)i<i j<» and solving the system of
ordinary differential equations, we get
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Es(y,t)=exp<—lz/l21——i—A(y)>t for £>0.
By an elementary calculation,

Ee(y, )=eloit] +I-y1~‘5 {e-Q+1/OWlt — =Pt} A(y)  for ¢>0.

Therefore,
- 1/e
eii(y, ) =8¢ W —1y,y ; f e=A+DWPAL, >0,
0
and hence
. e—lxl2/4t 1/e e—lal/4(L+ D¢
.3) ei(x, £)=6 D;D t>0,

amyn Vo PP namatt

where §;; and D;, 1<i, j<n, stand for the Kronecker’s delta and 8/dx;, respec-
tively. It follows immediately from this representation that

Q.0 €€ C=(R"x (0, ),

(2.5) ei(-, )€ S for each £>0 and

(2.6) e, Drpei;e LI(R7 X (0, T)) for T,0<T<oo and k=1, -, n.

We also have

@D Ew@=[ EG-y0@)dy—>g in LR,
1<p<oo, as t—+0
by the well-known property of the Weierstrass kernel and the representation

(2.3) of é.
Let us define the bilinear operator B, by

B, @)= [ [ [y, o) gra) EeCoy, 1—)oCy, dyds

for (x,0)eQr and for u,v&L9?(Qr), 2=p,q<co, where (u-grad)E® denotes
the matrix
(E ukae§j> .
k=1 1<i,j=n
By (2.6), it is easily seen that the operator B, is continuous from L%:?2(Qr)X
L?2(Qp) to L¥/%02(Qp) for p,q=2. Using this property and the properties
(2.4), (2.5), (2.6) and (2.7), we obtain
Theorem 2.1. Let u,cL’(R%), 1<r<oo. A function u.cLH?(Qr), 0L
T<o, p,q=2, p<oo, is a weak solution of the problem (1.3) if and only if u,
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satisfies the integral equation
(2.10) U+ Be(ug, u)=E°xuy  for (x,6)EQr."

‘We can prove this theorem in the same way as the proof of a similar theorem
for the Navier-Stokes equations (Theorem (2.1) in [1]) and omit the proof.

3. Existence and uniqueness theorem for the problem (3.1).
We begin with a result concerning the continuity of B,.

Lemma 3.1. If 2iz 7 <1 and n<p=oo, then the inequality

1fi_n_2
G B, vllznren=Cln, p, q)Tz( ? ")HulILM(Q@HZ)IILM(QT)
holds for u,v=L?®?(Qr). The constant C(n,p,q) can be taken to be independent
of e.

To prove this lemma, we need the next.
Lemma 3.2. (Hardy-Littlewood-Sobolev theorem). Let g=L7(0,T), 1<

r<oo, 0<T<L o, and for 0<a¢<%, define
¢
Hog()= f (t—s)eig(s)ds, 0<t<T,
0

If *};——%:a, then

I1H.gllg=Clg, rllglly

In the above, [|-]l;(||:]l,) stands for the norm of the space L4(0, T) (L”(0,

T)). For the proof, we refer to [4].
Proof of Lemma 3.1. Differentiating the equation (2.3), we get

3’L2<«/<Txm:>d‘]’
Lap

1 1
~ — a2 w2
where h(@)=|zle *" and hy(a)=|xle * +|zle " for zeR". Hence, for

1<r=<oo,

+

3.2 [Dkefj(x,t)[§Ct—f2+_l|:h< >+ _/ A+ B

n+1+£ n+3+£
IDeiiC-, DI, <Ct 2 Zr[llhdlﬂrllhzllr [ET Z’dl:l
n+1l =n
<Ct

Slnce ———2—}ﬁ+—2——< 1, the above constant can be taken independently of &.
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%—l——i——l, by the Young’s inequality, we get

i.e.,

. p 1
Putting r= , —
utting » -1 »

‘n—l—l n

¢ - +—
1B (x, ”)(':@Hpéc/(; @=s) B FuC, Dl eC, | lpreds

_ntt n

gcf0 (=T Bl DllplloC, 9l pds

In case %—{——5—:1, setting wz%—%, we apply Lemma 3.2 to obtain

1B, Cet, || 222y = CllullLarcop vl Lor@r.

In case %—{—%<1, using the Young’s inequality, we have

1f_n_2
| B(ut, )||Ler@pn=CT? ( » ") [l Lor@pllvlizerc@m-

This completes the proof.
Next we turn to the continuity of Es°.

Lemma 3.3. Let gL"(R®), 1<r<oo, Ifqzl,r<p and %—[—%—>%, then

the inequality

1/{n 2 =n
—-—-+.__.__.
3.3 IIES*QHLWQT)éCCn,P,q,r)T2(" 2 ’)Hgllr

holds for some constant C(n,p,q,r) independent of e.
Proof. By the representation (2.3), it is easy to see that

n n
—-— 2 1/e -1 X
a, DISCt 2 k(7= W sEwyr
leti(x, )] < Cr [k1<\/t>+ﬁ 1+ k2<v<l+l)t>dx],
—llxlz ___1_|x|z —l]xlz
where 2i(x)=e * and ky(x)=e¢ * +]x[% * . Therefore 1<s<co, wet get

lesiC Dlle=C 5 kel [ @27 an

where C’ is independent of e. Setting %z%—l—%—l, we have 1<s<oo by the

assumption on p and r, and

| EexgC-, Dll,<Ce ® 25|lgl,.
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Since q(l—-i><£, we get
s n

1/n 2 =n
__..+_—-.—
HEE*gIlech)éCTZ(p ? ’)Ilglln

which completes the proof.
We are now in a position to state the existence and uniqueness theorem,

Theorem 3.4. If 1g%+%>% and r<p<oo, then there exists a positive

constant Cy=Cy(n, p,q,7) such that the problem (1.3) ﬁas only one weak solution
u, in Lu?(Q7) for any u, and T>0 which satisfy ‘

1 7%
(3.4 T?(‘“7)uuon,g Co.

Since the method employed to prove the existence and uniqueness theorem
for the Navier-Stokes equations by Fabes, Jones and Riviere [1] applies also to
the proof of this theorem, we only sketch it.

Proof. In view of Theorem 2.1 and Lemma 3.3, it is sufficient to prove
that, for some constant C;=C;(n, p,q)>0, the integral equation

uS_I_BE(uS’ uE) :f
has a unique solution %, in L%?(Qr) for any f&L%?(Qr) and T >0 satisfying

l(l__”__i)
T2\ 2 | fllLeren<Ch
Setting v6=f, we define v by

V?E”:_Bs(vf’ﬂ"l’ v:ﬂ—l)_}'ﬁ m=1,2,3, -

By Lemma 3.1, we have

1 n 2
—f1-=—=
llomllLerc@n < CT 2 ( » q)””f’”—lniq"’(QT)+”f”Lq'7(QT)'

Let C;=(4C)74,

Lfzn 2 Lf_n_2
@o o= F N flrnmion (2= F ) frinan)
and

1 n 2

—(1-Z-Z
Sr={veL?(Qr); 2CT2( ? q)llvHLM(QT)<0}-
Then it is not hard to see that every 5,(#=0) belongs to Sy and the mapping
v——B,(v,v)+f is a contraction mapping on S since #<1. Therefore, u,=lim

M—>cO

v exists in St and u,+B,(u., u.)=f.
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We now turn to the uniqueness of the solution. We may assume g<{co. Let
u, and v, be two arbitrary solutions of (1.3) in L%?(Q7) with the same data.
uy, that is, u,+ B,(u,,u.)=E**u, and v,+ B.(v., v,) = E®*uy.
Since u,—v,=—[B.(u., u.—v,) + B, (u,—v., v.)]1, we easily get
lue—vel|L02@p = CllluellLerop +vellLor@) llue—vell o7 @
for any 7,0<7<7T. Thus we obtain u.,=v, in L%?(Q,) for sufficiently small
7. Repeating this argument, we finally have u.=v, in L$#(Q7). The poof is.
complete.
Remark 3.5. (i) If we take the data wu, as divu,=0, then the assertion:
of Theorem 3.4 holds also for the case r=p. In fact, the condition divu,=0
" !
means that 37 y;4,;(y)=0 and, therefore, A(y)#,(y)=0. Defining
=
e—zl?/4t

E(x, t):W,

we see that Efxu,=E+*u, and the estimate (3.3) is valid for »=p, which implies.

the above assertion.

(ii) We shall need in section 4 the fact that for the initial data wu,,
1 7n
T:? (1 ’) [Jetg]], < Co, the weak solution u, of (1.3) satisfies the ineguality

1 n 2
(3.6) ZCTZ(I » Q)H%HLWQTK!’ (<D
for all >0 and with ¢ defined by (3.5).

(iii) The restriction (3.4) on T and u, is not necessary for the uniqueness:
part of the above theorem. We have actually proved that there can exist at
most one weak solution in L%2(Q7) of (1.3) for any u,=L”(R”) and any T>0.

We need the following lemma to obtain a result on the global existence of’

the weak solution of problem (1.3).

Lemma 3.6. Let gL/ (R, 1<r<co. If %+%<3}, then

@D 1 E=#gllLect, 05220 < Cat, P, g, 11911

Proof. If we put —;—Z%—I—%—l, then 1<s<oo and by the same reasoning

as the proof of Lemma 3.3, we get

n . n

llesiC, Dlls<Ct ® 2,
Since q(l——l—)>£, we get
S n

1E=#glzeqt, eo; 0y = Cll 9]l
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We now obtain easily
Theorem 3.7. Suppose —;i—l—%:l and ri<n<ry<oo. If both |lullr, and

luollr, is sufficiently small, then there exists a function u, in L9?(Qc) such that
Jor any T>0, u, is a unique weak solution of the problem (1.3) and for the
constant C in Lemma 3.1,

(3 8) ZCHuE||Lq,p(Qw)<p, 0<p<1

Remark 3.8. If div#;=0, then the above statement is also true for p=r,.

4. Convergence of u, to the solution of the Navier-Stokes equations.
We shall show in this section that the solution u, of the problem (1.3)
converges to the solution # of the problem (1.2) in L9?2(Q7r) as ¢—0.
According to Fabes, Jones and Riviere [1], we say that a function uz=
(uyy *++yuy) in LB92(Q7), p,q=2, is a weak solution of the problem (1.2) if and

only if for any ¢ Co(R*X (—oo, T)),
T 0
an [ gt raerTowdsdr [ @, o, 00da=0,

and for almost all t=(0, T), divu(x,#)=0 (in the sense of distributions).

Now we define ¢} by

&y, ) =<5ij’— Iy;ylgj > e~lvl,

Setting E°(x, £) = (e%(®, £))1<i j<n, we define

t
BoCa, (@, )= [ [ [CuCy, )-grad) B Ga—y, 1= )oCy, $)dyds
0 1
for u,v€L92(Q7r), p,q=2. Note that the function €% is written explicitly as

49 0 5. e—|zit/4t D.D e w4+ Dt _eZlrpoanr L
(4.2) eii(x,t) =0y (ax t)"/2 f i ][4”(1_!_1)15]"/2

We list some results obtained by Fabes, Jones and Riviere in [1], which we need
in the following discussion.

Theorem 4.1. Let uycL7(R®), 1<r<o, and divuy=0. Then, a function
ueLH2(Qr), p,q=2, p<o, is a weak solution of the problem (1.2) if and only
if u is a solution of the integral equation

u+ By(u, w) = Exu,.

Theorem 4.2. Suppose that 1>;+ 2 >— r<p<oo, and uysL"(R") satis-
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1.n
Sies divuy=0. There exists a constant Co=Cy(n,p,q,r)>0 such that T2( ")
lletoll, < Cs, the problem (1.2) has a unique weak solution u in LL?(Qr) which
satisfies

1—

1 n 2
4.3) ZCTZ( » ")Hullum(QTKl,
where the C is same as in the estimate (3.6).
Therem 4.3. Assume %4%21 and ri<n<ry<p<co. If ugcLn(R™N

L7(R*) and div uy=0, and if both ||lwllr, and ||uyllr. are sufficiently small, then
there exists a function u(x,t) on R*X (0, 0) which belongs to LY?(Q.) and is
a unique weak solution of the problem (1.2) for each T>0. Moreover, the
estimate

4.9 2 CllullLrr@@e)<1

holds with the constant C in Lemma 3.1.
Now we state our theorem in the next.
2
q
constant Cy=Cy(n, p,q,r) >0 such that if

Theorem 4.4 Assume that 1;%—{- >—z— and n<r<p<co. There exists a

n

1
T2(1 7’)||u0||,,<C3 and div uy=0,

the weak solution u., of the problem (1.3) converges in L%P(Qr) to the weak
solution u of the problem (1.2) as €0 and the convergence rate is as follows:

1
||u—uauu,r@n:0(e2(”ﬁ)) as e—0.

. . ~ 0 = ~
Before going into the proof, we set &ij=eij—ei;, E*=(8i)1<i j<n, and we

define

B, )@ 0= [ [ [y, )-grad) BeCa—y, 1—)To(y, )dyds

for u,v=L%?(Qr) and 0< T<co. And we state
Lemma 4.5. If %+%§1 and n<p=<co, then

1 ”n
4.5 1B (a, )| z02 @y <C(T)e? ( ")IlullLM(QnHvlqu-ﬂ(QT)
for u,0LH?(Qr) and for some constant C(T) depending on n,p,q and T
(independent of ¢).
Proof. It follows from (2.3) and (4.2) that
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e . DODD e—lel/a+ 0t d
é;i(x,t)=t e i j[47z(1—|—/1)t]”/2 .

By the same way as the proof of Lemma 3.1, for a given r, 1<r<co, we get

_n+1 n n+3 n

ID5C, D, <Ce* Fhal, [T+
1/¢
gC’(t/s) 2 27'.
P
-1
3.1, we obtain the estimate (4.5). The proof is cdmplete.
Proof of Theorem 4.4. Let us set Cy=min(Cy, C;) and assume that u,

and T(>0) satisfy the inequality

Putting r:P and repeating the same argument as in the proof of Lemma

1f =
770 <c,

and div#,=0. Then the problem (1.3) and (1.2) have the unique weak solu-
tions u, and u, respectively, which satisfy

U+ B, (ugyu,) =E¢xuy and u-+By(u, u)=Exu,.

Tt is clear from the definition of B, that By(u«, u)=B.(«, w)+B.(u, ). Since div
uy=0, we get E¢xuy=FE+u, Therefore, we have

us—u:BeCu_us’ue)+Bs(u: u—us)—]_Es(u) u)'
By Lemmas 3.1 and 4.5,

i1f_»n_2
Ilus—ulqum(o@éCTZ( » ‘1)(HueHLM<QT)+IluHLw(QT))Hue—uHmeQT>
(142
‘ +C(T)€2( +p)|lull2LM<QT>
and by (3.6) and (4.3),
Hor 3
= ullzeoan =0 llu—allzor@n+CCTIR VP |lullbarcon

for some ¢/,0<0'<1. Thus we get

1 ”n
llus—unu,«@@gl%p, e Do,
This proves the theorem. '
Note that Lemmas 3.1 and 4.5 hold also for T'=co if %—l—%zl. In view
of (3.8) and (4.4), we obtain .in the same way as above

Theorem 4.6. Suppose %—]—%:1 and ri<n<ry<p<oo. If u,s L (R")
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NL72(R?), divuy=0, and the norms |ulln, and ||ugllr, are so small that the func-
tions u, and u defined in Theorems 3.7 and 4.3 satisfy (3.8) and (4.4), respec-
tively. Then, u, converges to u in L9?(Qs) and

1 ”n
Hue_uHL“’(Qw):O<€?(1+5)> as &—0.
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