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Abstract.
Arimoto has defined entropy of a complete probability distribution (py, ps, -+,
pn) as inf. f}pif(q,-) where infimum is taken over all complete probability
=1 T

n
distributions (g, s, ***»¢»). The expression X p;f(g;) whose particular case is
i=1

" .
— 31 p;log g; may be called inaccuracy. In this paper a characterization of the
b= | :

function which leads to inaccuracy of kind £ through a functional equation is
taken up. This functional equation arises from the recursivity and symmetry of

the inaccuracy of kind 8. Interestingly the inﬁmum of the inaccuracy of kind
B gives rise to entro'py studied .by Arimoto.

1. Introduction.

A number of researchers have taken up the problem of characterizing Shan-
non’s entropy under various set of postulates [1]. The chanvge' in postulates in
different ways has led to generalizations of Shannon’s entfopy. A method
apparently much at variance from axiomatic charactérization has been given by
Arimoto [2], where he has been guided by the well known inedﬁality

n n
(1.1 *EP;‘ 10g?i§_i§1pi log ¢;
in proposing the entropy of a distribution P= (ipl,pz, ---;pn) as

(1.2) HA(pss po -+ ) =Inf. 31 :f (40)

where the operation of infimum is taken over all probablity distributions such

w
as Q"—'quy gs """y Qn)’ Zﬂizl and Qi>0-
= ' . N
. " ,
Actually the quantity 3 p;f(q;) is a general expression embodying the Ker-
=1

n .
ridge’s inaccuracy [5] — > p;logg;, as a particular case. As such it is important
: = : :

to explore the meeting ground of axiomatic characterizations with the inequalities
(1.2) (with (1.1) as particular case) in search of new and useful measures.
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In this paper we shall form a generalized functional equation in two vari-
ables, involving a parameter 3, which under suitable boundary conditions would
give a new measure 1. e., the inaccuracy of kind B3, as we shall call it.

A characterization of this new measure is given along with some of its pro-
perties. In the last section, we deal with a characterization and some properties
of entropy of kind B arising from inaccuracy of kind B and (1.2).

2. Functional Equation and Inaccuracy of Kind S.

Kendall [4] has formed a functional equation for information function,
which gives Shannon’s entropy. This has been generalized by Darcozy [3] with
a parameter. Some generalizations of this in two or more variables involving
parameters have been studied by Sharma and Ram Autar [6,7].

Under mainly the recursivity and symmetry of inaccuracy of kind B, we
obtain the functional equation,

@1 Fp+ A==t (T 72
= fu )+ A==t (1 1)
x, 9, u,v<[0,1) with x+4u, y+v<[0,1],

which an inaccuracy function f(x,y) defined below satisfies. If we put y=x and
v=u, and take f(x, x)=7(x), (2.1) reduces to Kendall’s functional equation for
information function when B=1.
We adopt the following:
Difinition. A real valued function f(x, y) satisfying the functional equation
(2.1), defined in [0,1]X[0,1] would be called an inaccuracy function of kind
B(+1) if it satisfies the boundary conditions

2.2) F(1,1D)=£(0,0) and

@.3 SB, D=f1~B,0=1 (0<B<D.
Again if f(x,y) is an inaccuracy function of kind PB(s1) then the inaccuracy
of kind B for a distribution P with respect to Q is defined as

@9 Hﬁ(‘bl’ 2o ~--,pn>: >3 ris%_ﬁf<ﬁ, £>
Q1 925 s qn/ i=2 r; 8

where r7i=pi+pot+piy =@ F @t g i=1,2, - m, with ru=s,=1.

3. Characterization of Inaccuracy of Kind 8.
Let P=(p1, Po, **» Pn) and Q=(qs, s ***, ¢») be two complete probability dis-
tributions of a random variable X=(xy, %5, ---, ¥,), then L, the inaccuracy of kind
B of P with respect to Q is taken to satisfy the following postulates:
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Postulate I.

<P1’ D2y oy P"): _1(P1 + P2 Py s Pn)
Q1 92 "y 4n 911492 93 "y gn
b1 , P \
+ (ot atay Ly T PR gy
4 92
qitgs’ q1+Q2/
with p;+ps, g+¢2>0.
Postulate II.
(Pan,Ps
1> 92 43
there is the same permutation of ¢’s.
Postulate III.

> is a symmetric function such that for any permutation of p’s

i) o

Theorem I. A real valued function f(x,y) given by
x,1—x
=L 77
Where L,,n=2,3, -+, that satisfies the postulates I-III, satisfies the functional

equation

(3.2) Fa,+A—x)A—pt- ﬂf(l -z’ lvy>

= )+ A==yt f(E 72,

for all x,y,u,v<[0,1), x+u, y+v<[0,1] and the boundary conditions,

@.3) f(L,1=(0,0)=0,
@D SB,D=f1-6,0=1 O<B<D.
Proof. Postulate I for =3 gives
(3 5) L3<P1r Pz; P3> P1+P21 P3>
a1, 92 93 A\q1+gs g3

( b1 Pe \‘
pit+pe’ pitpe
\ 41 92 }
a1+q:" @it
for pi+pe q1+42>0.

Interchanging p; and p, and ¢, and g, in (3.5) and then equating the right hand

+ (Pt g1+t Ly
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sides, we get

Pt y2 \

b2 b1
Pitpe’ pitpe L pitp:’ pitps
=L;

q1 a2 / \ g2 [} ),
a1+’ qit+a g1+’ @1t+a

fOI' Pi» P2, d1s QZE[O; 1) Wlth Pl +P2’ ‘h"ﬂbe(o; 1]°
Hence (3.1) and (8.6) yield

f< P1 q1 >=f< P qs >
pit+pe’ it bitp’ et/

(3.6 L,

which is equivalent to

3.7 flx,p=FfA—2x,1—y) for all z,y<[0,1].
Rewriting postulate I1I, we have
0, 1—x—u, w0\ . (u,l—x—u,x
(3.8) L3<y, 1_.7/_1); v>_L3<v, 1—."/—”, y>,

where x,y,u,v,1—x—1, 1—'y—vé[‘0, 11.
Now (3.8) with the help of postulate I for n=3 and (3.1) gives

3.9) f(l—u,‘l—v)—f—(l——u)(l—v)l‘ﬂf( v y)

1—u' 1—v

=f(1—=, 1—y)+(1—x)(1—y)“ﬂf< 1:0 : ——lﬁy )

for z,y,u,v<[0,1) with x4, y+u<[0, 1].
In view of (8.7), (3.9) takes the form

fa o+ a-na-ot (L)

= F@ D+ A= A= (T 1)

which is precisely (3.2).
Putting =8, y=1—8, u=v=0 in (3.2), we get
(3.10) £(0,0)=0, for 0<P<LI1.

Next postulate II on using postulate I and (3.1) gives f(1,1)=5f(0, 0)=0, by

using (3.10), which is precisely (3.3).

Furthermore (3.4) results from postulate III, (3.1) and (3.7) for x=p and y=1.
Theorem 2. The only solution f(x,y) of (3.2) satisfying the additional

conditions (3.3) and (3.4) is given by

B flzg)=[1—2yF—A—2)(1—)F10-D",  for z,y<[0,1].
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(We shall take 0%=0 (a+0))
Proof. Substituting

R ST SR
Pfl—x’ =1, r=1—2x and s=1—y
in (3.2), it reduces to
(3 12) f(l—ry 1"3)‘*‘7”51_’9.70(?, Q)
1—r 1—s\
= — —gs)i-#
FCbr a9+ Ampr)A=a P f ({5 s ),

for all p,q=[0,1], ,5=(0,1] such that pr=+1 and gs=1.
Let »r=p, s=1 in (3.12), then we have

(3.13) SU=8,0+8f(h, )=/ (b8, )+ (A=) A-0#1(15.0),
\ for p<[0,11, ¢<[0,1).
Taking p=0 in (3.13) and using (3.4), we get
(3.14) FO,=[1-A-'PJA-, for ¢[0, 1.
Setting p=0, ¢=1 in (3.12), we get

(3.15) SQA=r,1=)+7rs"Ef(0, D=1(0,5)+ (A=) f1~r, 1),
for s=(0,1), r=(0,1].

Now (3.14) and (3.15) for r=1 give

(3.16) , £C0, D=(1—B).
Again taking s=1, p=0 in (3.12), we get

GAD) A=, O+7 0, O=FO, O+ (L—g)Ff(L—1,0),
which on using (3.14) gives 4

f<1-—r,0):-11{—g—, for re(0,11.

or

(3.18) f@r, 0 =—1§§ ,

Also for p=1, ¢=0, (3.12) becomes

(3.19)  f—r,1=s)+rs'8f1, 0 =Ff(r,0)+(1—r)f(1,1-s),
for r&(0,1),s=(0,1].-

Now (3.19) with s=1 and (3.18) will give

for r<J[0,1).



6 B.D. Suarma and R.S. Sont

(3.20) fLoO=0-/H"
Further (3.15) and (3.19) on using (3.17) and (8.20) give

B.21) O, D+A=D"Ff(A—r, D=f(r,00+1=r)f(1, 1-s),
for r,s=(0,1).

From (3.21) for r=1—p, (8.14) and (8.4), we have

(3.22) S, 1-)=[1-A—="F1A—R"L, for s=(0,1).
Hence (3.21), (3.22), (3.14) and (3.18) give
(3.23) FfA—=r,D=r(1—p)"", for r<(0,1).

Thus (3.14), (3.16), (3.18), (3.20), (3.22) and (3.23) give f(0, %), f(x,0),
[, %), f(x,1) for z<[0,1].
Also (3.19), (3.22), (3.18) and (8.20) give

(3.24) f=r,1—=)=[1—rs"—(1—r)A—s)"](1-p),
for r,s<=(0,1).
It is easy to see from (3.14), (3.16), (3.18), (3.20), (3.22), (3.23) and (8.24)
that f is given by (3.11) with the notation 0*=0 (@ +#0) and that (8.7) is true
for all x, y<[0, 1].
Theorem 3. Given two distributions P=(_pq, ps, -+, Prn), Q=(q1,qs, ", qn) the

inaccuracy of kind B derived from the inaccuracy function f(x,y) is in general

given by
@25 BB Q=P T S "f( !
dis 92 ***y Qn 1=2 Si

where ri=pi+pot-+pinsi=qitqt-+qi i=1,2, -, n, with r,=s,=1, and if
the inaccuracy function is f(x,y) obtained in Theorem 2, then the corresponding
inaccuracy of kind B is

1— Zplq
l B ’

Proof. By successive applications of postulate I and the use of (3.1), we

get
L :Hﬂ<P17P2»"':Pn> 7"151 B < i q:)
" " q15 92 ***s9n lg ! f Si

where 7;=py+pyt+-+pi si=q1+ e+ 445 i=1,2, -+, n, with r,=s,=1
Substituting - the expression for f(x,y) from (3.11) in (3.25), (3.26) is obtained
for inaccuracy of kind f.

(3.26) HYP, Q= (0</3<1)'.
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For the purposes of characterizing inaccuracy of kind P, we have taken

0<B<1. But the expression would be taken for other values of B8 also by
definition.

The inaccuracy of kind B studied above is non-negative, a monotonic increas-
ing function of B and expansible. Further it has the normalized property

Hﬁ(le"f):l (0<B<D).

We now list two other properties of this measure.

1. Recursive property:

<P1’P2,'“,Pn>_‘Hfz——l<P1+p2’P3’“.,Pn>
q1y 92 **y qn q1+92 43,5 Qn
v ( P P2 \\
pitpe’ Pt
— (oo (arrayrrl] DR PR (g,
q 92
aitge’ @1t

with P+, ¢1-+¢:>0.
2. Strongly-additive property:

H<P1P11,P1P21, s P1Pmis s PuPing s Pn?mn)
919115 919215 "3 919m1s ***s @uQins ***s duQmn

:HZ<P1,P2’ ERE) Pn>+ 2 Pl z Hfﬂ(j’lh Pzi, "'vami>,
d1, 92 "> 4n i=1 Qiis 92is s Qi

a wm
where > p;=1 and >¢;=1 for all i=1,2,-,n
= =1

An interesting special case of 2 may be put as

s B3y s -omi( )

where P:CP:P%'“,Pn)! _Q:(QI:Q27“')qn)7 P,:(Pl’P2:"'aPm): le(leQZ;“',
m m

Q) PP =(p; P1,q1 Py, o+, 01 Py o, P Py pu Po, -+, 90 Prp) and ZIP;'ZL ZIQJ'=1-
i= i=

4. Entropy of Kind 8.
Following theorem is a characterization of entropy of Kind .
Theorem 4. If the inaccuracy .

<P1;p27" :Pn>; n:2,3,”.,
41y 42 ***5 4n
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of kind B of P=(pi, Py +s bn), Q=(q1 e+, qn) satisfies the postulates I-III,
then the entropy of kind J3, Hﬁ(;bl, P2,y Pn) under the additional postulate:

“.D Hu(pi, poy -+, pu) =Inf. L,,(P" Py Pn)
Q d1 92 "'y 9n
is given by
1—max. pg, for B+0
7 INEB
(%)
(4'2) Hi(PI,PZy "',Pn): '“h,#_, fOT Bil and B>O

_k};.:‘lpklogpk, for B=1.

Proof. From Theorem 3,

1-2> tiq
(4' 3) H"‘;CPhPZr " ypn) Inf [—T~Bh:l.

Now the right hand side of (4.2) is the infimum of an expression in the bracket
(refer [2 ).

The entropy Hf,(pl,pz, -+, Pn) Is non-negative, expansible, symmetric in p’s,
monotonic increasing function of 8, concave function of the distribution (refer
[2]). Some more properties are listed in the next theorem.

Theorem 5. The entropy Hi(PI,Pz, ., Pn) has the following three pro-
perties: ‘
1. Non-Commutative Property:

1

ﬂ) Hi(Q)

1

ﬁ) Hm(P)

HEn(PrQ) = Hm(P)—|—<

nM: 11M§

—Hn(Q)+<

'Where Hﬁzn(P*Q):Hﬁ’Ln<quly ttty qu;'n Ty qul, Tty Pm‘]n)-
2. Maximal Property:

HZ(P1:P2: "'rPn)éHf;(i‘, —1—, -y l), since
n’ n n

s

. 1—Min. <
Masx. Hﬁ(P):lvgn. HACpy, poy ooy o) =| —2

It

i

1—

b %)'9}

=Hﬁ<l,—1—,"',i>; Jor B<1, and
n’'n n
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1\8
1—Max. ﬁpﬁ)
Max, H;‘;(P):Max- Hﬁ(?l:?z: “',Pn):: ; L =t
PN ; iy 1-p8
—Hﬁ<1 1 ...,L>; for B>1
n’n n
3. H —1— -1— —1—> is an increasing function of n, i.e
- »n 7’1 n ) n g y L€y

2 L 1 1 >> <_1_l... L)
H”+1<n—|-l' n+l’ 7 a1l Ha n'n n/)

Theorem 6. Let A=a;; be a doubly stochastic matriz, that is, a;;=0 for

all i,7;

Given a set of probabilities pi, ps, +, pu, define a new set of probabilities pl,
Péy Tty P;’l 5y

n

j):: .Elaijpj’ » z:l, 2’ e n

Then Hf;(p{,pé, ---,p&)_z_Hﬁ(pl,pm -« Pn) and there is equalzty if (Bl by ooy PHY

is a rearrangement of (P, Pa, +**s Pn)-

Proof.
n _1_ 8
: ~(Z#)
4o .Hﬂpbﬁf,p@-——*fﬁr—— for B#1, 8>0
n n 1 B8
(B (Be)?)
l_..

Now from the inequalities

we get in either case

] 1
4.5) = > =
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“Thus
7 n B
s 1“(2 261111’]/9> |:<2P, ><2a,]>:l
H”(P{vpé,“',]b;l); =1 j=1 =

. 1-3

7 1\8
1—“<21ij> 8

:ﬁ"“:H"(PbPz»”',Pn): §

<N0te é a;;= 1>
i=1

so that Ha(ph, ph -, P ZHu(ps b pa)  for B#L.
It would be clearly noted that if pi is equal to some p; i.e., if (pl, 3, -, ph) is
a rearrangement of (p1, Pz, -, Pn), then Hu(pl, ph, -+, ph)=Hu(py, b2, =, o)-

The new measure of entropy proposed would be found useful for finite
parameter estimation problem in a generalized way. However, this needs further
investigations. The kind B inaccuracy can be considered as some sort of dif-

ference between two distributions and may be useful in comparing them.
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