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Abstract.

An analytical method is introduced for certain highly nonlinear periodic
differential equations by inserting artificially a small parameter e in the coefficients
of certain harmonics of the trigonometric polynomial for an approximate periodic
solution. This method is an appropriate combination of the harmonic balance
method and the perturbation method. The higher improved approximations can
be systematically obtained and the error in the equation in the nth improved
approximation is proved to be of the order of &”. As an illustration of this
method the equation #+a®=sinz is examined here. = The same example had
been studied independently and by different view points by L.Cesari and by
M. Urabe.

1. Introduction.

In [1]1 M. Urabe and A.Reiter calculated Galerkin approximations up to the
order 15 for periodic solutions of certain ordinary differential equations with a
very high precision and using an electronic computer, which was programmed to
perform the entire design. They applied their numerical method to a weakly
nonlinear van der Pol equation, as well as to certain highly nonlinear equations

like the equation
a.n F+ad=sinz

which had been first studied by L.Cesari [ 2] under a different viewpoint.

In order to avoid the numerical character -of M.Urabe’s method for
Galerkin’s procedure we introduced in [3j and [47] an analytical method which
is a combination of two classical methods, the harmonic balance method and the
perturbation method, for certain weakly nonlinear periodic differential systems

which can be written as follows
(1' 2) ‘.v-i_[—w?xi:s.fi(x) j}’ t)) 121, 2:"':P

where x, 4 and f are vectors of the same dimension p, and e is a small para-
meter. A dot means differentiation with respect to time £. When applied to
the van der Pol equation considered by M. Urabe and A. Reiter and also to coupled



170 R. V. Dooren

Duffing equations with two-degrees—of-freedom, this analytical method yields
excellent results compared to the Galerkin approximations of high order.

It is very surprising that a similar procedure as for weakly nonlinear periodic
differential systems can be applied to certain highly nonlinear periodic differential
equations of the following form

a3 , i=f(x, % 2)

by introducing artificially a small parameter ¢ in the coefficients of certain
harmonics of the trigonometric polynomial for an approximate periodic solution.
In view to apply this ‘analytical method to equation (1.1) and analogous ones,
we assume in this papeér that f(x,4,#) contains the fundamental harmonics sin #
and cos#, whose coefficients are not small, and that it is a polynomial in & and
4. In the first improved approximation of our method, essentially derived by
a harmonic balance method, we have to solve a nonlinear system ‘as in any other
analytical method. In all’ higher improved approximations, which are system-
atically introduced by a perturbation method, the prdblem reduces to that of
solving linear equations. i

The error in equation (1.3) in the nth improved approximation is then
O(e"). As a numerical application of our method we consider equation (1.1)
previously studied by L.Cesari [ 2] and by M. Urabe and A.Reiter [1]. We
show that the higher improved approximations are comparable with the Galerkin
approximation of order 15 calculated by M. Urabe and A.Reiter using an electro-
nic computer. Our results, compared with those of M. Urabe and A.Reiter,
are summarized in Table 1 at the end of section 6.

2. The first improved approximation.
We consider a real periodic differential equation of the following form
@1 F=f(x, %, £)
where a dot means differentiation with respect to time . “We assume that
f(x,#,¢) contains the fundamental harmonics sinz and cosz with coefficients
which are not small and that it is a polynomial in # and 4 whose coefficients
are trigonometric polynomials. i
We propose to look for an approximate periodic solution of equation (2.1)
with the same period 27 as the period of the forcing terms sint and cosz in
that equation, represented by a trigonometric polynomial (a truncated Fourier
series) in which the first harmonics are excited due to the occurrence in equation
(2.1) of the fundamental harmonics whose coefficients are not small

m
2.2) 2,.(t, €)=ag+aysin t+ay cos t+¢e > (agy,—y sin ne+ay, cos nt)
n=2
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Thus we introduce artificially a small parameter ¢ in the coefficients of all
harmonics of order higher than one to take into account that the higher har-
monics are negligible with respect to the first harmonics. The small parameter
¢ is not inserted in the constant term a, of the trigonometric polynomial (2. 2),
for otherwise this should lead to certain contradictions in the resulting system
(2.9) determining the unknown coefficients a,. These coefficients a, will be
determined by a harmonic balance procedure and m will be chosen sufficiently
large. From (2.2) we have

m

2.3) & (t, €)= —ag sint+aj cos t+e 3} n(—ay, sin nt+ay, j cos nt)

=)
Hence for e=0
2.0 X2, 0 =21)=ay+a;sint+ascost
T (t,0)=08,(#)= —aysint-+a;cost ‘

Since f(x,4,2) is a polynomial in x and #, we can expand f(x;(2),%:(),%) in a
trigonometric polynomial using some trigonometric identities as follows:

(2.5) FC D), E:(8), ) =fok § Sanes SID 722+ fom €O 2)

in which f, are usually nonlinear functions of ay, ay, as.
Let us determine the unknown coefficients by the following equation:

(2.6) Bty ©) = frn (10, 81(D), 1)
with
@D @@ @, D= +:21 oms 5i0 728+ fom cOS 78)

fgn_1=f2n:0 if n=n1—|—1,~--,m, m>n1

In this procedure we replace # and # respectively by ®;(2) and 4;,(2) in the right
member f(x, &, ) of equation (2.1) which contains the nonlinear terms. Compared
to Galerkin’s procedure [ 5] where we should replace * and % respectively by
%, and #,, everywhere in the equation, we here avoid the tedious computations
which result from the occurrence of the nonlinear terms in f(x, %, 2).

The left member of (2.6) becomes

n
2.8 #,,(t,8)=—aysint—ay cost—e > n®(as,_1 sin nt+ay, cos nt)
. n=2 :

Applying a harmonic balance procedure by equating the coefficients of 1, sin 7z,
cosnt in (2.6), we obtain
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0=1o
(2.9 abc) ‘ —a;=fi
—a=f
{—n2 8am-1=fon_1
—nzeazn :f‘2n
{—nzaam_1=0

—n’eay, =0

n=2,,m

2.9

n=n+1,--,m

Let &y, d;,a, be an approximate solution of the three nonlinear equations (2.9
abc) for which the determinant of the Jacobian matrix with respect to ag, ay, as
calculated for &, &, @, different from zero. Then the other coefficients are given

by

2.10

Eaom_1=~n"%f oy,
n::2, teey My

&dsn =—n"%fy,
8(72,,_126672":0 n=n1+l,---,m.
The symbol f, means that the value of the corresponding expression is calculated
for ay=a,, a;=ai, a;=Gd,.

Thus an approximate periodic solution of (2.1) is
. ”m
2.1D Tm(E, &) =ag+aysint+dscost+e > (dzp_1sin nt+asy, cos nt)
n=2

We call this approximate solution which is evidently an approximation of the
Galerkin approximation, the first improved approximation of our method. The
terminology “improved” is used in the sense of N.BOGOLIUBOFF and I
MITROPOLSKI [ 6] to indicate an amelioration of the first approximation #(¢)
given by

2.12) Z1(8)=@ao+a;sint+ds,cos ¢t

which is not as good as a second approximation where a modification of the
coefficients of the constant term and the first harmonics is also taken into

account.
3. The second improved approximation.
Let
(3- 1) x(tr S):fm(t, 8>+5Z’/(t, E) N

Substituting this into equation (2.1) and taking into account that &,,(z,¢) is the
first improved approximation satisfying (2.6) and that m is sufficiently large
(m>ny), we obtain that y(z,¢) sat/isﬁes the equation
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3.2 ¥=99.¢©
where
(3' 3) 9(?/, g, t’ 8) =€_1|:f(5?m+€.7/y :im—i_s?]’ t) —f<ﬁ1, 1.17:1, t)]

Following a similar procedure as in the first improved approximation, we look
for an approximate periodic solution of equation (8. 2) with period 27 represented
by the trigonometric polynomial

m .
3.4 Ym(t, &) =bo+b sin t+bycost+e X (bon_y sin nt-+by, cos nt)
=2

with undetermined coefficients b, and m sufficiently large. Hence for e=0

Ym (@, 0) =y, (&) =bo+b, sin t+b; cos ¢

3.5
¢ ) Im(t,0)=9,(&)= —bysin t+by cost.

Expanding ¢(y:(#), 9:(¢),¢,0) in a trigonometric polynomial we have

72
3.6) 9y (@), 9:(8), £,0) =go+ nZ=‘,1 (92n-1 sin 7t gy, cos nt)

The coefficients b, will be determined by the following equation

G.7D Fm(t, €)= Gm(y1 (), 9:(8), £,0)
where
m
3.8) Im(y:1(8), 9:1(8), £,0) =go+ nz_}l (92— Sin nt+gs,, cos nt)

Yon-1=0en=0 if n=ny+1,--,m, m>n,

Then we equate the coefficients of 1, sinnz, cosnt in (3.7). This yields
=90

(3.9 abc) —by=g,
—by=g;
{ —n2ebsy_1 =201
_n2€b2n =Gon

{—n2€bgn_1=0

—"ﬂzabgn =0

n=2,,ny
G2

n=ny+1, -, m

Now g(¥:1(2),9:1(8),2,0) is linear by, b;,b; as can be easily seen by expanding
f(&ntey, Emt+en,t) in a Taylor series with respect to (&;(2), #,(2),t) indicated
hereafter by a lower index O,

G100 eino=(3) A+p+(E) dinroe
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with
A= 11%:2 (@gp—1 sin nt+a,, cos nt)
3.1D f.Al: n§l=]2 n(—dsy, sin nt-lfdzn_l cos nt)
and consequently
312 9@@0®50=(g) (A+u®1+(E) (A+am1

“Thus the three equations (3.9 abc) are linear in by, by, 5;. We remark that the
non-vanishing condition of the determinant for this linear system is the same as
the non-vanishing condition applied to the determinant of the Jacobian matrix
related to the three equations-(2.9abc) with respect to ag, ay, a; and calculated
for @o,d@;, @y determined by (2.9abc). Since we assumed that this determinant
is different from zero we have the unique solution &g, 5, 4;. Then the remaining
equations of (3.9) are satisfied by

(3.13)

(ebop—i=—n"2Fou_4
n=2, -, 1y

eby, =—n"2Js,
ebzyl_l:abzn:(), n=n2+l,-~,m.

Consequently an approximate periodic solution of (3.2) is given by
— - - m — -
(B.14) ¥, &)=bo+b;sint+bycost+e X\ (bay_ysin nt+by, cos nt)
n=2

and the second improved approximation of a periodic solution of (2.1) is given by
(3. 15) x(t, 5)2(6?0—1“550)—}'(51"‘551) sin t+(ﬁg+€52) cost
-+ Z [(Edgn_i‘*'azb—zn_l) sin nt-+ (80—2n+€252n) CcOos nt]
n=2

4. The higher improved approximations.

The higher improved approximations can be found following the same pro-
cedure as the one determining the second improved approximation. In all higher
improved approximations the equations determining the first three coefficients of
the considered trigonometric polynomial are linear and the determinant of this
linear system is the same as the one in the second improved approximation and
consequently by assumption different from zero. Further details are omitted
here.

Finally we conclude that the improved approximations are obtained system-
atically by an analytical method which is an appropriate combination of the
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harmonic balance method and the perturbation method.

5. The error in the equation.
The error in equation (2.1) is defined by

with #,, an approximate periodic solution of the equation (2.1).
Let us determine the error in equation (2.1) in the second improved appro-
ximation. In this approximation the approximate periodic solution of (2.1) is

(. 2) 5m<t’ ) =X, (2, 8)+ 7,2, &)
in which %,,(z,¢) and #,,(z, &) satisfy the equations

(2, &) = fru (B1(D), &:(2), )

X)) . .
gm(t’ 8) =gm(g1(t)s gl(t>’ t; 0)
hence .
Gy Em(t, ©) =fru(@:(@®), £1(8), 1)+ gm(F: (), §:(D), £,0).
Consequently

(5.5)  Tim(®)=—LF Goms Bomy £) — fon(&1(0), B (), ) =€ 0§D, §1(£), 2,0)].
Expanding F @y Bm» £) With respect to (El(t),:?1<t),t) and taking vinto account
thafc gy (®), 9.(2),t,0) is given by (8.12), yields
(5.6 T B D =F@D, 5D, D+ gD, 1D, 1,00 +0(D

= fru(E (D), (), )+ gm (@), §:(), 1,00 +0(eD

if we choose m sufficiently large as follows

(5.6

6.7 m>max (ny, 79).

Substitution of (5.6) into (5.5) proves that the error in equation (2.1) in the
second improved approximation is of the order of &?

.8 (@) =0(e?).

The result can be easily extended to the nth improved approximation where we
obtain that the error in equation (2.1) is of the order of e”.

6. An application of our method.
Let us apply our analytical method to the equation studied by L.CESARI
and M.URABE (see the 1st and 2nd column in table 1 for their results)

6.1 F+xd=sint.
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The function f is defined by
(6.2) f(x, £)=—x+sint.

It contains the fundamental harmonic sin# and a cubic term in x whose coefficients
are not small.
The 1st improved approximation:

The three nonlinear equations corresponding to (2.9 abc) are

0=—-—;—a0(2a§+3a%+3a§)
6.3) —alzl—%al(élag—!—af-l—a%)
—ay= ——2—a2(4a§+af+a§)

These equations are satisfied by

6.4 dy=a,=0
and @; a solution of the cubic equation

(6.5) 3ai—4a;—4=0.
This equation has one and only one real root

6.6) d,=1.4922---

The determinant of the Jacobian matrix related to the three nonlinear equations
(6.3) with respect to o, aj, as and calculated for @, &;, @, determined by (6.4)
and (6.5) is different from zero since @; is not a double zero of the equation

(6.5). o
For the other coefficients we find
6.7 d;=ad,=ds=0
(6.8) eds=—ai/36=—0.0923.--
Consequently the first improved approximation of a periodic solution of (6.1) is
(6.9 x(t,e)=aysint+ed;sin 3¢.
The 2nd improved approximation: '
We obtain
(6.10) x(t, &) =(a,+eb,)sint+(ed;-+e2bs) sin 3¢t +e2hysin5¢.
with
b,=3a1a,/(9ai—4)
(6.11) by=ai(@as—b)/(12¢)

2l

Il

—3aia@s/(100¢).

9
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The 3rd improved approximation:

(6.12) x(t, &)= (@1 +eb,+e2¢;) sinz+ (ed@;+e2b5+e3¢5) sin 3¢
+(€2b_g+€359) sin5t+€35133in7t

¢1=38a,(@,bs—2ai+2ah,—36D/(9a1—4)
C—'5=d_1(251b_5"‘5159—5151+45551—b_%D/(].ZE)
.13 _ _ _
(6.13) Co=3a,(~@bs+2aby+as—2ash,)/(100¢)

Cra= —3a,(@;by+a2)[(196¢)
The 4th improved approximation:
x(t, &) =(d;+¢eb,+e2¢-+e3d D sint
+(e@s+e2by+e%¢5+etds) sin3t
(6.14) +(e?by+e¥cy+e*dy) sinbt
+ (e8¢ 3+¢etd 5)sin7t
+e*d;sin9¢
dy =3[a36;—4a,a5h5+2a,809+2a,(d:¢,+b,b5) —6a.5,6,
—2ash+a;hi—b11/(9ai—4)
s =[6d10;—3a1¢,—3aid +6a,dshy+12a,(@s¢,+b.b5) —6a.5.5,
—63,b,¢,+3as+6a,h5—b11/(36¢)
3[—a@ics+2a165— 1613 +2a:1d505—2a,(@s61+b1bs) +43:5 by
+ath,—a;h1]/(100&)
d13=3(—ai6y—2ai¢,3—2 & @sh5+2a,d5by—2d:b by—@2h1) /(196 €)

8y

(6.15) d,

[l

d = —(3ai¢,3+6a,a;h,+a5)[(324¢).
The 5th improved approximation:
2(t, &) =(a,+eb,+e2¢,+edd +ete,)sint
+(e@s+e2bs+e3cy+etdy+e°8;)sin3z
+ (e2bgt-e3¢4+etdy+e58,) sin5¢
(6. 16) +(€3613+€4513+55513) sin7¢
+(e4gl7+€5é17>sin9t
+edeysinlls
e_l =_3[—5%J5+2d15§+2d—153+3515%—2515559—2515551‘*‘40—15555
—28,3569—23,(@sd1+b185) +64,b,d,+ashe+2(2a50:55+a5¢,)
—2a5hby—(Bibs+2a50:6) +3b36:1/(9a5—4)
&; =[2aid;—aidy—aie, —a,ci+2a,bsbo+4a.bse,—2a.boe,
+2&1a_559_251550_13—}'451(&'5(—{1+5155>—2513159—‘2a-1b-1(71
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+3385+2a50,bo+2 (bbs+2d5h 1) —biby—bie,]/(12€)

é, =3[—aids+2aidy—aid s +a,b3—2a.bs¢s+4aboc,
28,3565+ 28,35C 13— 28, (@sd +5165) + 431D ,8o—2d:b1615— (bTby

(6.17) +23:5:6)+2a3hy+ (2ash b+ aié) +2656,1/(100€)

E1o=3[— iy + 2@ 1y — Ty — GBI+ 2 B 5ho—2 @1Dof 1 — 28,8585
+2a,3:60—2ab16o+4aD,E 13— (2sh bs+E56,)+2a5b1bg
—b36,1/(196 )

23,=3(—a1d 5+2a3d 17+ 8,63—281b5hy—2 8,356 +28,d5C15
—2a,b,63—ashs—2ash,by)/(324€)

Zo1=—3(a1d 17+ @,b5+2@,85¢15+@3he)[(484€)

In this example m has been chosen so that

(6.18) ‘ m>11

The numerical results for the first five improved approximations obtained by our
method are given in the last five columns of Table 1 in which &, are the coefficients
of the trigonometric polynomial of the following form representing an approxi-
mate periodic solution # with period 27z of equation (6.1):

m
(6.19) () =%+ 2\ (Z9,_ysinnt+ Ly, cosnt)
n=1

all other coefficients not mentioned in this table being zero. The 5th improved
approximation is a very good approximation of the Galerkin approximation of
order 15 calculatéed numerically with a very high precision by M.URABE and
A.REITER [1] using the electronic computer CDC 1604 at the University of
‘Wisconsin.

The largest difference in the coefficients Z, is smaller than 3.1x107*. Hence
an appropriate combination of the harmonic balance method and the perturbation
method can give very reasonable approximations to periodic solutions of highly
nonlinear periodic differential equations such as equation (6.1).
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