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Representation of Dynamical Systems

By Otomar HAix*

(Case Western Reserve University)

Bebutov proved the following theorem: Given a dynamical system 7 on X,
assume that

a) X is compact metric,

b) # has at most one critical point.

Then 7 can be embedded within the shift system on C(RY). (See [8, p. 33];
the literature gives conflicting references to the original.) (Definitions are given
below.) Kakutani [ 5] weakened (b) to

b)) the set of critical points is homeomorphic to a subset of R! (also see
[6, p. 52a] for an earlier reference unavailable to this author).

In this paper we present a further modification :

a’’) X is locally compact, metric, separable,

b’) the set of critical points is homeomorphic to a closed subset of RV,
concluding that z can be embedded within the shift system on C(RD¥ (with
further information, see Theorem 13).

The passage from dimension 1 to N presents no difficulties; weakening of
the compactness requirement is the point. An obvious mode of attack would be
to reduce the present situation to Kakutani’s by taking the one-point compacti-
fication of X. However, then the augmented set of critical points may well be
SN, which cannot be embedded in R¥ [2, p. 349, 6.2(2)]. For this reason
our proof proceeds in a different manner, analogous to Kakutani’s.

‘We also prove a theorem on representation of dynamical systems, as des-
cribed above, as solutions of differential equations in C[-1,1] (even for N>1);
this parallels Grabar’s application [ 3] .of the Bebutov theorem.

Conventions and Notation.

A dynamical system on a topological space X is a continuous mapping 7 :
XX R —X (we will write zzt in place of z(x,¢)) satisfying the following two
axioms :

xn0=x, (axnt)ns=xw(t+s) ;
for all x=X, and ¢,5 in R:. The carrier X is then called the phase space of
. With each point x&X we associate the solution .7 through x :
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0 R\ =X, m(@)=uxmnt.

A homomorphism between dynamical systems z— 7’ is a continuous mapping

f: X—X' between their respective phase spaces such that
flxrt)=f(x)r't (all xeX, t=RY).
Iff fis a homeomorphism into X’, we say that it is an embedding of = in #’.

The Bebutov system over a topological space Y has as its phase space the
set YR of all continuous mappings R'— Y, endowed with the compact-open
topology ; the dynamical system (or shift system) ¢ is then defined thus: for
x: R!—>Y and t&R! let z0¢: R!'—Y be

(xo) (s)=x(t+s) for all s&RL
(Note that the Bebutov system over Y is on YE.)

1. Lemma. Let F:X— YR be continuous, let ® be a dynamical system
on X. Then F is a homomorphism between m and the Bebutov system over Y if
and only if F(x)=fo,n for some continuous f:X—Y, whereupon f is defined
by x> F(x)(0).

Proof. If f:X—Y, then it is readily verified that x> fo,x defines a ho-
momorphism F. Conversely, define f by x+>F(x)(0), and conclude F(x)=fo,r
from

(foom) (&) =f(ant) =F(xnzt)(0)
=F@)ot) () =F(x)(®)
for all te R.

We may also conclude that if f is a (topological) embedding, then F embeds
the dynamical systems.

As an example, let X be separable metric, Y=C[0,1], f: X— Y the clas-
sical embedding ; then F embeds any # on X within the Bebutov system over
C[0,1]. Analogously, f=identity embeds any system on X within the Bebutov
system over X. »

We will later need the simple topological result below. A known theorem
states that, if X is compact and Y Hausdorff, then every continuous one-to-
one map f: X— Y is necessarily a homeomorphism (onto a compact subset of
Y). An analysis of the proof yields the following results, useful in the case
that X is not compact.

2. Lemma. Let f:X—Y be continuous, Y Hausdorff, and assume that
f(x) has no cluster points in Y whenever the net x; in X is ultimately outside
each compact subset. Then f is a proper mapping.

3. Corollary. Under the above assumptions, let f be one-to-one ; then f
maps X homeomorphically onto a closed subset of Y.

(Proof : proper maps are closed.)
The condition on f appearing in Lemma 2 will be abbreviated to: f(x)—co
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as x—oo in X.
Given a dynamical system 7 on X and a function f:X— RY, we define,

wherever possible, the time-derivative 8f of f (relative to z) as

8= %fcxr:t>l=o=ltg%cfcm> —FC).

Constructions.

In the absence of over-riding remarks, throughout this section we make
the following assumptions.

4. Convention. 7z is a dynamical system on a space X which is metri-
sable, separable, locally compact; the set of all critical points of 7 is denoted
by Q; there exists a homeomorphism, %, mapping Q onto a closed subset of
RN, Nz=1. '

5. Lemma. A(x)—oc0 as x—o0 in Q.

(Proof : h is a homeomorphism onto a closed subset of RNV.)

6. Lemma. 7% has a continuous extension f: X— RN such that also f(x)

—>o0 as x—co in X.

Proof. Take a sequence of compact sets X, with
UX,=X, X,ClIntX,..
n=1 .

If @, is the infimum of |A(x)| for r=Q—Int X,,, then a,— +oo from Lemma
5. Thus

(1) |h(2)|za, for xeQ—IntX,.
Using the Tietze theorem, extend % successively over 0X;, X;, 0X,, X, -,
preserving inequalities such as (1) on 08X, and X,,;—Int X,,. There results a
continuous extension f of & with |f(x)|=a, for x&Int X,,. Since a,—+, f
has the required property.

7. Lemma. We may assume that, in addition,
|fCame) — f(a) | <]

for all reX, te R

Proof. Let f be as described in Lemma 6. Consider first the special case
that N=1 and f=0. Set

2> g(x)=inf{%lt[+f(x7tt) : tERl}.

Then, obviously, ¢: X—R*, g=f=h on Q, 0=Zg=<f, g@)=0 iff f(x)=0.
Easily, for all x€X and t= R},

9(em)y<g )+,

Since the infimum in (2) is actually attained, at some z with (1/2)|f|<g(x) <
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f(x), it follows that g is continuous, and also that g(x)—>co as x—co.

In the second step omit the assumption f=0. Let f=f*—f~ be the de-
composition into positive and negative parts; apply the preceding to each,
obtaining g*, ¢g7; and then set g=g*—¢~. Evidently g : X— R! is continuous,
g=f=h on @Q,

l9Cem) —g (@] S e+ =1l

If g(x) —+> oo, then both g*’(x)—»—>oo<—|—g‘(x), hence both f+(&) —+>co«+—
f(x), and so x—+>co.

For general N, apply the preceding construction to each coordinate fp of
f. Finally, re-name the resulting function.

8. Lemma. We may even assume that 8f: X— RN is continuous, and
lofI<1.

Proof. Let f be as described in Lemma 7, and define g by

1
-g(x):f flxms)ds.
0
Thus g : X— RN is continuous, and g=f=Fh on Q. Also

o) =| gratems) | |- [ pamas] =@ - s,
20 ¢ . Je=o
so that 8g is continuous, and |#g|<1 from Lemma 7. If x—oo in X, then,
from Lemma 7 again, f(xzs)—oo uniformly for s&[0,1], and so g(x)—oco.
Again, re-name the resulting function.

9. Lemma. (On smooth approximation.) Given, a continuous function f:
X— RN such that the collection fo,m, x=X, is uniformly equicontinuous. Then,
for any €>0, there exists a continuous ¢ : X— RN such that

(3) g is uniformly e-close to f.
(4 91Q= flQ.
(5) 89 : X— RV is continuous and bounded.

Proof. For any >0 (to be fixed subsequently) define g : X— RV by

)
g@=1 f fams)ds.
dJo
Thus ¢ is continuous, and (4) holds. Also

(6) ag(x){%g(m)lﬂ{%% :”fcxrrs)ds]

=0
1
=5 (f@md) —f (=),
so that @9 is continuous. Let w(:) be a common modulus of continuity for
the fo,m ; thus w(A)—0 as A—0+, and
| f(xrt) — F(@)|Zw(@) for all xeX, |t A



Representation of Dynamical Systems 29

Then from (6), ]0g]§%w(§), proving (5). For (3) note that

1 [
1@ —f@=7 [ (Famd—r@nds,
so that

lg9—f1S5-8-0@<e
if ¢ is taken sufficiently small.
10. Corollary. In Lemma 9, if
(7 fx)—>co as x—>o0 in X,
(8) the collection fo,m (x=X) is uniformly equicontinuous,
then the function g also. has these properties.

Proof (The first follows from (3), the second from boundedness of 9g.)

The following result is, essentially, a re-working of part of the construc-
tion of local sections [4, p. 142].

11. Proposition. In a Tichonov phase space X, let S be a compact local
section, and U a neighborhood of S. There exists a continuous function f :
X— R with continuous 8f : X— R! such that

[fIL1, . f=0 on S and in X-U,
1011, 0f=1 on S.

Proof. Assume from the outset that U is open. There exists §, 0<d<1,
such that

9 Sr[—08,01n(X—U)r[—6,01=¢
and that § is a time extent of S. Thus the mapping taking (x,£)eSX[—d,0]
to xm¢ is a homeomorphism ; therefore g,

o) glamt) =t for xS, |t|<4d
is a well-defined continuous mapping, with |g|<d. Let ¢=0in (X—U)x[—4d,4d],
and extend g to a continuous map X—[—d,68] (recall that in (9), the terms
are compact and closed, respectively). Set

1 )
f@=—s f  gGams)ds.
This defines a continuous map f: X— R!. Obviously
1
<= .08.6<1:
fls 53 26051

from (10) we obtain f(x)=0 for x&.S; since g=0 in (X—U)z[—0,d], we have
f=0in X—U. Next,

_[o _[9 1 [
6f(x)-—[ PR f(xnt)l=0—l: 9t 26 Jis g(xrzs)ds:lt=o

=716—(g(x7r8) —‘g(mr(—t?)));
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thus 0f is continuous, |8f] g—zl—a (6+d)=1, and, for xS,

0f ()= 5 (0= (—B)=1

(according to (10)). .

12. Lemma. (Existence of perturbations). Every point (%y,yo) in XXX
with Yo = %.&Q has compact neighborhoods UXV which, for some d, 0<0<1,
have the following property : for arbitrarily small ¢>0 and large 1>0 there
exists a continuous function p. X— R' with continuous 0p: X— R' such that
: [pl<e, p=0 on Q, |0pI=7,
and that, for every (x,y)=UXYV,

Op(xmt)=" for some |t| <8
0p(yrt)=0 for all |t|<6.

Proof. There exist open neighborhoods U’ XV’ such that U'n(V'UQ)=¢.
For V take a compact neighborhood of y, within V' ; let U=Sz[—d,J] where
S is a compact local section generating neighborhoods of x,, & is a time-extent
of S chosen so small that

U=S8r[—6,01cU’, Vz[—6,61nU'=¢.
Let f be a function as described in Proposition 11, corresponding to S and U,
and

pzy=e-sin— f().
Thus |p|<e, p=0 outside Q (since f=0 outside U’, and U'NQ=¢); next,

0p(x)=T-cos - f (2)-0f (@),

so that 8p is continuous, |9p|<%, 8p=0 in Vr[—4,d] (since f=0 outside U");
finally, for any x€U=Sz[-4, Bj, we have xmteS for suitable te[—4,d],
whereupon

op(xmt)=n-1-1.

The main theorems.

13. Theorem. If X is locally compact, metrisable and separable, and if
its critical point set Q is homeomorphic to a closed subset of RN, N=Z=1, then
7 can be embedded within the Bebutov system over RN, with X mapping onto a
closed invariant nowhere dense subset of C(RON,

That a closed image of X in C(RYDY is nowhere dense is implied by local
compactness of X. We will actually prove a stronger result (that it is stronger
follows from Lemma 1):

14. Theorem. Let m be a dynamical system on X, with critical point set
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Q; let N=1. Then the following are equivalent :

A. X is locally compact metrisable and separable, Q is homeomorphic to
a closed subset of RN.

B. There exists a continuous mapping f: X— RN such that x> fo,m de-
Jfines a homeomorphism taking X onto a closed nowhere dense subset of
C(RYN, and that the collection of mappings fo,m: R'— RN, zx&X,
is uniformly equicontinuous.

Proof of B=5A : X is homeomorphic to a closed subset X’ of C(RD)V; thus
it is metrisable and separable. The critical points are mapped onto the set
of constants in X’; since X’ is closed, Q is homeomorphic to a closed subset
of RN. Local compactness of X’ follows from the equicontinuity condition
and the Arzela-Ascoli theorem.

The proof of A=B will be interrupted by several lemmas. Consider the
set F=fo+F, of functions X— RN, where f, is the function constructed in
Lemmas 6 to 8, and <, consists of all continuous functions g : X— RN with
the following three properties: g is bounded, ¢g|Q=0, the collection go,7, x=X,
is uniformly equicontinuous. Endow this set with the uniform topology (not
with the compact-open topology).

15. Lemma. < is a non—void Baire space. Each f&SF has the following
properties . f: X— RN is continuous, f is an extension of h, f(x)—>o0 as x— oo,
the collection fo,m, x&X, is uniformly equicontinuous.

Proof. & is non-void since fy&&G (equicontinuity follows from bhounded-
ness of 8fy). <F is a Baire space since, as is easily shown, <, is a closed subset
of the complete metric space C*(X)¥. The properties of f= fo+g=F follow
from those of f; and F ; e.g., f(x)—o0 as x—oo since f; has the property
and ¢ is bounded.

(Proof of A=B continued) : Given arbitrary compact subsets M, P of X, let
W(MXP) consist of all f&€F such that, for any x&M and yP, there exists
te[—1,17 with f(xme) # f (ymt).

16. Lemma. W((MXP) is open in F.

Proof. If

fi—=f feWWMxXP)sf;,
then there exist x;&M, y;=P such that
filesme) = f;(y;me)  for all ec[—1,1].
Take convergent subnets x;—>x&M, y;—y<Q. Since f;—f in &, we conclude
fQamt) =f(ynt) for all t&[—1,1], contradicting f& W(MxP). '

17. Lemma. Every point (%,¥), y+2&Q, has a neighborhood UXV such
that W(UXV) is dense in F.

Proof. Take UXYV as described in Lemma 12 (¢ and 7 are still left free
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to vary). We wish to show that, for any f&<F and 2¢>0, the set W(UXV)
contains a member uniformly 2e-close to f. Take a smooth e-approximation
g to f as described in Lemma 9 and choose 7>2[8g|. To these ¢, 7 find a
perturbation p as described in Lemma 12 (with N—1 coordinates chosen as 0).
We assert that g+p is in W(UX V) and is 2e-close to f. The latter follows,
of course, from
If—gl<e, |pl=e.
For the former proceed by contradiction. Assume that, for some (x, ) UXV
and all [£]£1, :
g(xme) + p(ane) =g (ynt) + p(yne).
Restrict ¢ to [—8, 0], whereupon p(yrt)=0, and take time-derivatives :
8p(xnt) =0g(ynt) —0g(xmt).
However, 7>>2|08g| and 8p(xnt) =7 for some t&=[—4,d] : this contradiction com-
pletes the proof of the lemma.
(Proof of A=3B continued): Take a countable cover of the set {(x,y)=XxX:
t#y, x&Q} by sets U,X V,, as described in the preceding lemma (the space in
question is metric separable). The corresponding sets W(U,XV,) are then
open and dense in & by the two lemmas above. Since & is a non-void Baire
space, there exists f&F belonging to all of them. In other words, f has, in
addition to the properties described in Lemma 15, the following : for any x+y
in X,
flame) #+f(yrt), for some te[—1,17.
Indeed, if both z, ¥ are in @, then this follows from f|Q=~A; and if e.g.
2&Q, then (x,y) is in some U,XV,.

To show that x> fo,r defines a homeomorphism onto a closed subset of

C(RYN, merely note that it is one-to-one, and that

(foum)(0)=f(x)—>c0 as x—oo,
which is the condition needed in Corollary 3. This concludes the proof of
Theorem 14.

18. Theorem. Let w be a dynamical system on a locally compact separable
metrisable space X, whose set of critical points is homeomorphic to a closed subset
of some Euclidean space. There exists a homeomor phism between X and a closed
subset Y of C[—1,1], and a bounded continuous map F: C[—1,11—C[—1,1],
such that all solutions of & are mapped into solutions of the differential equation

“L=F@), yeY.

Proof. Let f be the mapping described in Theorem 14, B; N is determined
by the assumptions on the critical point set. To recapitulate, f : X—RN is

continuous, f(x)—co as x— oo, the collection fo,m, x=X, is uniformly equi-
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continuous, for any x#¥y there exists te[—1,1] with f(ant)#f(yxe).
Define 2 : X—C[—1,11¥ by
¢
h@Xﬂ:/f@mMsfmxeXJﬂgL
0

Obviously & is continuous and one-to-one. From equicontinuity, x—oo in X
implies f(x7nt) — oo uniformly for [¢/<1, so that some %-th coordinate has
| fr(axme)|—+oco uniformly for |¢{<1; thus A(x)—oo. From Corollary 3, & maps
X homeomorphically onto a closed subset Y of C[—1,17.

Next, take =X and 0+0; then

8+t
(o, (6)) () = h(xm0) (£) = fg FCans)ds,

%(ho,ﬂz(a)—hoxﬂ<0>><t>=%</:+t—[:>

=% [ @@+~ s Gmd)ds,

so that

and therefore, at 0=0,

(-Shea(0) )0 = famd)—f 2.
Thus, if we define G: Y—>C[—1,1 by
GCh@EHW=far)—fx) @eX, te[-1,1D,
then G is continuous, since £ : X=Y and f, x are continuous ; G is bounded,
[G|<w(), where.w(-) is a common modulus of continuity for the fo,z ; and
the solutions .7 of 7 transform into the mappings Ao,m : R'—C[—1,11¥ which

satisfy %:G(y).

In the next step we reduce the N in C[—1,1]¥ to N=1, in the obvious
fashion. E.g. for N=2, associate with every (x,y)C[—1,11® the element
2&€C[—1,1] defined by ’
1

x(4t+3) for —1§t§—3

z2(2)={ linear in ¢ for Itlg—;—

y(4:—3)  for <t<1.

Thus there exists a linear isometry mapping C[—1,11¥ onto a closed set in
CL—1,11. '

Finally, extend G: Y—C[—1,1] to a bounded continuous mapping C[—1,
11 C[—1,1] (Dugundji’s extension theorem, [1]).
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Concluding Remarks.

It seems very probable that the main results can be extended, mutatis
mutandis, to local dynamical systems. It is even possible that they might be
applied to semi-dynamical systems; the lacking step is a semidynamical version
of Proposition 11, or, more specifically, a theorem for semi-systems on existence
of local sections (at this stage it is not even clear what these local sections for
semisystems should be).

Another possibility would be to replace R! as phase group by a Lie group.
Here the required existence of local sections is supplied in [ 7 1.

It would be interesting to know whether local compactness may be dropped
in Theorem 13. The equivalence in Theorem 14 suggests that a proof would
probably not be obtained by a refinement of the present techhiques.
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