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Abstract

In the present paper, we invoke the theories of the Mellin transform as well as
fractional integration to investigate a solution of the integral equation

had ﬂ—'l— —-—l—.’tt
2 2
(1) [T

(e f(t)dt= W, {f () : o} >0,

which defines a generalized Whittaker transform of the unknown function f(t)&
L,(0, ) to be determined in terms of its image W;”;b{ f(t) =}

It is shown that under certain constraints (1) can be reduced to the form of a
Laplace integral which is readily solvable by familiar techniques.

1. Introduction.

Meijer [9] has given a generalization of the well-known Laplace transform

(cf., e.g., [18D
a.n LLAQ : 2]= fo % et {5 dt

by means of the integral equation
1

© —-k—l — ¢
@D M@= W @,
L

while a generalization of (1.1) due to Varma [15, p. 209] is in the form
-5} m_l ——l-:tt
(1.3) Vi (F® 281 = [ @) 2 Wi @i,

where Wp,,,(2) represents the Whittaker function [13, p. 14]

1, — m+l
1.4 Wem(z)=e 2 3] M*z +21F1[%—k+m; 1+2m; z]
(g kem)

in terms of Kummer’s confluent hypergeometric function

& (@ 2
Fla;b;z)= —_
il =2 @) n!
For a brief research announcement of the main results of the present paper see
Pacific J. Math. 26 (1968) 357-377.
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with, as usual,

_L@4n _
D= RO =AA+DA+2) - (A+n~-1).

When £=+m, (1.2) reduces to (1.1) and the reducibility of (1.3) to (1.1)

in the special case k+m:% is quite straightforward, since [3, p. 264]

S0 N S
(1.5) W, (@D=e 2 22 .

—-m,tm
2

More than a decade ago, Erdélyi [1] pointed out that the kernel of (1.2)
can be expressed as a fractional integral of e~** in terms of the operators of
fractional integration introduced earlier by Kober (cf. [7]) and Erdélyi [2],
while recently Fox [5] has made an appeal to Erdélyi-Kober’s theory (cf. also
[4]) to derive an inversion formula for the integral transform with nucleus
2K, (2), where K,(2) is the modified Bessel function of the second kind [16,
p. 78]. We investigate here a solution of the integral equation ‘

o ol 1,
e WU = fo CONETE th+%,m(xt)f(t)dt,x>O,

which defines a generalized Whittaker trahsform [8, p. 23] of the unknown

function f(2)&L,(0, ) to be determined in terms of its image Wi () 1 2},
so that since

a.mn Whi (f@®) t 2} =My, (£ : 7}
and
.8 WL (O 8 = Vi (O 3,

>
our results would readily enable us to invert the integral transforms given
earlier by Meijer (cf. [11, [101), and Varma (cf. [11], [12D).

In what follows we shall make a free use of the theories of fractional inte-
gration as well as the Mellin transform, and therefore we find it worthwhile
to describe them briefly in the next section.

2. Fractional Integration and Mellin Transform.

In the familiar notation, the operators of fractional integration introduced
by Kober [7] are defined as follows (cf. also [2]):

@1 I f ) = I,ga) o [ — iy f
@.2) KRSV = rga) w8 L P (=) 429 f(w) du,

where f(2)eL,(0,x), %—l—%:l, if 1<p<co, and % or %ZO if p or ¢g=1,
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1 1
a>0, 7>+, ¢>—1.
K ?

Confining ourselves to the L,-space theory, for simplicity of the conditions.
involved, so that l.i.m. indicates the limit in mean with index 2, it is readily
seen that [14, p. 94] if

f(x) ELZ(O: OO)’
then

(2.3) M{f(®)=Lim. f v f(x)xs—ldm=F(s)eLz(l—ioo,l+ioo>,
N—-oo J 1/N 2 2
and that if
F(s)EL2<—1~—ioo,l+iéo>,
2 2
then
%+iN

2.4 MYF(s)) = 2—;—;11\1’_){2[ F(s)x~3ds=f(x) & Ly(0, c0),

L ;N

=i

2
where M and M represent Mellin and the inverse Mellin transforms respecti-
vely.

By investigating the asymptotic behaviour of the gamma functions occurring-
in the known formula [6, p. 114]
11
-z - I'(sto+m)[(s+o—m)
2.5 Mz 2" }:
2.5 {Z LAY T(sto—F) ’
where s=8+i8, f and & being real, and B+o=xm >0, it can be shown that

_1 1,
(i) M{z 2¢ 2 Wk+1 (z)} is bounded on the line sz%%—iﬁ, where:
'2‘,m
—co < § <o, and since, in view of (1.4),
1
-1
¢ Wk+l,m(z)

is an entire function, finite at the origin, such that [17, p. 343]

—-—1~z lz+l
2.6) W 1 (@=e 22z 2{1+0ED},
k+E,m
when |z| is large and larg (2)| <=, it follows that
L1, '
(ii) z 2¢ 2 W | (2)ELy0,0).
k+7,m

When (i) and (ii) hold, from Fox’s lemma (cf. [5], p. 458) we have
Lemma I. If >0, m =0, and f(x)&Ly(0,0), then

o Ll 1
@n /0 (@) 2 2 th+%,m(xt)f(t?dteL2(0,oo)
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and
11

2.8 M{ /; w(xt)"_?e"f”wk% ,m(xt)f(t)dt}
_I'(Gt+o+m)I(s+o—m) _
- e F(1—s)

wherein the integrals are regarded as functions of %.
Naxt we return to Kober’s operator (2.2) and observe that under the suffi-

cient conditions of its validity, viz.

2.9 a>0, S> ——-;— assuming that f(2)&L,(0, ),
we also have )
(2.10) K& af(x) € Ly(0, 00)
and [7, p. 203]
) __TG+e '
(2.11) M{K¢ o f(2)} = Totcta) M{f(2)}.

From (2.7), (2.8) and (2.11) it is easy to see that
. L

M{ K /O ) 2o 2" Wk+%,m(xt) f(t)dt}

_I'(G+o+m)I(s+o—m) .
=T TGvo—htay  TUTY

oo 0__]‘_ _._1 xt
_ 2,72
_M{/(; (xt) e Wk—a+%,m(wt>f(t>dt} )

in view of (2.5), and therefore
Lemma IL. If 2>0, a0, —;—+a—k>0, and f(&)E Ly(0,0), then

oo o-_.-—lA —lzt
K [“@ T W afod
L

(2.12)
1

o g_,L —g
- [) (@) Ze 2 W RGOV Or

Bt
a+2

where the integrals are regarded as functions of «.

3. The Inversion Theorems.

We first establish the following theorem which exhibits the fact that under
«certain constraints the integral equation (1.6) can be reduced to (1.1) which is
readily solvable by familiar techniques.

Theorem I. Let f(x) be a solution of
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o el 1,
G.D [T 2T W, @ofd= Wi (@) 4

2
which belongs to Ly(0,00). Then

@2 @) =LK e Whim L) 1 2) ],
provided (i) >0, (ii) oc+k=0 and (iii) —;—+a—k> 0.
Proof. Since the conditions of Lemmas I and II are satisfied, we may
operate upon (3.1) by means of
ch:}e,a+k
and by virtue of (2.12) and (1.5) we have
fo C et f(Ddt=KTh o s WE{ D) : 7},

whence (3.2) follows immediately.
Theorem II. Let f(x)=Ly(0,0) and

(3.3) LLFQ : 2= fo % % f(2) L.
‘Then
6.4 KSm a2 L7 () : 6]= W e m (D) 1 2},

provided (1) >0, (i) @=0 and GiD) %+a+m>0.

Proof. In view of (1.5) we have

o L1 1, ‘
G Lo F(2) : a]= A @' e W, anfwds,
Lo,

and operating upon both sides by
Kiima
we get (3.4) under the conditions stated earlier.
Finally we remark that when a=—%—m, (3.4) is reduced to the interesting
relationship
(3.5) Wion (f@) : 2} =Kstm, —kem &7LL7 ™ f(2) : 2],
which leads us to the construction of a table of generalized Whittaker trans-

forms from that of the classical Laplace transforms, provided k+m =<0,

%+6+m>0 and z > 0.
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