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Compact Sets of Nonlinear Operators*
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Abstract

Let f(x,t) be a function defined on R*XR with values in R", where R" is
Euclidean n-space, and define a nonlinear operator f by f: x(f)— f(x(#),t). In this
paper we shall consider collections F of such nonlinear operators f, and we shall
seek conditions under which F is conditionally compact in a suitable topological
space. Our results have important applications in the theory of nonlinear integral
equations. These applications are discussed in a joint paper of the author and R.K.
Miller [4].

1. Notation and Basic Hypotheses.

In the following we shall let I denote an interval in R, the real line and
R™ Euclidean m-space with norm |-|. All functions referred to below will
have range in R”, the domain will be indicated in parentheses.

€(I): Space of continuous functions.

BE(I): Space of piece-wise continuous functions.

L,I), 1=<p=<oo: Lebesgue space with norm ||- ||,

LC(R)=8°: Local 2 ,-space.
That is, 2°° consists of all functions #(-) defined on R such that 2(-) is in
£,(I) for every compact interval I. The spaces £,(I) will have the usual to-
pology generated by the norm |||, 1< p=<oco. PEU) and €{) will have
the topology of uniform convergence on compact subsets. (If I is compact,
then €(I) is a subspace of R.(I).) 21°° will have the topology of convergence
in each £,(I), where I is compact.

Let f: R"XR— R™ be given. We shall say that f satisfies a (weak) Cara-
théodory hypothesis for p, 1< p <oo, if

(i) f is measurable, and

(ii) for every compact set K C R” there is a real-valued function m in
¢ such that |f(z, )| < m@) for x€K and almost all ¢ in R, and

(Gii) for every compact interval ICR one has

0) [1£@@,D—fa@, o1 de—0

whenever z,(-)—2(-) in 2,).
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If m(-) satisfies (ii) we shall say that m(-) is a bounding function for f on K.
- Condition (iii) is sometimes replaced by

(iii") for almost all ¢, the function f(«,%) is continuous in .

We shall say that f satisfies a (strong) Carathéodory hypothesis if (i), (ii) and
(iii") are satisfied. It follows from the Lebesgue Dominated Convergence Theo-
rem that the strong Carathéodory hypothesis implies the weak Carathéodory
hypothesis.

We shall say that f satisfies an a-Hdlder condition (0 <a<1) if

(iv) for each compact set KCR” there is a real-valued function % in 8¢
with

(1 | fla, ) ~f(y, | S k@] 2~y ]*
whenever 2, K and for almost all ¢z in R.

Any function k() satisfying (1) is said to be an a-Hdlder coefficient for
fon K. Since £(2) is finite valued almost everywhere, we see that (iv) implies
Gii). '

The collection of all functions f that satisfy the weak Carathéodory hypo-
thesis will be denoted by €, and the subcollection of functions that also satisfy
an a-Hélder coefficient will be denoted by €3. We note that £°° consists of
precisely those functions from €, that are independent of ®, that is of the form
f@®.

For f in €, we define the mapping f: PE(R)— ¢ by

(2) fl@): t—>fae@®, 0.
This operator f is very important in the study of nonlinear integral equations,
cf. [2], [3] and [4]. It follows from the Carathéodory hypothesis that for
every compact interval ICR, f maps PBE(Y into £,(I) and that f is continuous
with respect to the respective norms. In other words, the mapping f given by

(2) is continuous.

Let X denote the collection of all continuous mappings of PE(R) into L.
We shall now define two topologies .7, and 93 on X. The first topology
9. is the topology of uniform convergence on compact sets. That is, we say
that f,—f in (X, 9 if f,(x)—>f(x) uniformly for (-) in compact sets K in
PE(R). Equivalently, this means that for every compact interval ICR one has.

(3) [1£a@ =@ rar—0

uniformly for #(:) in compact sets K in PE). The second topology .73 is.
defined in exactly the same way but now the convergence in (3) is to be uni-
form for 2(-) in bounded sets K in PEI).

These topologies represent nonlinear versions of two standard topologies for
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bounded linear operators from PE(R) to L°°. In particular, 7, generalizes
the strong topology and .9 generalizes the uniform topology, cf. [1].

Now let § denote a collection of functions from €, and let F denote the
corresponding collection of nonlinear mappings in X given by (2). In the next

three sections we shall seek conditions (necessary and or sufficient) that F be
conditionally compact in either (X, 97,) or (X, 93).

2. Compact Sets in £2°.

We note that if fE2°°, then the mapping f given by (2) maps every func-
tion x(-) into f(-), that is f is a constant mapping. Conversely every constant
mapping f of PE(R) in LI°° satisfies (2) for some f in ©°°. In other words,

(2) gives a one-to-one correspondence between £°° and the constant functions

in X. This correspondence is a homemorphism with respect to either 9 or
T, that is both topologies agree with the standard topology on £i°°.

. Now let & be a collection in €. 'We now give a necessary and sufficient
condition that § be conditionally compact.

Theorem 1. Let FCYS, 1< p<co. Then § is conditionally compact if
and only if

(@) for every compact interval ICR there is a real number B such that
/1 LA |2dt < B for all f in §, and

(b) for every compact interval ICR and every €>0 there is a 6 >0 such
that if |T]| <0 then

ﬁ[f(t-l—’c‘)—f(t)l"dtéa
for all f in . ‘

Proof. The proof of this is based on the fact that ¥ is conditionally com-
pact in €°° if and only if for each compact interval ICR, the restriction of ¥
to I is conditionally compact in £,(J). Now let I=[a,b] be fixed. For each
fin ¥ we define f* by

| fr®=f®, el
=0, te&l.
Let &* denote the collection of these f*. Then F*C¥,(R) and we see that &

is conditionally compact in £,(I) if and only if §* is conditionally compact in
£,(R).
Now assume that (a) and (b) hold. One then has

[ r@ira= [ | 7@lvar < B.
R I
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Also for 7 =0 one has

[ aro-rworas [* reropa
R a—7

+ [1farn—roreat [ 1wl

with a similar expression valid for ©<0. By combining (a) and (b) we see
that for every £ >0 there is an 7 >0 such that

fRIf*(t+r) N O

whenever |7|<%. By a well-known characterization of conditionally compact
sets in €,(R), cf. [1; p. 2981, we see that F* is conditionally compact in &,(R).
A simple verification establishes the converse statement. We shall omit the

details. Q.E.D.

3. Compact sets in &,.

In studying sets & in &,, it becomes necessary to distinguish between the
two topologies .7, and 9;. But before doing this we need another concept.

We have already observed that for every f in &,, the bounding function
m(-) les in €. Also for £ in ®%, the a-Hblder coefficient £(-) lies in 2¥°.
Both m(-) and £(-) depend not only on f but also on the compact set KCR".
Moreover, even with f and K fixed it is evident that neither the bounding fun-
ction nor the a-Hélder coefficient are uniquely determined.

Let & be a collection of functions from €,. We shall say that § has com-
pact bounds if for every compact set KCR” one can choose a bounding function
m(-) for f on K(fEF) such that the collection {m} is conditionally compact in
¢, For FCE we shall say that § has compact a-Hdolder coefficients if for
every compact set KCR” one can choose an a-Hélder coefficient £(-) for f on

K(fe® such that the set {&} is conditionally compact in e,
Let us now turn to the question of conditionally compact sets Fin X, 7).
Theorem 2. Let FCE€, and assume that F has compact bounds. Let F be

the corresponding collection of mappings generated by (2). Then F is condi-
tionally compact in (X, 7.) if and only if

(@) for every compact interval ICR, every x(-) in PE(R) and every ¢ >0
there is a 0 >0 such that if |T| X0 then

4 [ 7@+, 40—, Dldr e
for all f in &, and
(b) the family of mappings f: PE(R) —giee, fEFA', is equicontinuous at
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each point of PE(R).

Proof. This is essentially a formulation of Ascoli’s Theorem [6] to the
family F. Because of Theorem 1 and the assumption of compact bounds we see
that condition (a) is equivalent to the following statement: ‘‘For each x(:)
in PE(R), the set {f(x): feﬁ‘ } is conditionally compact in gloe.»

Statement (b) is the equicontinuity statement for ﬁ', so this result is a direct
application of Ascoli’s Theorem as asserted. Q.E.D.

We have thus shown that CIF (the closure of Fin (X, 92)) is a compact
set. This dose not necessarily mean that every mapping in CIF is generated
by a function from @&,. (The author thinks that this is true, but he is unab-
le to verify it. In order to get the stronger conclusion one would have to show
that the limit & of any sequence {f,} from Fis generated by a function f
from &;. A natural candidate for f is given by

fla,=F@C )
where x(z)=x is a constant function.)

In the sequel we shall need a technically stronger version of Theorem 2.
The problem arises when we study functions f that depend on a parameter h.
Assume that we are given a function f(x,h,f) where f: R*"XHXR—R™ and
H is a locally compact metric space. The Carathéodory hypothesis is then aug-
mented so that the bounding function m can bes chosen independent of A in
compact sets in H, the limit in (0) is uniform for A in compact sets and one
assumes enough continuity in % so that the mapping f: E(R) X H— X given
by

(5) J@(D,h): t—fx@), h, 1)
is continuous. The @-Holder condition is also changed so that the a-Holder
coefficient £ can be chosen independent of 2 in compact sets.

Let @, now denote the collection of all f(x,k,t) that satisfy this augmented
Carathéodory hypothesis and let &, now denote those functions that satisfy the

augmented a-Holder condition. Let X now denote the space of all continuous.

mappings of PE(R) X H into Y°. The analogue of Theorem 2 is now valid
in this case. We will not include a formal statement, but only note that the &
in statement (a) may depend on % and that (4) becomes

[ £+, b+ —fG@, kD dr < e

4. Compact sets in &j.

We return now to the original formulation given in terms of functions:
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f(x,2). The next theorem, which is our main result, is a sufficient condition
for conditional compactness in the .73-topology.

Theorem 3. Let FC® and assume that §F has compact bounds and com-
pact a-Hilder coefficients. The set Fis conditionally compact in (X, Tp) if

(@) for every compact interval ICR, every x(-) in PE(R) and. every ¢>0
there is a § >0 such that if |T| <0, then -

[, 0 —fa@, o1 dise
tor all f in §.
Furthermore, every mapping g in CiF satisfies (2) for some function g in
G3. '
Proof. Part 1: Let us first show that F is conditionally compact in the
weaker topology .9.. That is, we want to show that the equicontinuity con-
dition (b) of Theorem 2 is satisfied. Let I be a compact interval and z(:) in

PTE€U). Let K be a compact set in R” that contains the graph of x(2), &l
in its interior. For each f&% choose the a-Holder coefficient 2(-) for f so

that the family {#} is conditionally compact in 2¥°. Since the mapping £—>
-/;Ik(t)lpdt is a continuous mapping of £°° into R, it follows that the set {k}
is mapped into a bounded set in R. This means that there is a 4, 0 < b <oo, such
that ﬁlk(t)lpdtgb for all 2= {&}. If y(?) is a piece-wise continuous function
with graph in K one then has

fllf(x(t),t),—f(y(t),t)l”dtéb ess.sup{|x (&) —y(D)|?*: tel}

for every f in & Hence Fis equicontinuous at x(-). This means that CIF
(the closure in 9,) is a compact set in (X, 7).

We will now show the following: .

1. Every mapping ¢ in CIF satisfies (2) for some ¢ in G3.

2. The set CIF is compact in (X, 7).

Part 2: To prove the first statement, we choose g in CIF. Then there is
a sequence {f,} in FCG3 such that f,—¢g in 7. Let K be a compact set in
R*. We can assume without any loss of generality that the sequence {f,} is

chosen in such a way that the corresponding sequence of bounding functions

{m,} and a-Hélder coefficients {%,} converge in £X° to limits m and % respec-
tively. Now define g(x,t) by
g, )=gx(®)

where x(¢)=2x is a constant function. If x€K, then
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/Ilg(x, t)}ﬁdt:limfl|f,,(x,t)1pdz§1im/1mn(t)ﬁdt=f1m(t)f’dt

ior every compact interval I. Hence |g(x,t)| < m(¢) almost everywhere, so m
is a bounding function for g on K. Similarly if x,yK, then

[ 19 0—gG, Dl2di=tim [ 1 £z, 0~ v, O10as
1 1
<tlim [ £u(5)?] 5y |

= [ k@2 12—y pede
for every compact interval I. Hence
lgCx, ) —g(y, | <k@®|x—y|*
almost everywhere, so £ is a a-Hélder coefficient for ¢ on K. Hence g=@3.
It now remains to show that for every x(-) in PER) one has

(6) g(x( N=g(), )
in % It is clear, from the definition of g, that (6) holds for every piece-wise

constant function x(-). By taking limits (in PE(R)) of piece-wise constant
functions, we see that (6) holds for every x(-) in PE(R).

Part 3: Let us now show that CIF is compact in (X, 93). We shall do
this as follows: Let {f,} be a sequence in FCB) and f=BF be given with
Jn—f in 9. We will now show that there is a subsequence of {f,} that
converges to f in 9. To do this we shall use the augmented version of
Theorem 2 discussed in the last section and the corresponding augmented ver-
sion of Parts 1 and 2 of this proof.

Choose 8 so that 0< B < «, and let r=a—B. Now define g,(x,%,1) by
Ju(x+h, ) —f(x,8)
hP ?

) h=0,

gn(, b, 1) =

=0

for x€R”, heR*=H and t=R.
It follows from a routine calculation that g, satisfies a y-Hélder condition

in . Also, if %, is a @-Hélder coefficient for f,, then 2%, is a v-Holder coe-
fficient for g,. In other words the sequence {g,} lies in the augmented class

h#0

Sy. The - equicontinuity of the corresponding family g, of mappings from

PE(R) XR” into L is established in a manner similar to that used in Part 1
of this proof. The only change is to note that the family {g,(x,%,2)} is equi-
continuous.in & for x and ¢ fixed. It then follows from the augmented version
of Theorem 2, that we can find a subsequence of {g,} — call it {g,} — that is
convergent, say to g. Using the argument of Part 2 it is easy to see that there
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is a g in the augmented @&} such that

g@x(),H=g@(),h,-)
for all 2 in R*. It is easy to see that

f(x-'_hy t) —f(x’ t)

9Cx, h, )= e
If we let K be any compact set in R” and let x be fixed, then
(7) hsg%lgn(x,h>t)"g(x)h)t)[=ln(t)7

and 1,—0 in . Now choose K to be a compact set containing the origin

and set =0 in (7). One then has for heK
Fu(h ) —fCh, ) =[g,(0, h, ) —g(0, h, ) ThE+£,(0, ) — (0, .
Hence
(8) | fu(h, ) —f(h, )| < L,(D)| R|P+1£.(0, ) —f(0, ).
If we replace 2 with h(#) is a piece-wise continuous function with range in K,
then (8) implies that f,—f in .75, which completes the proof.

A useful corollary of this result arises when the functions f(z,%) in § are
C! in the x variable. Before stating the result we note that the derivative
Sfa(x, ), with components 8f;/@x; (1=<i<m,1<j<n), can be viewed as a
mapping of R*XR into R” where r=nm,

Corollary. Let €@, and assume that §F has compact bounds and that
each f(x,t) in § is C! in the x-variable. Let ' denote the collection of deri-
vatives f,(x,t), fEF, and assume that § has compact bounds. Assume further
that for every compact interval ICR, every x(-) in PE(R) and every € >0 there
is a 6 >0 such that if || <0, then

/Ilf(x(t—i—f), t+7)—flx(), D|Pdt < ¢

for all fin . Then Fis conditionally compact in (X, 7).

Proof. We note first that ¥=€; and next that § has compact Lipschitz
(I-Hélder) coefficients since §’ has compact bounds. The proof now follows
from Theorem 3.
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