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Linear System and its Perturbed System

By Taro Yosmizawa and Junji Kato

(Tohoku University)

In studying the asymptotic behavior of solutions of the system

dx
€9) ar
with a constant matrix A, many authors (cf. [2], [5]) have used the following

idea: The matrix A is assumed to be of form diag(A4,, 4,), where all of the

=Ax+f(t, )

characteristic roots of A, have negative real parts and those of A, have non-
negative real parts. = Let diag(X,(#), Xu(®)) be a fundamental matrix of the

linear system

dx
o AT
such that X;(#) corresponds to 4; (i=1,2). Then, each solution 2(z) of (1) is

represented by ;
X 0 X 0
@ x(t):< 10(’:) X2@>c+ / < =) )f@ 2(s))ds

_/;N<8 qut )f(s #(s))ds

with a constant vector ¢, if the last integral exists.
Thus, there arises a question whether, for a given ¢, there exists a solution
of (1) which satisfies (2) or the relation
X (@) 0 )
x(Z)— c
O~("s" e
This question is considered to be a generalization of the concept of the asympto-

—0 as t—co,

tic integration constant discussed by Wintner [6] and is closely connected with
the asymptotic equivalence (cf. [17).

In this article, we shall give an answer to this question, by applying a spe-
cial type of boundary value problem considered by Hukuhara [3]. This paper
is based on Kato’s paper titled ‘“ Asymptotic behaviors in functional differential
equations’® which will be published in Tohoku Math. J. (18 (1966), 174-215).

Consider a linear system and its perturbed system

dx
3 *d—t-—AOG-I-P(t)
and
@ L Aatp () +FCE ),

dt
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where A is an nX#n constant matrix and p(z), f(, %) are continuous on IXR”,
(I: [0,00), R*: a Euclidean n-space).

The following assumptions will be made;

(i) all solutions of (38) are bounded,

an e =A@el#2]]), where 4(2) =0 is continuous, /(;mll(t)dt<00

and ¢(#)>0 for =0, ¢(r) is continuous, increasing, /m g;(i:) =0
First of all, we shall transform (3) and (4) into
. dy
®) it =Ay
and
ay _
® L~ Ay+9(, )

by x=y+x(2), where 2(¢) is a solution of (3), which starts at t=0, and g{¢, %)=
SG, y+2()). Since all solutions of (3) are bounded, there exists a & >0 such
that |[2@)|}|<?b for all £=0 and all characteristic roots of A have non-positive
real parts and elementary divisors of characteristic roots which have zero real

parts are linear. Therefore, there exists a non-singular constant matrix P such
that

A*=P 1AP=diag(B,0,Cy, -, Cp),

‘where all characteristic roots of B have negative real parts, 0 is zero matrix
—A; ) .

and C; is of form <AO 0 '), A;>0. Then, by y=Pz, the system (5) is trans-
1 N

formed into

%) dz_ g,

dt
We set Q,-(::):(ij i’; _z;‘;;D and set Q(t)=diag (E, Qi, -, Qp), where E is

the unit matrix which has the same degree as diag(B,0). Then, clearly
det Q(#)=1. We assume that B is an [x! matrix, 0 is an m Xs» matrix, and

hence k=£—<l2+—m—)-. Let & be an /-vector and let  be an (nz—I)~vector.
By z=Q(t)<§>, the system (7) is transformed into
4ag _ an _
® a2 =B¢, ar =0,

and by y:PQ(t)<f]>, the system (6) is transformed into

© L _perreen, L=Raem,
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7 ,
where <F1>=Q'1(t)P“‘g<t, PQ(t)(i)). Clearly, there exists a K >0 such that
2
HQ WP LK, ||PQ®| K. If we consider a function ¢(r)=¢(r+b),
we have || g, || <A@ ¢ly]]), which implies that
(10) i, & DI S KAD@K AN+ 171D),  i=1,2,
© dr

and we have /

¢(Kr)
(ii) hold good.

First of all, we shall prove the following lemmas.

=oco. Therefore, for (8) and (9), the assumptions (i),

Lemma 1. If the assumptions above are satisfied, every solution y(t; ¥, £o)
of (6) is continuable to the left. '

Proof. Since every solution of (5) is continuable to the left and (5) is
a linear system, corrsponding to any 7T >0, there exists a continuous function
W(t,y) defined on [0, T]x R” which satisfies the conditions

Nyll= W, v,

W't 9= lim 5 WG+, 9+hAn— W, 1) 20,

see Remark in Section 3 in [7]. Therefore, we have
W, y(t; Yo, 20)) Z—MADG(W G, y(& ;5 Yo, 20)).
Comparing W, y(; %, £)) with the maximal solution u(z) of
d
= MI®OGE,  ut) =Wt v0),
we have W, y(¢; Yo, to)) Su() for any ¢, 0=t=<¢, and thus y(¢; ¥o ;) is
continuable to the left, because u(z) is continuqble.
Lemma 2. Under the assumptions above, a solution (£(2), n(2)) of (9) is
bounded. Moreover, £(t) >0 as t—o0 and lim 9(¢) exists. Thus, for any given
oo

solution of (9), there exists a solution of (8) which tends to the given solution
of (9.

Proof. Since the solutions of (8) are uniform-bounded and the system is
linear, by Theorem 19.1 with ¢=0 in [7], there exists a Liapunov function
V(t, & 7) defined on Ix R” and satisfying the conditions:

Gi) e+l SVEE9) S M{|E]|+|I7]]}, where M >0 is a constant,

(v) (V@ EM—=VE I =M{IE-EI+2—7"},

(v) Ve &7 =0.

First of all, we shall see that a solution (£(2),7(2)) of (9) is bounded. By
@), (iv), (v) and (10),

V' (@, 6@, 7)) <2 MK A ¢ EDI+11 21D
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S2MEKAPKV).
By comparing V(z, @), 7(¢)) with the maximal solution «(z) of

—dc—;i—zMKm)cp(Ku) u(te) = Vto, £(to), n(te)),

we can see that for any >0, there exists an R>0 such that if ||é@G)||+
NGOl = r, then ||E@DI|+] 2= R for £t =1, see Example 10.2 in [7].

Next, we shall see that £(z) —0 as t—o0 and lim7(z) exists. As the solu-
df I—roo

tion §=0 of —a;:B{: is exponential-asymptotically stable, there exist constants
M=1, ¢>0 and a Liapunov function W, &) such that
HEN= W OSMIEN, [ WEEOH—-WE EN=M||E-¢"]]

and that Wi (t, &) Z—cW(, &), where (x) denotes the system %é BE&. For

a solution £(z) of (9), consider a function W(z,£()). Assume that ||£(z)]|+
7G| =7r. From

W, E@)=—c W, E@))+MKA)P(KR),
it follows. that
[1E@ ]| = e~ct=10 W (z,, E(to))+JWKQﬁ(KR)B_”/[e”/{(S)ds,
Zo

which implies that |[£()||—0 as z—oc. Since we have

7 =1(te) + /, "FuCs, £C), 7())ds

and

JUIFGs, 660, 10 1 ds S K@ CKB [ dsdds < oo,

we can see the existence of a constant 7(co) such that

7o) =)+ [ Fuls, €050, 7)),

or

() = () — f Fiols, £s), n(s))ds.

Thus, for any given solution (£(¢;&,, 70, 20), 7(t5 &0 Mos 20)) of (9), Jf we take
a solution (S*(t;§0,t0), 7 p(o0), ty)) of (8), where 50 is arbitrary, S*(t;éo,to)
—0 as t——>o§ and 7*(z;79(c0), t,) =9(o0), and hence
HEW =¥ =0, lI9®]||—0 as t—oo,
that is, for any given solution of (9), there exists a solution of (8) which.
approaches the given solution of (9).

The following lemma is concerned with a kind of boundary value problem
which Hukuhara applied to studying of behavior of solutions in a neighborhood

of a singular point [3]. Here we shall state in a simple form, which we shall
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apply to the proof of Theorem. - For the proof, see [4].
Lemma 3. In a system \

dax
J ‘c‘i?Zf(t, %, )
an 1

dady B
It =9(¢,2, %),

where %,y are n, m-vectors, suppose that f(t,%,y), g(t, %, ¥) are continuous and
bounded on [a,b]X R*xR™, Then, for any (&g, Yo)ER*XR™, there exists at
least one solution (x(t),y(t)) of (11) which is defined on [a,b] and satisfies
z(6) =%, y(a)=1y,. ,

Theorem. Under the assumption (i), (ii), the systems (3) and (4) are
asymptotically equivalent, that is, for any given solution of (3) there exists
a solution of (4) which approaches the given solution of (3) as t—co, and con-
versely.

Proof. It is sufficient to see the asymptotic equivalence of the systems
(8) and (9). Let (£,(), 7 (2)) be a given solution of (8), and there is a B,>0
such that By=sup {[|&: I, 17.®|l; t=0}. As we saw in the proof of Lem-
ma 2, we have a Liapunov function W(¢, £). Let #, be chosen so that

* B
(12) /; XD < ey
Now we define FT(t,S,n) and F:(t,E,ﬂ) by replacing (£,7) in F;, F, by

min{l, Wﬁfiﬁ;ﬁ} (€,7). Moreover let B*(§) be such that
Bg, i ||§||=2B,
B*(&)=
7 2pe, it 128,

Then, clearly these functions are continuous and bounded on [#,, 71X R!x R*™,
where T is arbitrary, and we have

|| Fy (& mI < KA(DPAKBy)

| FyC, 6, Ml < K@U KBy
on [£p, o) x REx R*~1,
Consider a system

%:B*@HFT@,s,nJ
as :
\dn
1 _pren.

M .
By Lemma 3, for any s>#, and a fixed & such that ||&|| é?’ there exists
0
a solution (E*(z; s),7*(t; s)) of (13) which satisfies £*(¢,; s) =&, and 7*(s; )=
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7:(s). Since || 7;(s)||< B, and we have

74 Dl NI+ [ KA@PUKBdu,

from (12), it follows that ||9*(t; s)||<2B, for all t=[z,s]. As long as
[16* || <2 B,

a4 W', £5(t3 ) S —c Wz, £%(¢5 )+ MK A $(AKBy),
and hence )

W, 845 ) S Wito £+ MK GUKBD [ "2 du

SMI| & ||+ By =28,

Thus, we have |[£*(¢; $)||< 2B, for all t€[t,s]. Therefore, (¥(;s), 7*(;5))
is a solution of (9) on [#,s]. By Lemma 2, there exists a solution (£(¢;s),
(3 s)) of (9) defined on [ty oc) which satisfies £(z,; s)=§; and 7(s; )=m(s),
and there exists a R>0 such that ||z )|+ |17 || £ R {for all £ =1, because
1€Ces D =11EI= Bo, |7t s)||1=2B,. Thus, the family of functions (£(z;s),
7(¢; s); s=to) is uniformly bounded and equicontinuous on any compact sub-
interval of [#g, o). Therefore, there exist a divergent sequence {s;} and
a sequence (£(¢; su),7(t; sz)) which converges to a function (£(z2), 7(£)) defined
on [t,, ) uniformly on any compact subinterval of [£;, o). Clearly, (6@, 7(2))
is a solution of (9) and ||E@|+||7OI <R for all t=z,.

As we saw in Lemma 2, £(t)—0 as t—oo, and hence £(z) = §,(¢) as t— 0,
because £,(z) >0 as t—oo. Since we have

NG )= || < KPAKB) f *2G)du

fof to=t=<s, if for any ¢ >0, we chose a 7(¢) >0 such that
e

J o< ggrmEs
we have || 7(z; s)—n. (@) || <e for all t[r(e),s]. This implies that
7@ —p@Il=e for all t=7(e),
" which shows 7(#) —7,(¢) as t— oo.

Thus, the proof above and Lemma 2 show the asymptotic equivalence of
the systems (3) and (4). Here it is noticed that, by Lemma 1, we can take
the same initial time.

Remark. If Y(z) denotes a fundemental matrix of the system (5), then
for any constant ¢, Y(¢)c is a solution of (5). Therefore, this theorem shows
the existence of a solution y(¢) of the system (6) , which satisfies

Hy@—=Y@c||>0 as t—oo
for any given constant c.
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