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Semi-decomposable Systems and

Vector Subfunctions

By Kiyoshi AKO

(University of Tokyo)

Introduection

In the previous notes [4, 5] the present author introduced the notion of sub-
functions for single (nonlinear) elliptic or parabolic equations of the second
order. Here, in this note, we introduce the notion of vector-valued subfunc-
tions for especially simple second order systems of elliptic or parabolic type. In
these systems dependent variables are only loosely connected with each other so
that we may call them semi-decomposable systems?.

For semi-decomposable systems there have been an increasing number of
articles these several years”. So it appears sufficient, to the author, only to
remark the fact that we can treat systems in just the same way as we can do
single equations; namely, by the subfunction method.

The author wishes here to express his sincere gratitude to Professor Masuo
Hukuhara for his warm encouragement and kind helps. He should also mention
that this study was supported in part by the Sakkokai Foundation.

1. Semi-decomposable elliptic systems

In this section we are concerned with a system of the form

(1) Ful= 31 ahG@uh phal, —ff@uph=0 (=1, N),
where x is a point in a subdomain G of the Euclidean n-space and u=
(u!, -, uN) is an unknown N-vector function, while Pk:(u:{m’ufn) is the
gradient vector derived from #* (£=1,---, N). In the sequel we shall write (1)
in the form '

(2) Flul=0
and use this abbreviated form (2) when convenient.

Dermvition 1t The system (1) is called a semi-decomposable elliptic system

in G if the following conditions are satisfied:

1) For details see §§ 1 and 6.
2) We refer the reader to T. Kusano [7] and the papers cited there.
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i) The matrices |} afj(x, u*, pP)|| are continuous and positive-definitein Dy :
N 1
veG, [uk| <o, | |={Z (2} <oo.

ii) f*(x,u, p¥) are continuous in B;: zG, |wi|<o (j=1, -, N), |2*|<

iii) f*(x,u,p*) are non-increasing with respect to all #/ (jxk) (k=1,
o, ND.

A semi-decomposable elliptic system is, in many points, similar to a single
elliptic equation. This statement will be made clear in later sections.

2. F-subfunctions

In this section we shall generalize the notion of subfunctions so as to be
suitable for the system (1).

Derinition 2@ An N-vector function v(z)=(v'(), ---, vV (%)) [w(z)=
(w'(®), -+, wN(x))] is called an F-subfunction in G [an F-subfunction in GJ], if
the following requirements are met:

i) vw(2)eClx?®, [wx)es€C(G)].

ii) For each point z, of G there exist an open neighborhood U of z, and
an N-vector function V()= €*(U)Y?Y [W(x)=C?(U)] such that

a) V@=v@®? [W@zw@] in U,

b) V(@) =v(z) [W(z)=w(x)], and

) FVi(ze) =0 [FIWI(=z,) =01

By strengthening the requirements tic) we obtain the following

Derinition 3: An F-subfunction v(z) in G [an F-superfunction w(z) in
G] is said to be a strong F-subfunction in G [a strong F-subfunction in G] if
the function V(&) [W(2)], associated with v(x) and z,&G [with w(z) and
2,EG], satisfies the differential inequality

c¢> FIVI=0 [F[W]<0] in U®.

First we shall state and prove the following

Turorem 1: Let v,(x) and vy(x) be (strong) ¥-subfunctions in G. Then,
so is the function v(x)=max (v,(2), vy(x)). Here max (vy(x), vo(x)) is the
vector function (max (v(®), v, (), -+, max (N (x), v,V (@x))).

A similar statement for F-superfunctions is also valid if we replace “maxi-

3) This means v*(z) =C(G) for every k. 1<k<N. -

4) Le V*@x)eC*(U) (k=1,--,N).

5) ILe. Vk(z) <v*(z) for every k, 1<k<N. )

6) There is a variant in this definition. For details we refer the reader to K. Ako

[4-ml
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mum” by “minimum”.

Proor. Let %, be an arbitrary point of G. And let V(&) and V,(z) be
respectively N-vector functions in C2(U;) and C%(U,), U; (i=1,2) being two
neighborhood of %, which satisfy iia)-iic) when U is replaced by U, and U,
respectively. _

We define an N-vector function V() in C?(U,N U,) by

(3) Ve = {VI"’(%) when  v%(%,) =v,*(a,),

V.5(x) when v%(x,)xv.%(,).
Then it is clear that V(z) <v(®) in U,N U, and V(x,)=v(%,). Moreover, by
the definition of semi-decomposable elliptic systems
FRV](2) ZF*[VJ(2) =0 for V#(x)=Vi(x)

which concludes the inequality F[V](%,)=0. Thus the fact that v(x) is an
F-subfunction in G has been established. Quite similarly, we can prove that if
v,(2) and v,(x) are strong F-subfunctions, so is v(x).

Tueorem 2: Let v,(x) be an (a strong) F-subfunction in G and let v,(x)
be an (a strong) F-subfunction in G', G’ being a subdomain of G. We assume
Sfurther that vy(2)€C(G'NG). If vi(x) =<vy(&) in G and if v,(8)=vy(%) in
the part of the boundary of G’ contained in G, then the N-vector function
v(x), defined by
v (%) for 2eG—-G,

v, (%) for 2eG’,
is also an (a strong) F-subfunction in G.

A similar statement for F-superfunctions is valid.

Proor. If z,=G’, then the function V,(x), associated with v,(x) and z,,
satisfies the requirements i)-ii) of Definition 2 also for the function v(z). If
2,=G—G’, then the function V,(x), associated with v,(x) and =, satisfies
the requirements i) and ii) of Definition 2 also for the function v(x). Hence
we obtain the theorem.

(4) v(m)z{

3. Subfunction method

According to Theorems 1 and 2 we can discuss the Dirichlet-type boundary-
value problem for a semi-decomposable elliptic system (1) in just the same way
as in K. Aké [2, 4, 5]. The essential hypotheses are:

i) The presence of suitable a priori~estimates for solutions of (1).

ii) The existence of an F-subfunction v(z) and an F-superfunction w(x)
in G such that v(#) <w() in G.

iii)- For the prescribed boundary-values ¢(x)
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Iim v(y) <) <lim w(y)?.
Yy Yy

Then, we can choose a condidate for the Dirichlet-type boundary-value problem
Flul=0 in G,
(5)
u=¢ on I,
I" being the boundary of G, in the following way.

Let %4 be the family of F-subfunctions v,(z) in G, such that i) v,(2) =
w(2) in G and ii) fim v,(»)<¢(x) on I. Then the N-vector function u,(x)=
Y-z

sup v,(2) (v;(®) EF4) might be proved to be a solution of the system Flul=0
in G, if the hypotheses i)-iii) are satisfied. This vector function u,(x) might
be seen a solution of the problem (5) if we could construct “barrier” functions
for our problem®. And if u,(#) is known a solution of the problem (5), it is
the “maximal” solution of it.

Quite similarly, we can construct a candidate uy(2) of a solution of (5) by
using a family of F-superfunctions. And, if u,(%) is seen a solution of (5),
then it is the “minimal” solution. For details we refer the reader to K. Akd
[2, 4, 5].

4. Semi-decomposable elliptic linear systems
Let us consider the following linear system
n ” : N
- (6) F”[u]E,Zlafj(x)u:.x*Zlbf(x)u"i+h216k”(x)u”=fk(w) (k=1,---,N)
i7= @5 = LI

in a domain G whose boundary I has no cusp. If all the functions afj, bf,

c*® and f* are bounded and Holder-continuous in G, and if the N matrices
IIafj(x)H are strictly positive-definite in G®, then we have the following alter-
native for the Dirichlet problem
Flul=f in G,
(7)
u=0 on I.

TueoreMm 3: Either the problem (7) with £=0 has a non-trivial solution
u(z) (x0) in CH(GNCH), or the problem (7) has a unique solution u(x) in
C(GHNCG) for every £(x).

The method of proof is as follows.

First we choose 4, so large that |c**(x)| <4, (& A=1,--, N) in G and solve

7) Here Iimv(y)= (Im#'(y), ---,im oV (y)), etc.

Y-z Yz Y-z
8) As for the barrier functions for single equations see K. Aké [4-I[, 5]
9) Ile. for any real n-tuple &= (&, -, &p)

3 af,@EEZAD E)LASO0 (k=1 N).
ty=1 i=1
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the problem
' Flul=F*al+2,(u'++uN—2Nu®¥)=f* in G,

(8) {u=0 on the boundary I of G. ‘

The problem (8) may be solved easily and uniquel_y. W¢ denote this solution.

u(z) 'by (M£)(x). Then the problem (7) can be written as

(9 I+, Pu=g,
where g=TMf and R u=M u*, u* being an N-vector whose %" component is.
2Nu*— ,:\:, 1uk.

Thus we may restrict ourselves to the functional equation
ao) - (+2AMDu=g
in the Banach space C(G)™, As in K. Aks [2], we can verify that (a suitable
extension of) the operator N is completely continuous in C(G) and hence we
obtain Theorem 3 by virtue of the Riesz-Schauder theory in Banach spaces.
For further details we refer the reader to K. Aké [3, 6].

5. A maximum principle

In this section we are concerned with the case where the functions
afj(ac, uk, p*) and f*(z,u,p*) satisfy the Lipschitz condition. In this case we
have a maximum principle formulated below¥.

Tueorem 4: Let v(x) and w(x) be respecitively a strong F-subfunction
and a strong F-superfunction in G. Moreover, we assume that the inequality
v(x) Ew(x) is valid in G. Then we have the following statements :

i) If vRi(@e) =whi(x,) (A=1, -+, Ny, Ny < N) and vke(,) <whe(xy) (= Ny+
1, -, N), then vh:i(z)=wki(x) and v*(x) < wk«(x) in G.

i) If v(xg)=w(x,) at some point 2,=G, then v(z)=w(x) in G.

Proor. Let V(x) and W(z) be two N-vector functions, associated respec-
tively with (v(#), %,) and with (w(#),#,). Then, since VW and since grad

Vihi=grad Wh at @, znlaf;@, Vi, grad VE) VL > ##i(a, V, grad VA
i,j= %

n
= fra(x, W, grad W&) = _Zlag(m, Wk, grad W4) at the point %, Henece we
i, 5=

have V&E(x)=W4(x) in U by virtue of a maximum principle for single equat-
ions!®. The validity of the identity v:(x)=w*i(2) in U and hence in G is clear,

10) L.e. the space of all N-vector functions g(x), all of whose components are in C(G)
and whose norms |g| are max{3>} Nl [ g% (x){3.
2EG k=

11) Probably, Osgood conditions imposed on afj and f* may be sufficient for the follow-

ing discussions. See R. Redheffer [8, 9].
12) See, e.g., K. Aké [1], Theorem 1.*
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since G is connected. . ‘
By virtue of the argument above we have v#«(x) <w#*«(x) in G. Thus we
have proved the statement i). The proof of the statement ii) is similar and
may be omitted. .
At the end of this section we note that our maximum principle is often
useful for a variety of problems.

6. Semi-decomposable parabolic systems

DerivitioN 4: A second order system

an G[ul=0,
where the differential operator G= (G -+-, GV¥) is given by
11 GMul= 3 kGt b pul, —uf A e w, P =0
i, 7= % §

(k=1,--,N)
is called a semi-decomposable parabolic system in an (n-+1)-dimensional domain
G, if it satisfies the following requirements:
i) For each %k, 1<k=<N, the matrix Hafj(x, t, u*, p*)}| is continuous and

positive-definite in Dy: (x,2)€G, |u*|<oo, |p¥|< oo, where G .is an (n+1)-
dimensional domain. '

ii) For each %, 1<%k <N, the function f*(x,t, u,p*) is continuous in Dj:
(z, DG, 1u|={é(uf>2}%<o¢, | p#| < co.
iii) f*(z, ¢, u, p*) is non-increasing with respect to all u/ (jx£&).
7. G-subfunctions

We can also define G-subfunctions for the system G[u]=0.similarly as in
§ 2. For the sake of completeness we shall formulate these functions definitely.

DerFinitioN 50 A G-subfunction v(%,t) [G-superfunction w(x,t)] in G is
an N-vector function in C(G), satisfying the following requirements:

i) For each point (%, ¢,)G there exists a finite circular cylinder U (CG)
with its lateral surface parallel to the f#—axis and with its upper and lower bases
perpendicular to the t-axis. Here we assume that the point (2, t,) is situated
at the center of the upperbasis o_f’ U.

ii) There exists an N-vector function V(x)[W(x)] in C2(U) such that

a) V@, =v(x,t) [We=zwk, )] in U,

b) V(& to) =V(®s, 2) W (o, o) =W(s; %), sand

c) GLVI(my t) =0 G[W] (@ t) =0: ¢ e .

DeriniTion 6: A G-subfunction v(#,2)..[G-superfunction w(z,2)] in G is
said to be a strong G-subfunction [a strong’ G=subfunction] in G if the follow-
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ing condition is met: The function V(x,z) [W(z,¢)], associated with v{(x,2)
and (2,,2,) [with w(z,t) and (@, #,)], satisfies the differential inequality
¢ G[VI=0 [G[W]<0] in U.

8. Remarks

As for the Dirichlet-type boundaryvalue problem for the semi-decomposable
parabolic system (11) we can discuss the matter in a similar way as in semi-
decomposable elliptic systems. For example, the subfunction method of §4 may
be employed with some modifications. There are also some maximum principles
similar to Theorem 4, but we shall not formulate them here. An interested
reader may refer to T. Kusano [7] and the articles cited there.
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