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Introduction

We consider a non-linear hyperbolic differential equation of the second order
0%u n 9
R (L r o L L NCHAR R ENAD
(Xps1=12),
where the a;; are defined and of class C? in the upper half-space =0 of an
Euclidean (n+1)-space E, ;.

Let S be a direct characteristic conoid of the equation (1), say, the direct
characteristic conoid with vertex at the origin. Denote by D the domain bound-
ed by the characteristic conoid S and a hyperplane Q: :=T(T > 0).

The characteristic boundary value problem consists in finding a solution of
@) in D which satisfies the characteristic boundary condition

@ u=¢ on S.

In a previous paper [1], we have already discussed this problem for a non-
linear wave equation of the form (1). The purpose of the present paper is to
treat the characteristic boundary value problem (1)-(2) in the same way as in
[1]. Namely, we define in section 2 two kinds of weak solutions; one is a
usual weak solution of hyperbolic differential equations and the other an interior
weak solution. Their equivalence can, however, be proved by the well known
fact that the transversal direction to the characteristic surface is tangential to
that surface. Section 3 is concerned with the uniqueness of weak solutions. In
section 4 we shall prove the existence of an interior weak solution by making
use of the method of finite differences. In section 5 we consider the continuous.
dependence of weak solutions of the non—linear hyperbolic differential equation.

2 k3
Tt B g (amng) + S baCa ) = o)
on the function f(x,z,0) and on the boundary data ¢.
" Tt should be remarked that, in general, the existence of the characteristic
conoid is guaranteed only locally for the case of variable coefficients a;;, How-
ever, our method proves the global existence of a weak solution, i. e., we can take

the upper boundary ¢=T of D arbitrarily large as long as the existence of the:
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characteristic conoid is guaranteed.
1. Preliminaries

We assume throughout the paper that the coefficients a;; of the second deri-
vatives in (1) satisfy the following

Hypotheses on a;;(x,¢) :

(i) The a;; are defined and of class C? in the upper half-space # =0 of
Eys-

(ii) The matrix ||a;;(x,t)|| is symmetric and uniformly positive deﬁnite,
ie.,

1.1 ) gijzilaﬁcw, DEEBIER (@, B>0)

for any real vector §=(§,,&,,:--,£,), where |£[2 = Zn}léj..
=

Notations: Let S: t=w(a) be the direct characteristic conoid with vertex
at the origin. As is well known, S is the locus of the bicharacteristics issuing
from the origin which satisfy the system of ordinary differential equations
‘fZi :éaﬁ_@@% (=12,---,n).

We denote by A(#,t), or by briefly, by 4 the bicharacteristic passing through
a point (2,2) of S and define its positive direction as the direction from the
.origin towards infinity.

Let D be a bounded domain in E,,, surrounded by the characteristic conoid
S and a hyperplane & : t=T(>0). Denote by S(T) that (bounded) portion
of S which is cut off by &, and by Q(T) the upper boundary of D lying on
the hyperplane ¢=T.

We shall now introduce the following function spaces :

C'(S(T)): the set of all (real-valued) functions ¢ which are continuously
differentiable in a neighbourhood of S(T").

We define for ¢=C'(S(T))

@ eliwssan={ [ [+ (50) Jas}?,

where dS denotes the surface element of S(T).
W;(S(T)): the completion of C'(S(T)) with respect to the norm (1.2).
We define for u=CY{(D)

ntl /8 g \2 1
1.3 llullwé(b)={/[u2+2< )]dxdt}z.
D =1\ 0x;
W;(D) : the completion of C(D) with respect to the norm (1.3).

C;(D) : the set of all functions « in C!'(D) whose supports are contained



On the Characteristic Boundary Value Problem 17

in the interior of D.

W; o(D): the completion of Cy(D) with respect to the norm (1.3).

C:(D) : the set of all functions z in CY(D) such that =0 in a neighbour-
hood of the upper boundary Q(T).
W; (D) : the completion of C;(D) with respect to the norm (1.3).

W;(D, @) : the set of all functions « in\ W;(D) such that
largHu(w,w(x)+€)—-¢HLa(s<T>)=0,
where we have set «=0 in the exterior of D.
It should be observed that the functions in W;(D) have generalized first

derivatives in the sense of distribution.

Preparations for the method of finite differences. Let us draw in E,.,
(n+1) families of hyperplanes parallel to the coordinate axes

x;j=1h (j=1,--,n), t=mk

Here h=1/2", r being a positive integer, and I;, m take on successive integral
values such that the slab 0<:< T in E,,, is covered with parallelepipeds thus
formed. We denote by ¢ the mesh ratio %/h, where o is a constant > 0.

Let U, ,, be a function defined at all lattice points Py, ,,=P(lh,mk) of th
net, where :

(h,mk)=(lh, -, L h, mk).
We use the following notations:
Uym)=(lyy 51y, m);
Uit D=y, s limy, L1 Lisy ooy Lny m);3
Gi=D =, Lt Li—1, Lisgy o0y Ly m);5
G+, L=, m)=(ly, -, L;+1, -, 1;—1, -1, ,m);
=1, 1+, m)=(1y, -+, I;=1, -, Lj+1, -+, L,,,m);
Uy, m=U(lh, mk);
43Ut m=Ulms1— Uy 3 4 U, m=Ul = Ul -1
8;U1,m=U1j+1,m~ Utym s 3;U1,m= Uy mw—U;~t,m

0iUL m= (a; U, m+3; U, m>/2 5

6:jU1, m= Ul;+1,lj—l,m"" Ul’m 5 8:] Ul: m= Ul, m Uli‘—l,lj‘("l,m H
LUty iy =4"Upy =4 Uty g =4 (A7 Uy, 1) = 47 (47Ul )5
02Uty =3 Uty =83 Uty =8 (85 Uty ) =838 Uy s

" Y
6j Ul, m= Ulj"lxm-i'l—UI»m 5 5].U1, m= Ul,-+1‘m+1“ Ul:m H
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3,{;U1, m=UL-1141,m+1— Ul 4 ; 3;]-Uz, m=UL+1,1;-1,m+1= Ul e

Let O*={x; |#]|<T* be a domain in the w-space E, such that Q*>DQ(T)
and consider the domain 0, C Q% formed from those cubes which have no ex-
terior points of %  Denote by Q and Q, the domains Q%x [0, T] and Q,x
[0, T'] respectively. We say that a lattice point P,,,, of the net is an interior
point of Q, if P,,, together with 2n lattice points Pri1,m, P1j~1,m(jil,
---,n), belongs to Q. If P, is not a point of Q,, we say that P, is an
exterior point of Q;. The remaining lattice points are the boundary points of
Q.

Let us consider the domain D, C D formed from those parallelepipeds which
have no exterior points of D. If a lattice point P,,,,, together with 2n lattice
points Pr41,m-1, Piy-1,m-1(j=1,-,n), belongs to D,, we say that P,,,, is an
interior point of D). Concerning the exterior and the boundary points of D,
we adopt the above definitions.

Let there be given a function U,,,, defined at all lattice points of the net.
Then, according to O.A. Ladyzhenskaia, we shall introduce two functions U,
’and U, defined in the following way :

Take a (generating) parallelepipid of the net. Then U, is defined there as
the function which is separately linear in the n+1 variables #, ¢ and which
takes on the value U, , at the vertices of the parallelepiped. As is readily
verified, such a function always exists and is unique. If U, is defined at all
lattice points of a domain Q,* formed from parallelepipeds, then U is defined
at all points of Q,* and is Lipschitz—continuous. Hence U, has generalized first
derivatives.

Next, let us fix in each parallelepiped a vertex (for example, with minimum

coordinates). Then U, is defined as the step function which, in the interior of
each parallelepiped, takes on the value of Uy, ,, at the assigned vertex.

Now we shall state some theorems, lemmas and formulas which we shall
use in section 4. (For their proofs, see, e.g., O. A. Ladyzhenskaia [4].)

Let {Gp,1,m} be a sequence of functions defined at all lattice points of the
slab 0<t< T in E,,, and vanishing at the exterior and the boundary points of
Q-

Theorem 1.1. Suppose that the inequality

G, L <A
Qrn 3%

holds, where A, is a constant independent of h.

Then, if one of the sequences {6;,}, {éh} converges weakly to a function G*
in L,(Q) as h =0, the other also converges weakly to G*.
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Theorem 1.2. Suppose that the inequality
(7}
9> 2[ G5 31601 Gt | < 4

holds, where A, is a constant independent of h.

Then, if one of the sequences {Gn}, {Gn} converges in the mean to a func-
tion G* in Ly(Q) as h >0, the other also converges in the mean to G*.

Theorem 1.3. Suppose that the inequality
T

1 1z
kh* 2 2 m _£(A+Gh: I m>2+—22 (5] Gh: 2] m)z < Aa
h 1, 2 =
holds, where As is a constant independent of h.
Then there exists a subsequence {Ggy,1,,,} such that the corresponding subse-
quence {G,) converges in the mean in L,(Q) to a function G* in W;(Q) as a—>

0. The corresponding sequences {4*Gylk), {0; Golh) converge weakly in L,(Q) to
0 G*[0t, 0 G¥[D x; respectively.

Lemma 1.1. Let Uy, ,, be a function defined at the lattice points of the
net. Then, for ¢ <l/n and 0<m <[T[k]—1, the following inequality holds :

1 1 2
8 (AU 5 SYLBS Vst )+ (85 Uty )]

1 1z
20| i (4 U+ 5 33 O00 .

Lemma 1.2. Consider the lattice points of the net lying on the plane t=
Pk with 0Zp<[T/k]. If U,,,, vanishes at the exterior and the boundary lat-
tice points, then we have

hnz Ulzp_<__ A4hn2 '"’{(61 Ul; P)2 ’

where A, is a constant (>>0) independent of h.
Remark. A, is determined by the magnitude of Q%
Formula 1.1.

DUy +47Up, ) AU 0= (VU )2 = (47 Upy o)
Formula 1.2.

AUl i+ 47Uty y)05UL = (47U, )= (47 Uy r1)?

1 ’" ’
= O} Utga1,m*+ U1, = (8 Uty )= Uy o))

Formula 1.3.

(4"Up, i+ 47Uy, ) (8 (87 Uy 1) +0; (87 Uy 1)) = (4% Uy, )~ (44Ul pp-1)?

—%[(6;'U1i+1,m)2+ 0. Us—1,m)*+ (6;’ Uij1,m)*+ (5;U1,~-1,m)“'
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= (8! Uty et = Uty et = (5 Uty )= (Ul -]
1 ’ ) 4
‘|‘E[(5Z.Ul,-+l, 1-1,m)?+ (51,'1‘ U1, 141, m)? — (Bz.;. Uiy pp-1)?— (5;',' U, m-?].
Formula 1.4. (Abel’s transformation)

n
Zovj (Wi —wj) =v,w, —vew, —'Z‘l (vj—vj-Dwj.
I= 1=

2. Definition of Weak Solutions

We begin by considering the solution u(z, t) of the inhomogeneous equation

. -3 ai (a,,cx o ) = &, 1)

satisfying the boundary condition (2). For the sake of simplicity, assume that
< C¥(D)Y and take a function @ & C:(D).

@1 Lu=

Then, integrating by parts, we have

@.2) /Df0 dudt= / Lu® dzxdt

=1 x

Ou 00 " du 60
/(6‘: ot z;—l G g )dxdt

where n denotes the outer normaI to S. Smce
ou »
——-cos(n,t) —
ot o, 0) z=21
(2.2) can be written as

du o0 x
2.3) /<3t e z:a,,a > ]+f0)d dt-{—/ ©.0as=0,

7,7=1

= S(T)[g R cos(n, t) i‘l (Zn} a;; cos(n, x,-))J@ ds

” 0
(Z aij COS(?I, x])) 8; ’

l

where /04 denotes the dlfferentlatlon along the blcharactenstlc A
We assume that the boundary data ¢ are in W;(S(T)).
Using (2.3), we give
Definition 1. Let u be a function in W;(D, ©). Then u is a weak solu-

tion of (2.1)-(2) if, for every 0= W; (D), the integral relation (2.3) is satis-
fied.

As for the non-linear equation (1), we give

Definition I. A function u in W;(D, ©) is a weak solution of (1)-(2) if,

for every 0= W; (D), the integral relation (2.8) with f replaced by

1) D denotes the closure of D.
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n+l ou
F=— 3 bp(x,t,u) 5 —+f(=,2,)
v E=1 0z
is satisfied. ’ .
We now give another definition of interior weak solutions.

Definition 2. Let u be a function in W;(D, ¢). Then u is an interior weak

solution of (2.1)-(2) if for every O< W; (D), the following integral relation
is satisfied :

0u 00 n 0u 00
2.4) /D(Eﬁ_i,gla“——ﬁaxi 9%, +f@>dxdt—0.

Definition II. A function u in W;(D, @) is an interior weak solution of

Q-2 if for every O W;’O(D), the integral relation (2.4) with f replaced
by F is satisfied.

In what follows throughout the paper, we shall understand by the term
““weak solution” an interior weak solution in the sense of Definition II. A weak

solution in this sense is, however, a weak solution in the sense of Definition I,
as is seen by the following

Theorem 2.1 (Equivalence of Definitions 1 and 2). If f< L,(D), then Defi-

nitions 1 and 2 are equivalent.

Let C;(D) denote the set of all functions @ in Ci(D) such that § =0 in a
neighbourhood of the origin.
The proof of Theorem 2.1 is based on the

Lemma 2.1. If QECKED and n =2, then there exists a sequence {0,,}

(@, Cy(D)) such that ||0,,—0 |lwipy—>0 as m—>oo.

Proof. Set
I tO t =<0
p=16[c1-0a¢ 0<:i<1
l ° 1 t=1
and define ¢;(2) =¢((2/6)t—1).
If we set O0;=¢;@, we have
005/0 t=500/0 t+¢,0

and

[ oi0rds at < cMax 032071,
D *€D

since |¢;| <3/6 and since the characteristic conoid S is tangential at the origin

to the cone t=1v"A4;; x; x;, where || 4;;|] ‘is the inverse matrix of |10, 0)]].
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Here C is a constant depending only on the dimension n and the positive defini-
teness of || A;;]]. Hence, obviously, Qm——:(or_lm(ﬁ is a required sequence provided
that n=>2.

Proof of Theorem 2.1. We shall prove the theorem only for the case
n=2, since its validity can easily be proved for the case n=1.

That Definition 1 implies Definition 2 is evident. = To prove the converse,
take a function 0 C;(ﬁ) and let « be an interior weak ‘solution of @2.D)-(2

in the sense of Definition 2. It should be observed that = is a weak solution
of (2.1) in the usual sense, i.e., /Dfd) dx dtszu-Lﬂ)dxdt (0= C:(D)).

Let S5 be the direct characteristic conoid with vertex at a point (0,d) (6 >0)
and consider, instead of D, the subdomain D; of D which is surrounded by the
characteristic conoid Ss; and the hyperplane t=T-8. Here we take a positive

number ¢ so small that @ is also in C;(ﬁs).

In the subdomain D;, we can find, as is well known, a sequence {w,} of
functions in C2(Ds) such that ||, —u|lwion =0, || Lapm—fl.00 >0 as m —>co.

For u,, € C*(D3), we have
2.5) ' f Luy, 0 d dt
Dj

0 u,, ou,, 00 ” du,, 00

—*0dS— <—>~ —_— a;j
s; 04 D\ Ot 0t 521 7 Bx; O
Here 0/04 denotes the differentiation along the bicharacteristics A which generate
the characteristic conoid S;, and 4S is the surface element of S;. As is easily
seen from the theory of characteristics, dS can be written as dS=47"105(4, 0)d A
d w,, where the 0; are n—1 angular coordinates, d , is the surface element of
the unit sphere in E,, and 05(4,0) is continuously differentiable in 1 and is
bounded away from zero. Hence, integration by parts with respect to 4 yields

Ot g 1s_ 80 (n-1 1 00
s o “S—‘fs,“’"( a1 +( PR )”)ds’

so that (2.5) can be written as

(L0 (1 10
(2.6) fDJLum-ﬁdxdt——fsJum - +< T )@]dS
Oupy 00 & Ou, 00 )
—fD,< 0t 0t i%‘—-la” Bx; 0x; dwdz .
Letting, first, m >0 and then §—0 in (2.6), we have by virtue of the im-
bedding theorem of S.L. Sobolev

00 n—1 1 00
fomdxdt_fs(T)q: W+< s m)@]dS

)dx dt .
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du 00 n du 00
/<6t ot i,;2=1a”3wz 5w7>dxdt

since w € W (D, ¢).

Integrating by parts again, we get

00 (n—1 1 90 - Oy
fsm‘” a1 +< P ax)"j]ds ,/;*( o1 245
since ¢ & W;(S(T)). Thus we have shown that the integral relation (2.3)

holds for every 0 = C;(ﬁ).

"~ From Lemma 2.1 and the féct that the domain D is star-shaped, it follows
that the function space C;(ﬁ) is dense in W;’l(D). Hence the integral relation
(2.3) holds for every @< W;’I(D), which proves that « is a weak solution in

the sense of Definition 1.

3. Uniqueness of Weak Solutions

Let ® denote the domain Dx (—co<u < +oo) in the (z,#,u)-space.
Setting

Bk(x9 t, u)'___'/(')ubk(m’ t, S)d& ’

we begin with
Lemma 3.1. Suppose that bp(2,t,u) satisfies the hypotheses :
(i) bplx,t,u), 0bp(z,t,u)]0 x, = C(D).
Gi)  |ba(a,t,w)l, 18 bu(x,2,u)]0 2, < M.
Then
| Be(, 2, u) — Bp(a, £, u) | £ M| uy—u,).
|0 By(%, 2, 1) [0 2,—0 Bp(®, 2, u5)[0 2| < M|y —us|.
Lemma 3.2. Let by(x,t,u) satisfy the hypotheses of the preceding lemma.
Then, for every pair of uc W) (D, ¢) and O W1 (D), we have

/ bi(x,t, u) (de di= / By(, 2, 0)0 cos(n, w)dS

(] aBk

_/ (By(w,t, u) 0 (z,t,u)0)dx dt .

Proof. The proof is 51mllar to that of Lemma 3.5 in [1].
Theorem 1 (Uniqueness theorem). Let byp(x,t,u) (k=1,2,---,n+1) and
Sz, t,u) satisfy the hypotheses :
(i) bp(x,t,u), 0bp(x,t,u)[0 2, are in C(D) and are bounded in D :
lop(a, t,u)l, 10b,(x,t,u)[0 2| < M.
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(i1) f(x,t,u) is Lipschitz continuous in u:
lf(x)t) ul) _f(xa t,u2)l éL{ul“uzl-
Then there exists at most one weak solution of the characteristic boundary
value problem (1)-(2).
Proof. Suppose that #, and u, are two weak solutions of (1)-(2). If we
set v=u,—u,, then ve W;(D, 0). We set '
ng(x, z, ul) _f<x’ t, u2>,
Byt = [“baa6,0d 6 (B=1,2,0, ).

Then Theorem 2.1 and Lemma 3.2 yield

ov 00 n v 00 nxl
@[]0 5wt z 45 (Bt ) B, 1)) o

i, 7=1
n+l/ 5
+k§1(6

for every QEW; (D).

2 (x, £, u,) ——a—xk (%, t,u))0+g $]dx dr=0

Following O. A. Ladyzhenskaia, let us set

ty
0(z t)zf—_/; v(x,E)dE o(@=ZtZ (< T,
0 tw=t<T
Then v=00/3 ¢ in D(¢,), where D)= {(x,8); o(@)<t=<1t}.
Integration by parts yields

o0v 00 L dv 00
3.2 fD(,lKa;ﬂ“,.,,‘éﬂ“ e 'a?,)d dt

1000 = 70 90 9 [/60\2
= ml)( 9201 " 221% G, 2 8x,>d dr== D(tl)at[ca”{)

n 90 00 1 " Da; 00 00
i1 0 u; 0x; :lda:dt+ D=1 0t 0wx; 0x; Bu; 2
1 00 6@
Lo (5 @)+ 33 s 30 2 1,000 ) i
1 2 Daiy 00 90

2 D(tyi, j=1 0t ax, 6(13]

DN o 2 o (aq) )z o
/;<t1><at) dSﬁ,/;ul)v 45=0, /;z(tl) da;) ©=0 =L2 )

Here Q(¢,) denotes the upper boundary of D(z,) lying on the hyperplane t=%,.

since

We have in view of the hypotheses (1), () on a;j

e [ (@) 3 apr e 0@y b

= ./;2 (u)[(ﬁ (x, tJ) +a¢]§ <57; (z, w(m))) ]dm
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and
7 Qa;; 00 080
3.4 / £ d ‘< f (
G4 ’ D(tl)uzl 0t 0= F) ]dx t|=aN Dt =1\ 0 ;5
where N is a constant such that |8 4;;/0 ¢]|<N in D.
The remaining integrals in (3.1) can be estimated as follows :

) dx dt,

We define v=0 in Q—D and extend v to a function in W (Q), where Q is

a cylindrical domain contammg D We set

axj (xxé)df (.7:1:23"'3”)- ‘
By virtue of Lemma 3.1 and Schwarz’ inequality, we have for £2=1,2,--,n

(3.5) l f (Bu(a,t, u) — Bu(a, £, uz)) dx dt\

(l)j(x, t) ==

gﬁ wdudi+M | w:dxdt+Mz.f o da.
2 Joun Dt au) *

For k=n+1, we have

(3.6) ]f (Byur(2, 2, 1) — Bpor(3, 2, uz))——dx dt‘<M/ o d dt .

D(t1)
For k—1,2, -,n+1, we also have
8 B
3.7 ] fpw(ﬂz (@, ¢, u) — (x " u2>)aﬁ de dtl< M, fml o da dt.
Similarly,
(3.8) lf g@dxdt(éLtI/ o* du dt.
D(¢y) D@D

Hence (3.1)-(8.8) yield

f (1} +a2w>dw§0 (vz-l—iwz.)dx di+ 2(M+nN)t, Za) dz ,
Q) D(ty) =17

j=1 Q) 5=
where C=Max(M(n+2+2(n+1)T)+2LT, 2(M+nN)). If we choose T,<
a/2(M+nN), we therefore have for 0<¢, < T,

(3.9) f <v2+ Zn} wz.)dx =< le <v + 2 © >dx dt,
oty =17 D(t) j
where C;=C|/[a—2(M+nN)T,]. :
If we set

ray=[  (v+30)dar,
then I'(t,) satisfies the differential inequality
dI()lde, <C I'(2)
' for 0=t;,< T, and the condition I"(0)=0. It thus follows readily that I"(z,)=0
for 04, £ T ‘Hence we have by virtue of (3.9)
(3.10) Ny —uallLacae>=0
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for 0,7
Repeating the above argument, we can easily prove that (3. 10) holds for 0<
t, < T. This completes the proof.

4. Existence of Weak Solutions

In this section we shall prove, by making use of the method of finite dif-
ferences, the existence of an interior weak solution for the boundary data ¢
which is continuously differentiable in a neighbourhood of S(T").

To the boundary data ¢ there corresponds a function ¢*(x)=¢(x, 0(x)) of
the variables . Conversely, by this correspondence, every function ¢*(z) beco-
mes a boundary data ¢. In what follows, we assume that the boundary data

¢ is given as a function of the variables x and that ¢ is in C ;(Q*).
Scheme of finite differences. Setting ¢=0 for exterior points of O%, we

extend ¢ to a function defined on the whole of E,.
Let us consider, instead of (1), the difference equations

(4 1) 4 Ul!m—_a2 215;(aij’ hy I> m(sjUh m))+akk§bk, hylsm Bk Ul’m

t, 1=
+kbpits s tsm 4™ Ul — R fr 15 m=0,

where we have set

@ijy > 15 m=aii (LR, mE) (,7=1,2,-,n),

by ir 1 m=bp(lh,mb, Uy, ) (k=1,2,-,n+1),

s 15 m=IS(Th, mk, Uy, ).

We set Uy, ,,=@(k) at all the exterior and the boundary lattice points of
D, in the slab 0 <t < T. Hence, obviously,
(4.2) Ui, m=0(hk) for m=0,1.

If the values of Uj,; have been determined for all lattice points with j=1,2,--,
m (m =1), then the value of U, ., at the lattice point Pj,,,,, in the interior
of D, can be determined by the difference equation (4.1). Thus, by this pro-
cedure, the values of U, will be determined for all lattice points in the slab
0<t<T. Moreover, it follows from this procedure that U,,,, satisfies the dif-
ference equations

(4.3) (B Uy p+ 4~ Up, ) (B2 Uy, =0 23 15; (@ijs o 1y m(8; Uty m))
ij=

n
+o kkz}lbk, s 15 m OrUL mtkbusts by tsm 4" Uty o= By 1, m) =0

for all lattice points with 1 <m <[T/k]—1, where we set by(x,2,u)=0 (k=1,
2, -, n+1), f(x,¢t,4)=0 in the exterior of D.
It should be remarked that Uj,,,, defined above, is a function defined at all
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lattice points of the net in the slab 0 <tz < T and vanishing at the exterior
and the boundary points of Q.

Let g(z,t,u) be defined in ® and Uj,,, be a function defined at the lattice

points of the net. We denote by g, the step function which is constructed
from 94,1, m»=9(lh,mk, U}, ,,) in the manner stated in section 1.

Let (Untsmls {(Vistsmls {Wha 1, be the sequences of functions vanishing
at the exterior and the boundary points of Q;. We assume that U, 1, Vi tsm

satisfy the hypothesis of Theorem 1.2 and Wj,;,,, the hypothesis of Theorem
1.1.

The following lemmas are due to [1].
Lemma 4.1. Suppose that b(x,t,u) €C(D) satisfies the following hypotheses:
(i) b(x,t,u) is bounded in D.

C(ii)  b(x,t,u) is equi-continuous in D as a function of the variables x,t for
all values of u, i.e., for every € > 0 there exists a number 8 (> 0) independent
of u such that |x,—x,| <0 and |t;—t,| <0((21,2,), (%5, t,) ED) imply |b(xy, 2y, u)
—b(%y, ty, w)| <& for all values of u.

Then, if {(7;,}, {Vk} converge in the mean in Ly(Q) to U, V respectively
and (W) weakly in Ly(Q) to W as h >0, and if Vi, 1, vanishes at the exte-

rior and the boundary points of Dy, there exist the subsequences {U,), {V}, {Wa}
such that

4.4 tim [ 3, V, W, do dt= f b(z,t, UDVW da dt,
a—0J D D
where we have set by, j, ,=0({h,mk, U}, ,.).
Lemma 4.2. Suppose that f(x,t,u) s C(D) satisfies the following hypotheses:
(i) f(x,t,u) is Hiolder-continuous in u with exponent (0 < a £1), i.e.,
|, 2, u) —f(@, 8, u) | = Lluy—w0, |®
Sor (x,£)€ D, —oo <uy,uy<+co.
(ii) f(z,t,u) is equi—continuous in D as a function of the variables z, t
for all values of u.

Then, if {Us), (Vi) converge in the mean in Ly(Q) to U, V respectively

as h >0, and if V3,1, m vanishes at the exterior and the boundary points of Dy,
we have

(4.5) umf 7,V dw dtzf fa,t, U)V da dt,
>0/ D D

where we have set fi,1, m=F({h,mk, Uy, ,,).

Remark 4.1. If f(x,t,u)=c(x,t)g9(w)+F(=,t) satisfies 1) c(x,t), F(z,t)e
C(D), i) g(w) is Hélder-continuous with exponent a(0 < a <1), then also
(4.5) holds.
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Lemma 4.3. If {g(z,t,)|<Llul]®* O < a<1l), then
lg(m,2,w)[* < LA+ u]®.

We now make the following hypotheses on b.(z,t,u) (k=1,2, -,n+1) and
flx,t,u):

(1) bplx,t,w), f(x,t,u) are in C(D).

(ii) bp(x,t,u) are bounded in D: |bp(x,t,u)| < M.

(iii) f(w,t,u) is Holder—continuous in u# with exponent a(0 <a <1):

| f(@, 8, u) —f(@, 8, u)| < Lluy—us|®

for (z,t)eD, —co<uy,u, <+oo.

(v) br(e,t,u), f(x,t,u) are equi-continuous in D as functions of the vari-
ables 2, ¢ for all values of .

Theorem 2 (Existence theorem). Under Hypotheses (1)-(iv), there exists at
least one weak solution of the characteristic boundary value problem (1)-(2).

Proof. Consider the difference equation (4.3) which is valid for all lattice

points with 1 <m <[T/k]—1 and rewrite
42 Uy, 1 = . .
(4.6) <A+Ul,m+A~U1,m>( kzl = ‘Z{.Zl‘sj(“iﬁh’ hm(ai Unbm))
i, 7=

z 0 Utm 4~ Uy,
+Z‘| bk: Rk lsm Bl +bn+1’ hlbom L —fh’ 14 m>:0'
k=1 h E

By simple calculations we have
@7 0 aihm (8 Ul m)) =aiis 1o 1y m 3;(5: Ut m)+ (8814 b 13 m) (0} Utj-1.m,
4.8 @ijy o 1y mL (AUt )= (A" Uty -0V = @iy 1y 15 m (A" Uty a)?
~@ijs s 15 m-1 (A" Uty 10— (47 @45 s 15 m) (A" Uy 1),
4.9 @ijy o 1s mL () Ut 1,m)* = (8 Uty meD*1 = @iy 1o 15 m(0; Ulit1,m)?

—aijs o 1icas me1C05 Uly me1)?— (8 @iy 1y 1,-1,m=1) (8. Uty )%,

(4.10) @ijs i 15 mL (O, Uti=1,m) = (8, Uty m-1)*1 =5 » 15 m (8, Uti=1,m)*
—aij, o Li+s m—l(az/' Ut m-1)*— (62’%’], B i+ 1m—1) (6: Ut m-1)%

(4.1) a5, 1 m[(B:.;.Uzi+1, L-1,m)%— (6;; Ul m-0% =aj, h,Ij—l,m(6;;U1i+l, 1;-1,m)?
~@ijs i 111> m-103 Uty m-0)?+ (8 @15, o 1) (O Ubiot 1, 15-1,m)*
—(8}aijs b 11, m-1) (O ;UL m-)?

(4.12)  aijs i 15 [ B, U1 141,02 = (8 Usy m-0)*1 =i s 1541, m (8 Ubi= 1 151, m)*
~aijs s 141, m =108, ; Ut =)= (8 @ijy 1y 1, m) (5;]-U1;—1.zj+i,m)

- (6:.,(1,']', ks I,~+1,m—1) (6;]'Ul: m-‘l)2 »
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(4.13) (6:.’U1,~+1,m)2+(3;/ Ulj+1,m)2-(3:.;.Ul,~+1,m)2:2(5;'Ul,-+l,m) (6;’U1,—+1,m)
—_ <A+ Ulj+1,m)2+2<A+ Ul_,-+l, m) [(6;, Ulj+1.m> - (6:, Ul¢+l, m}] ’

(4.1 @ Un-1,m)*+ (0 U-1,m)?— (5 ;Un-1, m)?=2(8;Ul;-1, m)(3 Ui;-1,m)
i h
= (4" Up-1,m)*+2(4* Upy-1,m) L0, Ut;-1,m) — (8, Ubi=1,m)].

Multiplying the difference equation (4.6) by A” and summing over all inte-

gral values of [ and 1 <m <p (p <[T/k]—-1), we get by virtue of Formulas
1.1-1.3 and (4.7)-(4.14)

1 $h 1,2 AU, p)?
. 15) h"2{<1____62 > aijy s I,P__Uzzajj, Dy p>( 1 1)
2 2 5= 2 =1

kz
[(4* Us;41,9)%4 (4 Us;-1,9)7]
kz

1
__dzz_aij’inl’ﬁ

g 3, 0001 LG Ui, 0) 0 U, ) + 01 2) 5,00,

g Shasi 1 /LA Uiys1.0) (G} Uigen) = G Uin )

+ V1.0 @V 1.9 = U151

_hn2{4h2 E at]shylrl[(a Ul’0>2+(6+UI’0)2+(6 Ul’O)

+ 8} Us )= s 1l @1 0+ 0T, 07}
=(I)—-AD
2 AU )+ (4" U, ” 0 Utym
=kh" 2] E{( L)t (AT D(_Ebk,h’lam#_
m=1 Q k h
A+U,m 05 iJshs hm 6 Ug—
—bus1s s I:m——é—l"'fh,la mt Z O aiisn1 }32( . 1’”)
02 é (A_aija hy 1> m>Z<A Ul, m—l) _1~ ZZ (A Qjjshs lam>2(A Ulam 1)
i,7=1 k 2 k

“1,m=1 (8} Uty - D+ (07 @iy nt+1,m-1) (B U, -1)?

+ (6 'aij) By Ii—1, m—1>(6 ; Uh m- 1)2+ (3 : Aijs by lj+1,m—1) (61U1, m—l) ]

4}1.2 2 [(6 Aijs hs Is m)(a Ul +1,7;~-1, m)?
- <6iai]': hs li-l,m-l)(aij Ula m—l) —( jaij, hsls m) (6:] Ull-—-l,l]-+1,m>a

—(6;Iai].’ hs Ii+1,m“1>(6l{j Ula m—!)z]} 3
since, by (4.2), Up,=¢(h) for m=0, 1.
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We have by the hypotheses on a;; ;
+ 2
(4.16) (D= h"Z‘{(lw“B n——l—aca+ 1>n(n—1>N>(——A (Z” ")
~ )

+(a—oc(n—DN)—— 2h"‘ Z [(5'1U13+1 p)2+(6 Ui;-1, p)z]}

where N is a constant such that Ial,lgN |8 a;i[d 2| <N in D(,j=1,-
k=1, ,n+1).

If we choose the mesh ratio ¢ so small that

f 1—02372—% s(o+Dn(n—1DN >0,

S (4.17)
l a—-o(n—1)N>0, 1l-no>0,
we have
AU p\N 1 2
@ O zrag] (L) g B U G
Qp j=1 7 J

where r=Min(1—¢?Bn~c(c+Dn(n—1N/2,a—c(n—1)N).
We also have
(419 (D =32N| 84, 00 < Co
where C, is a constant independent of A.

Setting

» (4 UL, 1 ,
szkhn20§{< k; ) th z[ca'U,ﬁl m)?+ (U1, mm}
m=0 Q)

and estimating the right-hand side of (4.15), we easily have by virtue of Lem-
ma 1.2 and Lemma 4.3

%gcgﬂch

where C, is a constant depending only on ¢, L, M and N, and C,=271 (L*+
Nf)m(D)+T"1C0(N1:(ch\/£§1:D|f(x, t,0)]; m(D) is the measure of D).

For p=0, we have,R0 < kC, by (4.19).

We shall show that R, is bounded, independently of &, for 1< p <[T/k]—
1. Rewriting (4.20) in the form

Rp—Rp-lS CiRp_1+C, <c,
k -  1-kC,

where C;=2C,, C,=2C, and we assume k2 < k, < 1/2C,, and comparing R, with
the solution R*(¢) of the differential equation dR*/dt=C;R*+C, with R*(0)=
EC,, we can easily prove that Ry < R*(pk). Hence Lemmas 1.1 and 1.2 yield

(4.20)

Rp_1+C4

T
i
e S S Ut (@ U BT [SC,

where C is a constant independent of A.
If A, % take on the successive values h=1/2", k=oh (r=1,2,---), then h, £
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tend decreasingly to 0 as r —> oo and the sequence {Uy,;, ..}, corresponding to
U}, . defined above, satisfies, in view of (4.21), the hypotheses of Theorem 1.3.
Hence we can find a subsequence {U,,;, ..} such that the corresponding sequence
(U,} converges in the mean in L,(Q) to a function % in W;(Q) and {4*U,/%},
{8;U4/h} converge weakly in L,(Q) to 8u/0t, 8 u/dx; respectively. From the
imbedding theorem of S.L. Sobolev and the fact that Uj,,,=¢(lh) at the ex-
terior and the boundary points of D, it is easily seen that the limit function

is in WD, ).

We shall show that « is an interior weak solution in the sense of Defini-
tion II.  To see this, take a function @ in C ;(D) and choose the mesh size &
so small that @ vanishes at all lattice points both on the boundary of D), and on
the plane ¢=([7T/k]—1)k. Then U, ,, satisfies the relation

(71 pons
@2 5_3{ B 33,5 1 O} Ui )

m= 1 Qp,
U, 4~ U,
+k§bk9 hyl>m k hlrm +bn+1yhyl’m'%_fh’l’m}wh’l;mzo .

By means of Lemma 1.4, (4.22) becomes

1]_1

k 1 1z . "
kh" Z AQ?{F(A_UI’ m)(A_@h, lym)__gz Qijs byl m(al Uh m) (6].@;,, 15 m)
ke

m=1

n 0.U1, 4-U,,
+[-’§lbkahsl’m k hl = —bn+bh’lam—TIﬂ'I'fh,l,m]}mhslam:Oa

which can be written as

(1.29) [ voain -5 3, a5.40;00 @0
[ E [N 6kUh ghn,h‘z’—k&““fh]ah} dx dt=0,

since QEC;(D).
It thus follows from the integral relation (4.23), Lemmas 4.1 and 4.2 that
we have for &« >0

(4.24) fb[%%, 3 a2 ag_( zbka +f>@]dxdt 0.

i,i= 1”6371 Gx,

Here we have set b,=b,(%,t,4), f=f(x,t,4), u being the limit function obtai-
ned above.

From the validity of the integral relation (4.24) for every 0& C;(D), it is.

obvious that (4.24) holds for every € W) (D). Thus z is an interior weak
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solution of (1) in the sense of Definition II.

Remark 4.2. If f(x,t,u)=c(x,t)g(u)+F(x,t) satisfies i) c(z,t), F(x,)
C(D), ii) g(u) is Holder-continuous with exponent a(0 < a <1), then there
exists at least one weak solution of (1) satisfying the boundary condition (2).

5. Continuous Dependence of Weak Solutions on
the Function 7(x,¢,0) and on the Data ¢

In this section we shall consider weak solutions of a non-linear hyperbolic
differential equation of the form
i n 8
R e N R TGOV S ENNS

7=
satisfying the boundary condltlon (2).

We define for ¢=C1(Q¥)

5.2 etiwan={ [ [+ (2% x)]da;}

Setting
S, t,u)=f(=,t,0)+g(x, t,u) =F(x,t)+g(z, t,u),

we now make the following hypotheses :

(i) bp(a,t), 0bu(%, )0 2,€C(D) (£=1,2,-,n+1).

(i) F(z,)eC(D).

(iii) g(x,t,u) is Lipschitz-continuous in = :

g, t,u)—g(@, t, u)| < Liug—u,)

for (z,0)eD, —oco< uy,uy <+oo.

(iv) g¢(=,t,u) is equi-continuous in D as a function of the variables z, ¢
for all values of u.

Under Hypotheses (i)-(iv) we can prove the

Theorem 3 (Continuous dependence of weak solutions on f(z,t,0) and on
the data ¢). Let u, and u, be two weak solutions of (5.1)-(2), corresponding
respectively to fi=FV(x,t)+g(x,t,u), ¢ and fr=F®(x,t)+g(x,t,u), ¢,
where ¢V and ¢® are in C;(.Q*).

Then )

5.3 Nu—tllwio SCUIFO = FO| L+ 10D — 0@ waam) ,

where C is a constant independent of F and ¢.

Proof. Under the hypotheses above, it follows from Theorems 1 and 2 that
the unique solution # of (5.1)-(2) can be obtained as the limit of the approxi-
mate sequence {U,} constructed in the preceding section.

Let U® and U ;2;1 be two functions defined at lattice points and belonging

l,m
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@l m a,l,m

to the subsequences (U } {U® 3} such that (ﬁ;l)}, {U ;2)} converge, for
a—0, in the mean in L,(D) to u,, u, in W;(D) respectively. Then the values of

U I(l)m and U;Z,)n can be determined in the way indicated in the preceding section.
’ 3

If we set Vi, ,,= U“’ -U®

i,m?

then V,,,,=¢®{h)—¢®(IL) at the exterior

and the boundary points of D,, and Vj,,, satisfies the difference equations

6.4 Vi, m+ 4" Vi, ) (L2, m“ﬂziz 16; ijs 1y 15 m (0] Vis m))
v =

n
+0 kkglbk’ hslsm ak Vl,m+kbn+1, hylsm 4 Vl’ m""kZGh, I m):()
for all lattice points with 1 < m <[T/k]—1, where

(5.5 Guum=F, ,~F +oUh,mk U —g(h,mk, U
We set, as in the preceding section, 4,=0 (k—1,2,-~~,n+1), FO=F®=g=0 in
the exterior of D.

We choose the mesh ratio ¢ in such a way that (4.17) hold.
If we set

Ry=Hh 33 57 TP CAUIRISCRCARISL

we have from (5.4), as in the proof of the preceding theorem,

{ ar Vz, m)?

T
_ .
(5.6) B»_kR_ué clRp+r~l[2 kh® 20 E(Fm —-F®

h l m h l m)2
+3nN||p® — -‘”112W;<m>]

where C, is a constant depending only on ¢, L, M and N, since we have from
(5.5)
Gram=2CF,5 ,~F5 2+2[g(th,mk, U}">—g(h, mk, USOT
and in view of (iii)
| g(h, mk, U“’) gk, me, U S LI Vi) -

The inequality (5.6) yields for £ <1/2C,

T
_ E
3%52{6&-1“*{2%" USRS, ~F
m=0 Q,

h,l,m h,d,m

+3aN]1p® “”IPW;@*)]}

Comparing again R, with the solution of the differential equation
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T
dR*|dt= 2{c R*+r‘1|:2 kh* 2 Z(F;‘)l’m-—F;”l D +3aN| P — @2);]2%@{'}

m= 0&2},

with R¥0)=k||g," —5."
p=[T/k]-1

HW;(Q*)’ we get Rp < R¥(pk). Hence we have ‘for

ﬁ;: 1
RO s @[Vf, +o (V4 3105 me)]

m=0

7{]
éc(’”‘” 2 DE 0 e - _2)[|2W1<n*>>

where C is a constant independent of A, F, F® M and ¢®,

The inequality (5.7) can be written as
2

) (AT R AT ] A P

< C(/ (Fm F(Z))Z du di+1 9. _ <2>H2Wl(m))

since FV=F® =0 in the exterior of D.

Using the well known fact that

oo < Bm | Vi llLae, 118 9/0 2]z < Tm || 4" Vbl L,
h—>0 =0

110 v/ ;L@ ég 185 Vilh || 2. »
where v=u,—~u,, and letting & >0, we get from (5.8)
ollPwioy =lu—u|Pway < CIFO = FO| Ly +1| 0 — 0@ | Pwyan)
An immediate consequence of Theorem 3 is the following theorem.
Let W;’O(Q*) be the completion of C;(Q*) with respect to the norm (5.2).

Theorem 4. If b,(z,t), f(x,t,u) satisfy the hypotheses (i), (iii), (iv) and
(ii") F(z,t)€ L,(D), then there exists a unique weak solution of (5.1)-(2) for
any boundary data ¢ W; NCO-DN
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