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Introduction

In this paper we are concerned with the non-linear waveTequation
°u 0w 0%
0x} 0xF 043

=f(xb Lo, 3, u) ( 1 )

Ou=

in two space variables.

Let S be a characteristic half-cone of the equation (1), say, the direct
characteristic cone with vertex at the origin. Denote by D the domain
enclosed by S and a space-like surface X and denote also by Sy that
(bounded) portion of S which is cut off by 2.

Then the characteristic initial value problem, or the Darboux problem,
consists in finding the solution of the equation (1) in D which satisfies the
initial condition

u(x) = () on Sy, (2)
where ¢(z) is a function prescﬁbed on Ss.

For the non-linear wave equation in one space variable

0%u Ou 0Ou
axay —f<x7y9us ax’—é—y_—), (3)

this p'roblem'has been the subject of many investigations and, under ap-
propriate conditions on the function f(x,y,w,p,q) figuring on the right-hand
side of (3), the existence and the uniqueness of solutions of this problem
have been established by various authors (see the bibliography at the end
of the paper). Among them, T. Sato made his investigations on this
problem by a systematic use of the comparison theorem and, under mild
assumptions on the function f(x,y,%,p,q), he obtained many interesting
results analogous to those in the theory of ordinary differential equations,

such as uniqueness conditions, maximal (minimal) solutions and Peano’s
property (see T. Sato [18]V). The comparison theorem enables us to com-
pare certain pairs of solutions of different equations having different initial
conditions, thus in particular yielding an a priori estimate of solutions which

1) Numbers in brackets refer to the bibliography at the end of the paper.
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is most important in the existence proof of -solutions of non-linear dif-
ferential equations. Moreover, by making use of it, it will be seen in this
paper that the above properties of solutions of (3) can be extended almost
automatically to solutions of the equation (1). The comparison theorem may
therefore be regarded as an effective tool for the study of the equation (1).

On the other hand, in his paper [15] M. Riesz treated this problem for

the homogeneous wave equation
_ 0%  0u 0%*u
¥ B ™

in »n independent variables and, under the assumption that the initial data

¢(x) prescribed on the characteristic cone is sufficiéntly smooth, he gave an
explicit solution formula.

The purpbse of this paper is to deal with the characteristic initial value
problem for the equation (1) and to extend to this case the results obtained
for the equation (3) in [18].

To do this, we shall introduce the concept of generalized solutions of
differential equations due to S. L. Sobolev. Based on the solution formula
which follows readily from that obtained by M. Riesz, a precise definition
of the generalized solution of the inhomogeneous wave equation

Cu=f(,, 25, 3) (4)
with initial condition (2) will be given in section 1 (see Definition 1.2). Then
the problem is reduced to finding continuous solutions of the non-linear
integral equation

u(x)=—§1; f@;‘@)dﬂ o0)- 1/ / d“’R%dR

of the Volterra type.

In section 2 we shall establish several comparison theorems under slightly
different assumptions which, combined with Theorem 3.2 (the existence
theorem), will play a fundamental role in sections 4, 5 and 6.

Section 3 is devoted to the proof of the existence of generalized solu-
tions of the equation (1) with vanishing initial condition. We shall first
prove that if f(x) is continuous on the closure D of D, there exists a
continuous generalized solution of the inhomogeneous equation (4) with
vanishing initial condition. Then the existence of a continuous generalized
solution of (1) with vanishing initial condition will be established under the
assumption tha\t f(x,u) is continuous with respect to all its arguments. If
f(x,u) is continuously differentiable, then it will be shown that there exists
4 unique continuously differentiable generalized solution of (1) satisfying
vanishing initial condition.
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In sections 4 and 5, by making use of the comparison theorems obtained
in section 2, we shall derive the existence of maximal (minimal) solutions,
and uniqueness conditions respectively.

Section 6 deals with Peano’s property for generalized solutions of (1)
with vanishing initial condition.

The author wishes to express his profound gratitude to Professor Tokui
Sato for his valuable advice and constant encouragement during the pre-
paration of this paper.

1. Generalized solutions

In this section we shall give a precise definition of the generalized solu-
tion of the inhomogeneous wave equation
DOu=f(%1, %s, %) 1.1
with initial condition
u(x)=(x) on Sy, 1.2)
where ¢(x) is a once continuously differentiable function prescribed on Sj.
We begin with the explanation of the notation® which will be used
throughout the paper. The letters =, y, £ 7 will always stand for the points
(@1, a5 Tg), -~/-,(771, 7., %) in the space time of three dimensions, z, corre-
sponding to the time variable and =z,, z; corresponding to the space variables.
The Lorentz metric associated with the equation (1.1) is defined as the
form '
(@, Y)=21Y1— Lala— LsYs
for the scalar product of two vectors z=(&,%,, %3) and y=(y;, Y2, ¥s). All
metric notions, in particular arc length and surface element, are to be interpreted
according to this Lorentz metric. The (Lorentzian) distance between two
points z and £ will always be denoted by 7, i.e.

1’=1/(561—51)2-—(902—Ez)z—(xs—fs)z »
while the distance of a point x from the origin will be denoted by »,. The
volume element d&,dE,dE, will be abbreviated to dt.
Let S be the direct characteristic cone of the equation (1.1) with vertex
_at the 'origin, i.e.

S: 23—22—al=0, x,=>0
and let 3% be a space-like surface which, together with the direct cone S,
encloses a domain D. Denote by Sy that (bounded) portion of S which is
cut off by 2.

2) For the notation refer to M. Riesz [15].
3) We assume that = is an open surface.
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For any point x in D, denote by C® the retrograde characteristic cone
with vertex at z. Denote further by D5 the subdomain of D which is
enclosed by two characteristic cones C* and S, and denote also by S* that
(bounded) portion of S which is cut off by lC”. The one dimensional inter-
section of C* and S will be denoted by s” and its line element by ds.

The following Lemma 1.1 is essentially due to M. Riesz [15] pp. 107—
115. However, since it is of fundamental importance to our definition of
the generalized solution of the inhomogeneous equation (1.1) with initial
condition (1.2), we shall give a brief sketch of its proof.

LemMa 1.1, Let u(x) be a twice continuously differentiable function in D).
Then u(x) is expressible in DUY in the form

u(z)= st B gy ) -1 f fo A% ptaR

where R,=7% is the square of the distance of = from the origin, R=v* is the
squave of the distance between x and E, and the last integral is extended over
the surface S°.

Proof : Consider the domain D¢, assuming first that S is a space-like
surface. Assuming further that u(z) is a twice continuously differentiable
function®in®*Dg which vanishes together with its first derivatives on the
retrograde cone C*, we have from Green’s formula

/Dg(uDv—vDu)dE=-/'sz( d; v——-—)dS‘ 5 1.3

where the differentiation d/dn is carried out in the direction of the outer
normal. For a characteristic surface S, the formula (1.:3) becomes invalid,
since two geometrical elements dn and dS figuring on the right—hand side
of (1.3) then vanish. However, with the aid of the solid angle from the
point ¢ and by letting S® tend to the direct characteristic cone with vertex
at’the origin, the formula (1.3) is written as

f (o —oCTw) dE= f ds f R’( v _ 3?2)(1 Rﬁ)dR L9

for,the characteristic surface S.

Assuming that « is sufficiently large, we set in (1.4)

@-1
et R?
YT Hia+2)  Hya+2)’

Hs(a)—sn’l’z"‘“v(fz—”—)f( "‘;1 ) .

4) D denotes the closure of D.
5) dS is the surface element of S.

where
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Then, setting

@ _ 1 @-3
Iu®) =45 fD{ u®) dE,
we obtain from (1.4) ‘

qu(x)_: Im+2 Du(w)

R, dRz _i‘_ ﬁ;_l R
Hs(a+2>f"s/ ( ~ar R )(“Rx)‘m

= I“”Du(:_c)+ U™ *(z). (1.5)
It is easily seen that the integrals figuring in (1.5) are all convergent for
a}l. Hence the formula (1.5) is valid for a>1.
Since u(x) is twice continuously differentiable in D, the volume integrals
I*y(x) and I**?Ju(z) in (1.5) can be analytically continued to a=0, yielding

I'u(z)—u(x) and Izu(x)=§1; /ngz(idf (1.6)

respectively. . )
On the other hand, the analytic continuation of U%*%z) to =0 can be
performed as follows :
For simplicity, setting («—1)/2=p3, we first transform the integral with
respect to R which figures in the expression of U®*¥(x) in (1.5). Since we
have by simple calculations

dR’B du d
OY ps_ _ pp L p-p
iR ~aRT TRV R
and
4 zs( __R )}_ 28-1 R#
dR{R 1 R, =2BR R

we obtain for >0

7 (kg & 4R - [ e (1) ar
- /0 aR-ﬂ—d‘—iE{Rzﬂ<1~ g)}dR 2 f <3Rﬁl SER)R
—[2uR"]F -2/ (——~Rﬂ+—2k—R >dR

—2u(O)R* — zfo (—R +5 % R )dR.

By the principle of analytic continuation, the last identity is valid for any
B. Hence the analytic continuation of U***(x) to a=0 yields

UX@)=u(0) -~ f fo 44 pt R, | @

The desired expression for u(x) is obtained from (1.6) and (1.7). q.e.d.
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For a point 2° on the surface Sy, denote by A, the generator of the
direct cone S through =° and define its positive direction as the direction
toward infinity. ‘

The derivative of a function #(x) in the posmve direction of A, at a
point x will be denoted by du(x)/0A;. or, briefly, by 8u/oye .

A Sfunction w(x) continuous in D and twice continuously differentiable in D
is said to be of class C*[D]® if, when x approaches a point x° on the suvface Sx
along any path | which lies on the plane containing the point z° and the 2%,~axis,
its derivative 0u(x)/ON\,0 approaches a (finite) limit and, moreover, the approach
to the limit is uniform both for any choice of the path 1 and for any x2° on Ss.

A slight modification of Lemma 1.1 leads to the following

LemMA 1.2, Let u(x) be a function in C¥[D]. Then u(x) is expressible in
DUY in the form

w(z)— 1 0@ B e w0y— / f SRtaR (1.9

Dg s 0

Proof : Let SE be the direct characteristic cone with vertex at a point
0.=(&,0,0) and let D, be the domain enclosed by S, and 2. Then, for any
point z in D, u(x) is twice continuously differentiable in 5_&, where & is
any sufficiently small positive number. Hence Lemma 1.1 applies, yielding
the ‘expression

_ 1 Ouw® 3
(@) =5 fDé, U8 g+ u(00) - / fo v ptaR, (1.9)

where s? is the intersection of C* and S,, R is the square of the distance
between two points z# and 0., and the last integral is extended over the
surface S%.

By letting & tend to 0, the desired expression (1 8) follows immediately
from (1.9), since u(x) is in C*[D]. g.e.d.

According to S. L. Sobolev?”, we give the following

DerINITION 1.1. A function w(x) is said to be a generalized solution of the
inhomogeneous equation (1.1) in a domain D if, for a suitable choice of an
infinite sequence of functions {f,(x)} converging uniformly in D to the function
F(x), there exists an infinite sequence of twice continuously differentiable solutions
{u,(x)} of the inhomogeneous equations ’

=1 n(2) n=12,---)

which converges uniformly in D to the function u(x).

6) For second derivatives, it suffices to require the existence of continuous derivatives
8% /03, 0%u/8x and 9% /9x} figuring in (1.1).
*7) See 1. G. Petrovsky [14] pp. 65-66.
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" As regards the meaning of the initial condition (1.2) for generalized
solutions, a special definition is required. With the aid of Lemma 1.2, we
shall give this only for once continuously differentiable functions ¢(x)
defined on Ss. ‘

DerINITION 1.2, Let @(x) be a once continuously differentiable function
defined on Sy. Then a function w(x) defined and continuous in the closure D is
said to be a gemeralized solution in D of the inhomogeneous equation (1.1) with
initial condition (1. 2) if, for a suitable choice of two infinite sequences of func-
tions {fu(x)} and {p,(x)} satisfying the conditions :

1) {fa(x)} converges uniformly in D to the function f(x),

ii) all the functions p,(x) are once continuously differentiable on Sy,

iii) {@.(x)} and all the sequences of its first derivatives conver ge unifbrmly
on Sy to the functién o(x) and its covvesponding first derivatives
respectively, ‘

there exists an infinite sequence of solutions {u,(x)} in C*¥[D] of the inhomo-
geneous equations
‘ Ot = S ul22) (n=12--+)
with initial conditions
U (®)=¢,(x) on Sy (n=12,---)
which converges uniformly in D to the function u(x).

CoroLLARY 1.1. Let ¢(x) be a once continuously differentiable function
defined on Ss.

Assume that u(z) is a generalized solution in D of the inhomo geneous equation
(1.1) with initial condition (1.2). Then u(m)' is expressible in DU in the form

=g [ a0~ [ a / ¢ KR

and hence the solution is unique.

Proof : This follows immediately from Definition 1.2 and Lemma 1. 2.

CorROLLARY 1.2, Let ¢(x) be a once continuously differentiable function
defined on Sy and let f(x,u) be a function defined in A, wheve 4 is a set in the
(x, w) space.

" Assume that u(x) is @ gemeralized solution in D of the non-linear equation

Ou=f(z,u)

with initial condition (1.2). Then u(x) is a continuous solution in D of the non-

linear integral equation

wey=g [ TEE D g [ as [0 Rar

2r J g
of the Volterva type.
Proof :  This is a consequence of the fact that u(x) is a generalized
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solution in D of the inhomogeneous equation
Du=f(x, u(x)

with initial condition (1.2).

2. Comparison theorems

In this and succeeding sections the following notation will be used :

Let ¢(x), ¢(x) and @(x) be once continuously differentiable functions
defined on Ss.

Let w(x) and &) be functions continuous in D and once continuously
differentiable on Sy such that they are expressible in DYJ in the form

o(x)= 21”‘ Dw@d5+ w(0)— ~—~f dsfo m—R 4R, ]

()= f D“’@ DE) 4 | 0y / f 40 ptiR I

respectively, where D@(m) and (Ja(z) are continuous functions in D which
are in general independent of w(x) and @(x) respectively.
We assume that the following inequalities hold on Sy:
w(0) < ¢(0) < ¢(0) < 9(0) < &(0), 2.2

Sw(zx 0¢(x Oplx 0p(x) - 0w(x

OGO FO.
where A, denotes the generator of the direct cone S through a point z on
Sy and the differentiation is carried out in the direction of A, toward

@.1)

infinity.
The following sets will be defined in the (x, %) space:

9 ={(x, u); veD, w@) <u <o) }
={(x, u); z€D, —00<u3a‘)(av)}.
.@1={(w, u); €D, |ul < w(:v)},

where o(x) is a function continuous in D and once continuously differ-
entiable on Sy which is expressible in DY in the form (2.1) with Dw(x)
continuous in D and which satisfies the inequalities

0Ol <o), |20 < 200 @.4)
on Sz.
Qz={(x,u); zeD, 0<u<l +oo}.
4 denotes a set in the (x,u) space whose projection on the z-space
contains the closed domain D.

In what follows, when there is no danger of confusion, we shall simply
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speak of a solution instead of a generalized solution.
We shall now establish several comparison theorems for solutions of
the non-linear wave equation
Du=f(x, u) 2.5
with initial condition \
w(#@)=¢(x) on Ss. 2.6)

THEOREM 2.1. Let fl(x,u) be a function defined and continuous in 4 and

let the inequality
J(ae, w) < Da(x) 2.7
hold in Adn9,.

Assume that u(z) is a solution in D of the equatwn (2.5) with initial condition
(2.6). Then the inequality :
/ u(x) < a(x) : (2.8)
holds in D, wherve the equality sign can occur 'only on Ss.

Proof : We first observe from (2.2) and (2.3) that the inequality (2.8)
holds on Sy. By the assumptions (2.2) and (2.7), we have

’ S0, u(0)) < Ca(0)
and hence
S, w(z) < Do) 2.9
in the intersection of D and some neighbourhood U of the origin.
On the other hand, from Corollary 1.2, u(x) is expressible in DUY in

the form
JE w&) 4o 4
fm dE+p(0)— / f R¥4R.

Hence, comparing this expression with (2.1), we obtam from (2.2), (2.3) and
(2.9)
u(x) < &(x)
in DaU.
Assume now that the inequality (2.9) does not hold in D and denote by
#° the least upper bound of the values of », for which the inequality (2.9)
holds in D% Then there must exist in D a point 2° with coordinates
(3, 23, 29) such that
S, u(2%)=D0o(x"). (2.10)
On the other hand, we have by the continuity of u(x) and &(x)
u(2?) < o(=°)
and hence we have in virtue of (2.7)
' Fat, u(@?) < Oa?)
which is contrary to (2.10). Therefore x? does not exist and the proof is
complete. q.e.d.
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ReMARK. It is evident that a similar theorem holds for w(z).
CorROLLARY 2.1. Let f(x,u) be a function defined and continuous in 4 and
let the inequality
| flz, w)| < L)
hold in dn 9.
Assume that u(x) is a solution in D of the equation (2.5) with initial con-
dition (2.6). Then the inequality
Ju(®)| < ()
holds in D, where the equality sign can occur only on Ss.
COROLLARY 2.2. Let flz,u) and f(x,u) be functions defined and continuous
in 4 and 4 vespectively, and let the inequality
Sz, w) < fl@, @)
hold for (z,u)E4, (v, W) and u<i.
Assume that w(x) and #(x) are solutions in D of the equations
Ou=f(z,u), =7 (z,a)
with initial conditions
u(@)=p(x), #wx)=p(x) on. Sy
respectively. Then the inequality
u(x) < #(x)
holds in D, where the equality sign can occur only on Ss.
THEOREM 2.2. Let f(x,u) be a function defined and continuous in 4.
Assume that the inequality
' flz, ) < Cla(x)
holds in An9, and that ¢(0)<a(0).
Then, if u(x) is a solution in D of the equation (2.5) with initial condition
(2.6), the inequality
u(x) < ()
holds in D. .
- Proof : The proof is similar to that of Theorem 2.1.
Under the assumption that f(z; %) is Lipschitz continuous with respect
to u, we can prove the following. .
THEOREM 2.3, Let f(x,u) be a function defined and continuous in 4, where
4 contains (x,®(x)) for any = in D.
Assume that the inequality ) ]
Sz, u) < Da(x) @.11)
holds in 4nQ), and that f(x,u) is Lipschitz continuous with respect to u in 4.
Then, if u(x) is a solution in D of the equation (2.5) with initial condition
(2.6), the inequality :
E u(x) < &(x) (2.12)
holds in D,
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Proof: Assume that the inequality (2.12) does not hold in D and denote
by x! the greatest lower bound of the values of z, for which there exists a
point x in D such that u(@)>&(x). Let a®+&=(xl+&, x3, 23), with & sufficiently
small, be a point in D at which u(«*+&>&(x°+&). Then we have ‘
cT)(x"+«°)——u(x°+8) o

/ D“’(E ) g+ B0)— f fo RYR

D3 Ote
Rypoee

{27[ / f(E,u(E)) dE+ (0)— / ds fo Ay R—édR}

and hence in virtue of (2. 2) and (2 3)
Ba+E)— (et +6) = / Da@)- f —SEuE) 4 @.13)

The last integral may be d1v1ded into two parts, one from & =0 to
E,=x), and the other from & ==2{ to £, =2!+& The first integral is non-
negative by the definition of x! and the inequality (2.11). To estimate the
second integral frpm below, we note that

ClaE)— SE wé) -
=0a(&) —fE, 8E)+FE, aE)— fE, uE)
= f& @) —fE, u®).

Consequently, denoting by D:”xo the subdomain of D’” +¢ with z, > x?, we
finally obtain from (2.13)
f S, w(’é)) JE, w®)

%0+ €
Dm—mg

Since f(x,u) is prschltz continuous with respect to u, the integral (2.14)
may be estimated by

0+ E "1— s
D” *
©1=2

where L is the Lipschitz constant of f(x u).

Therefore, choosing & so small that & L/2< 1 and then applying (2.15)
to that point in D ijo at which @&(x)—u(x) attains its minimum, we obtain
from (2.14) '

B+ —u(+ &) = - ) je. 2.14)

2
Min (@(x)—u(x)) => EEL Min (@(x)—u(x))
xED::;;g mEDa’fl:”g

and hence
Min (co(w) u(x)) = > 0,

ED:tl—r"
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which is contrary to the assumption that @(x)—u(x) is negative at z°4&.

A q.e.d.

An immediate consequence of Theorem 2.3 is the following

CoroLLARY 2.3. Let f(x,u) be a function defined and continuous in 4.
Further let f(x,u) be Lipschitz continuous and non-decveasing with vespect to u
in 4.

Then there exists in D at most one solution of the equation (2.5) with initial
condition (2.6).

3. Existence theorems

In this section we shall establish the existence of generalized solutions
of the non-linear equation _
. Ou= Sz, w) 3B.1
with vanishing initial condition '
u(z)=0 on Sy
We assume throughout the section that o(¢) and &(x) satisfy the in-
equalities (2.2) and (2.3) with ¢(z)=0 on Sj.
We begin with the study of the inhomogeneous equation
Ou=f(x) 3.2
with vanishing initial condition.
Lemma 3.1, Let f(x) be a function continuous and bounded in D. Then
the function u(x) defined in DU by the expression

u(x)=% D’-fé—fldg 3.3)

is continuous in D and approaches 0 as x approaches a point x° on Ss.
Proof : It suffices to show that «(x) approaches 0 as « approaches z°.
Assuming that | f(z)| <M in D, we have®

M 1
o)l < 5 - [, %

M L[ R RN MR,
-2 zj;zds/o (1 Rgp)R dR/oada— :

and hence u(x)—>0 as x —>x°. q.e.d.
LemMA 3.2. Let f(x) be a continuous function in D having its first devi-
vatives continuous and bounded in D.
Then the function u(x) defined by (3.3) in DYY is once continuously differ-
entiable in D and, moreover, when x approaches a point x° on Sy along any path
1 which lies on the pldne containing the point x° and the x,-axis, its derivative

8) See the proof of Lemma 3. 4.
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Ou(x) /0N approaches 0 and the approach to the limit is uniform both for any
choice of the path | and for any x° on Ss.
Proof : Setting

I"f(x)= ?1?(“) “’““f@ dg,
we have for sufficiently large «
or*fm) 1 or®® 1 ore3
oo, Hea))o; 0m T O% " " H @y oy 08, TO%
and hence by integration by parts '
OI%(x) 1 -3 1 po8 af(g)
e REICL e MR ST

since »**=0 on the cone C* for «>3.
By the assumptions on f(z), the analytic contmuatxon to a=2 of the
right-hand side of (3.4) can be performed, yleldmg

orf@) 1 f(E) 1 af(f)

axl - 2 dfz dfs 351

Since I*f(x)=u(x), we obtain
Ou _ 1 ,f@, 1 1 8f)
0z, 27 dE, dE;+ b7 OF, d§ . 3.5
Similarly we have
_ i3] 1 7 1 8f®

T ] IRCCICE T AUy e 2 3

: 3.6)
= [ L8 1 g de+ | T,

where (+d&,dE,) is equal to dE,d&; or -—-dfldfs according as &,<0 or £,>0,
and (4dE,dE,)) is equal to d£,d&, or —dE,dE, according as §3<0 or £,>0.

Hence u(x) is once continuously differentiable in D.

To prove the second half of the lemma, we may assume Wlthout loss
of generality that 2° is a point on Sy with coordinates (2%, x3, 0). Further,
assuming that x>0, the derivative fu(x)/0 0 can be written as

Ou(x 1 /0u Ou

W(a.;o)“=l/_§<axl + 0%, ) . .7
Thus it suffices to prove that when #, with coordinates (x,, x,, 0), approaches
2° on Sy, the derivative (3.7) approaches 0 uniformly with respect to z° on Sy.

By means of the Lorentz transformation

2y 2 &
77 i S
1 .l/xz_xg S1 ]/xz x%521
Ly g T g (CR))

nazfa,
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the retrograde cone C* is transformed into the retrograde cone C? in the
7-space, where y=(r,,0,0) corresponds to x by the transformation (3.8),
while the direct cone S is transformed into itself. Observing that

Ou z  Ou Ty ou
E l/x, xz 6771 ,/xl - xz 6772 ’
Ou 2, ou x, ou

agz ’/xf—wg o, CVl—af om,’
we have in virtue of (3.5) and (3.6)

Ou @ ([ F() 1orm
ox, 271:1',5( st 7 Ty dhdlyt Dy v 0My )
S 1 af'(m)
+om ([ TP amanis [ 7200 ar)
and
o ___m ([ SO, 1 orm)
oms " 2727, \Us "2‘””/ o, ”)
%y il (77) 1 1 afm)
_an,,( . (idﬂ,dﬂs)+ o, 77>,

where we have set f/(0)=f(&). Hence (3.7) y1elds

Ou(@) __a—zy ([ S [ S
37\.::0 _2‘/2 ”rx ( v d772 d773 —/ (:*: dﬂl dvs) .

+/D;%%7(‘md’7‘ fD ; "”;;‘f’ ) 69

By assumption we have the inequalities

=i, LRI M sl u

in D%, where M is a constant depending only on f(z) and D. Hence Lemma

3.1 applies, yielding
/‘ 1 af’(ﬂ) 72‘er l / 1 af'(m)
i r 3771 Dt v O,

" On the other hand, the surface element dS of SY is given by

1
- ds= 21/2( Rz>de0
where 0 is an angular coordinate. Thus we obtain

/Sy@dvzdns st idnzdnf—l"‘i— 1L

V2 sy r

zMr:  (3.10)

in|<

M Rf RN\ 3. 2nMr, .
-4 odﬁ 0 (1— Rx)R aR=2TF @D

and similarly
M (3. 12)

)
Mg——; (dr,dny)| < <Z=
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Therefore, observing that the difference x,—x, approaches 0 as z ap-
proaches 2° on Sy, we conclude from (3.9), (3.10), (3.11) and (3.12) that
Ou(x)/0\ approaches 0 as z approaches z° and that the approach to the
limit is uniform for any z° on Ss. g.e.d.

LeMMA 3.3. Let f(x) be a twice continuously diffeventiable function in D.
Then the function u(x) defined by (3.3) in DVX is twice continuously differentiable
in D and satisfies the relation

Cu(x) = f(z)

" Dl;roof : We have for sufficiently large «
621;2;@) =Hiw) Dg?;rgg‘s B dE | I (6.13)
and in p.ar'ti;:u'la;' ........
OI%f(w) = I*7"f(w). (3.14)

By assumption the right-hand sides of (3.13) and (3.14) can be analytically

continued to a=2. Hence we see that u(x) is twice continuously differ-

entiable in D and that :
‘ Olu(a) =% f(2) =1°f (@)= f(=). S q.e.d.

We can now .establish the existence of a unique generalized solution of
the inhomogeneous equation (3.2) with vanishing initial condition for any
continuous function f(x) in D.

TueOREM 3.1. Let f(x) be a function defined and continuous in D. Then
the function u(x) defined by the expression (3.3) in DVE is a unique generalized
solution of the inhomogeneous equation (3.2) with vanishing initial condition.

Proof : Since f(z) is continuous in D, there exists an infinite sequence
of functions {f,(x)} twice continuously differentiable in D and converging
uniformly in D to the function f(x). Then it follows from Lemmas 3.1,
3.2 and 3.3 that the sequence of functions {u,(x)} defined in DVS by

w5 [ L, =12, 3.1

is a sequence of solutions in C*[D] of the inhomogeneous equations
Dluy, = fa(x) (n=12,---)
with vanishing initial condition. From (3.15), it is obvious that the sequence
{u(2)} converges uniformly in D to the function u(x). Hence, by definition,
u(z) is a generaiized solution of (3.2) with vanishing initial condition.
The uniqueness follows from Corollary 1.1. ) g.e.d.
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ReMmARK. The function u(z) defined in DV by

Rz _
we) =0~ [ as [“ G R IR (3.16)

is continuous in D and takes on the prescribed value ¢(x) on Sx.® Moreover
it is obvious that if ¢(x) is three times continuously differentiable on Sy,
u(x) is twice continuously differentiable in D and satisfies [Ju=0 in D.
Hence the function u(x) defined by (3.16) is a generalized solution of the
‘homogeneous wave equation with initial condition ¢(x) on Sy if there exists
an infinite sequence of functions {¢,(«x)} three times continuously differ-
entiable on Sy such that ¢,(x) and its first derivatives converge uniformly
on Sy to ¢(x) and its corresponding first derivatives respectively.

As a preparation for Theorem 3.2 which assures the existence of gene-
ralized solutions of (3.1) with vanishing initial condition, we shall prove the
following

LemMA 3.4, Let {filx); N4} be a family of functions continuous and
uniformly bounded in D: | fi(x)| <M.

* Then the family of functions {u\(x)} defined in DUJ by

,u)\(x)=2—17[— / zi*;@dg e A)

are uniformly bounded and equi-continuous in D.
Proof : The uniform boundedness follows immediately from the ine-
quality
()] <M [ L M (3.17)

1 Mri
“2mJpiv de= 6 °

To prove the equi-continuity of the family {u.(z)}, we first introduce a
coordinate system into D%. Let £° be a point on S* and £ be a point on
the straight segment joining & and x. Denote by ¢ the ratio of 7, to 7,0: .
7.£=07%, where 7, is the distance between x and & Values of o for points
£ on the retrograde cone C* can be defined by continuity. Since Rzgo'=r§§o
varies in a linear manner along every generator of S% we shall choose
R, as a coordinate. Further, we shall choose an angular coordinate 4 to
specify directions on the cone S”. Then R, o and 0 form a coordinate
system in D% In terms of these variables, the volume element df is
written, as is easily verified, in the form

1,/ R 2
dE—. 2ds(1 Rz)dRa do,

where we have set R=R,..

9) See M. Riesz [15] pp. 115-125.
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For any positive number & we choose a number 8, such that
M8z

<7 4
and fix it. ‘ Then, from (3.17), we have for any z, o' with #,, 7,,<8; in D
& &
[ua(@) —ua(a)] < [ur(@)] + lur(2")] < 1 +Z_? 3.18)

Next we consider two arbitrary points z and #' with »,, »,,>8,. We
may assume without loss of generality that « has coordinates (x,, x,,0) and
that 7, <7,.. By means of the Lorentz transformation (3.8), the point z is
transformed into 2 point y with coordinates (r,,0,0) in the 7-space. Further
we have ;

(@) =u(y) = o “f;:j)
and ,
S

where f (7)=5\&), ¥’ corresponds to 2’ by (3.8), and 7, denotes the distance
between y’ and 7.

On the other hand, denoting by Df the subdomain of DY which is
written in terms of the coordinate system in DY

={7; 8<R<R, 0<0<1, 0<0<27},

we have
'
l / —f;(ﬂ)dn(<‘M/ iam

: 1
M __R\dR Mrv 5,
-3 f ds/ (1 —Rv >-—]/E0fadd<—§h—.

Hence we choose a number §, such that
Mryd, <~ '(3.19)

for any z in D and fix it.

Denoting further by C* the smallest retrograde cone Whose vertex y"
lies on the 7,-axis and which contains the cone C¥ in its interior, we can
rewrite the difference u,(«)—u,(z’) as follows :

(@) —ua(x") = W) —uay")) + (U (y")—u(y'). (3.20)
Assume now that ly—yfll°)<83, where §; is a positive number. Then it is
obvious that we have

0<yl—y, <<V'28;. (3.21)

10) Iy—y'I=4/ Sy, —9)".
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We note from (3.8) that, for any number &, there exists a number &
depending only on 8, 6, and D such that
lx—2'| <8 implies |y—y'|<&s. (3.22)
The first difference on the right—hand side of (3.20) can be estimated
in the following manner : ‘

nW)—my")="%— DD gy L[S g,

Yy 27r Yy
Df DY ‘
4 ’
_1 f Q) dﬂ_L ) an
2 27 Vy'y
D%~ D, ) D% - D,
1 1
+ 27 < Yyn 7’:1/” ) f)\(m 4.
D},
Then it follows from (3.19) that
1A . & |
’27; f o 9|16 @23
Dg-D§, )

Further we have in virtue of (3.21)

l/ f}‘(ﬂ)dﬂi<Mf——d77

—Dj, DY~ DY,
8/~R
<M/ —d77+M /ds/( R,,n)l/R /adu
Dy” D84 s
<M7’:1’11”64’

where

- \/5§<1 + EfﬁL) + Vé_ry'ISS .

Y
Hence it is evident from (3.21) that we can choose §; so small that we
have the inequality
Mryd, < —(Z_
for any x with »,>38, in D, where 8, depends only on &, 8, &, M and D.
Therefore we have

RS ), d,?‘ < _?_ (3.24)

Since 74, is continuous with respect to all its arguments, we can choose
3 s0 small that |y—y'|<8; implies |ry—7ym| <8 for any z, 2’ in D ,where
8; is an arbitrary positive number. Hence we have
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_1_ _1____ M |7'1m Yyl e
2n f ¥yn Yy'ny > f)\(n)dﬂl_ 2z Yy ¥y'y ——
DY, DY,
MBs / = Mo
2 53 2482 °

Therefore, by taking o, suﬁ‘lc1ently small, we have

|1 (L ) &
2z o man| < 5 (3.25)
D},
where J; depends only on &, &, 8, M and D.
Combining (3.23), (3.24) and (3.25), we obtain
&
[ua(y)—ur(y")] < e (3.26)

for any y, ¥’ with [y—y’|<8,;, where &; depends only on &, §,, 8,, M and D.
Similarly, we obtain the inequality

@)~ @) < o @.27)

for any vy, ¥y’ with |y—y'|<8,. ‘
Thus the inequalities (3.26) and (3.27) yield

)~ @) < - (3.28)

for any y, ¥* with nyy’|<85, where &, depends only on &, §;, 8,, M and D.
Therefore, observing that 8, and &8, depend only on §, M and D, we
can conclude from (3.18), (3.22) and (3.28) that we have the inequality
[ua(er) —ur(2')] < & ,
for any x, o’ with |z—2’'|<{§ in D, where § depends only on & M and D.
Hence the proof is complete. q.e.d.
Now we can prove the following existence theorem.
THEOREM 3.2. Let f(x,u) be a continuous function defined in PV and let
the inequality
Do) < fle, ) < Da () (3.29)
hold in 4. k
Then there exists a gemeralized solution w(x) of the equation (3.1) with
vanishing initial condition which satisfies the inequality
() < u(z) < &(x) (3.30)
in D.
Proof : Let & be the family of all continuous functions in D satisfying
the inequality (3.30). Then & is not empty, since »(z)=0 belongs to <.

11) Note that @(x) and @(x) satisfy the inequalities (2.2) and (2.3) with ¢(x)=0 on
Ss. .
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It is also evident that & is a closed and convex set in the Banach space
C[D]" with the norm |v]|=Max |v(z)] (v=C[D]).

Since the function fln= fx(exl,)v(x)) is continuous in D for any »(x)e<F, it
follows from Theorem 3.1 that there exists a unique generalized solution
u(z) in D of the inhomogeneous equation

_ Ou = fri(x)
with vanishing initial condition. Moreover, we see from Corollary 1.1,
2.1), (2.2) and (2.3) that u(x) belongs also to &F. Hence we can define a
mapping '
T: vx)eF > ulx)=Twx)eF.

It is obvious from Co;ollary 1.1 and Theorem 3.1 that T is continuous.
Compactness of T(&F) in the Banach space Ciﬁ] follows from Lemma 3.4.

Therefore it follows from the fixed point theorem of Schauder-Tychonoff
that there exists a function u(x)e<f such that

u(x) = T(u()).
Then u(x) is a generalized solution of (3.1) with vanishing initial condition
satisfying (3. 30). g.e.d.

Immediate consequences of Theorem 3.2 and Lemma 3.4 are the

following

CoOROLLARY 3.1. Let f(x, u) be a continuous function defined in &), and let

- the inequality

| Az, w)| < Clo()
hold in &), where we assume that w(x) satisfies the inequalities (2.4) with
o(x)=0 on Ss. .
Then there exists a genervalized solution w(z) of (3.1) with vanishing initial
condition satisfying the inequality
[u@)| < o(x)
in D.
CoroLLARY 3.2. Let f(x,u), f(z,u) and F(z, u) be continuous functions
defined in 4, A and 4 respectively, and let the inequality
S, w) < fla, u) < flw, %)
hold for any (x,u)= 4, (x, w4, and (v, Wy d such that u <u<7%.
Assume that there exist generalized solutions u(x) and u(xz) in D of the-
equations
Ou = fla, w), 0% = fx, %)
having the initial conditions
u(@) = @(x), u®) =pgx) on Sy

12) C[D] denotes the set of all continuous functions in D.
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respectively, wheve ¢(x) and ¢(x) satisfy the inequalities (2.2) and (2.3) with
o(2)=0 on Sy. Assume further that the inequality
u(x) < %)
holds in D.
Then, if 4 contains the domain defined by
zeD, ux) < u < u(x),
there exists a generalized solution u(x) of (3.1) with vanishing initial condition

satisfying the inequality
o u@) < u(x) < u(x)

in D.

Under additional assumptions on the function f(x,#), we can prove the
existence of a unique once continuously differentiable generalized solution
of (3.1) with vanishing initial condition. »

LemMA 3.5. Let f(x,u) be a function once continuously differentiable in g)
and non-decreasing with vespect to u.

Assume that u(z) is a generalized solution of (3.1) with vanishing initial
condition, having its ﬁrst derivatives contmuous and bounded in D. Then the
inequality

du | |0u | |Ou Mz,
0z, | | Oz, O, 3
holds in D, where « is a constant depending only on f(x,u) and D, and M is «a
constant such that | f(x,)| <M in 9.
Proof : Since u(x) is written in DVY in the form

1 [ fEuE)
271' / v dg’

aT1
<e '+

we have in virtue of (3.5)

o1 ED of , of ou\1

on, ~ 2 d&y ds+ z Ds( o8, T ou agl) . (3.3D

If we set .
_ou 1 r SEO

v(m) axl - f e g, g, (3.32)

(3.31) is written as
1 or 6f 1 Jm,0) of )_
W)=y Dg(Tfl + 2L [ TEO tran Shoe) e a3
Hence »(x) is a continuous solution of the integral equation (3.33) in D.
On the other hand, observing that u(z)=(x(—ai—2%)/6 is the unique
solution of the equation Du=1 having vanishing condition, we get
1 1 1
27 Js 7 d52d§a= 3 X1,
which yields
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|1 M1 -

27 Js= = n‘_/:s* v a8, 4=

Hence v(z) is bounded in D. Therefore we see from (3.33), (3.34) and the

assumptions on f(z, ) that v(x) approaches 0 as x approaches a point x°
on S 3.

ﬂgx‘ . (3.34)

KD, ag,

We now choose « so large that the inequality
of | Mx,) of
o, 5*(” 3 ) ou |

holds in ¢§). Then we can take as @(x) in Théorem 2.2 the function ™
and we obtain the inequality

a? >

o(x) <
in D, where « is a constant depending only on f(z,w) and D.
Similarly, we have the inequality '
' v(z) = — &
in D and hence

[o(@)] < ™
in D. Therefore, from (3.32) and (3.34), we obtain the inequality
g:l‘ < &4 +ML
in D, where « is a constant depending only on f(x,u) and D.
O0u/0x, and 9u/dx; can be estimated in a similar manner. g.e.d.

THEOREM 3.3. Let f(x,u) be a function once continuously differentiable in
9 and non—decreqsing with respect to u, and let the inequality (3.29) hold in 9.

Then there exists a unique generalized solution u(x) of the equation (3.1)
with vanishing initial condition which is once continuously differentiable in D.

Proof: Let & be the family of all continuous functions »(x) in D
satisfying the inequality (3.30) such that v(z) is. Lipschitz continuous in D:

jo@)— o) = ( &+ 25 ) o=l s + =D,

where z,> 2, and | f(z, )| <M in g.

Then, using the same notation as in Theorem 3. 2, it is easy to see that
u(x)="T(v(x)) is once continuously differentiable in D. Moreover, in virtue
of Lemma 3.5, we have T(F)C Y for sufficiently large «a.

Therefore, applying the fixed point theorem, we see that there exists
a generalized solution of (3.1) with vanishing condition which is once
continuously differentiable in D.

The uniqueness follows from Corollary 2. 3. g.e.d.
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4. Maximal and minimal selutions

We begin with the following

DerFiniTION 4.1. Let u(x) be a solution'® in D of the equation

Ou = f(x, u) “.1)

with initial condition '
u(x) = @) on . Sy. 4.2)

Then u(x) is said to be the maximal solution of the equation (4.1) with initial
condition (4.2) if, for any solution u(z) of (4.1) with initial condition (4.2), u(zx)
satisfies the inequality

u(x) = u(x)
in D,

The minimal solution is defined in a similar manner.

In what follows, we assume that w(x) and @(x) satisfy the inequalities
(2.2) and (2.3) with ¢(x)=0 on Sy. Combining Theorem 2.1 and Theorem
3.2, we can prove the

THEOREM 4.1. Let S(x,u) be a function continuous in q) and non-decreasing
with vespect to u. .

Assume that the inequality :

. Do) < flw, u) < Oax “.3
holds in (). Then there exists in D the maximal solution of the equation (4.1)
with vanishing initial condition.

Proof : Since D and &) are closed, we can choose a positive number &
such that

S, w+& << Da(a).
Then we choose a sequence {§,} such that §,]0, & <& In virtue of
Theorem 3.2, there exists a solution u,(z) of the equation

Ou = f(z, w)+ &,

with vanishing condition. Then we have in virtue of Theorem 2.1

Un(®) = U+ (%) = ()
in 1_),' where u#(x) is an arbitrary ‘solution in D of (4.1) with wvanishing
condition. Further it follows from Lemma 3.4 that the sequence {u,(x)}
converges uniformly in D to a limit function u(zx).

Then wu(z) is obviously a solution of (4.1) with vanishing condition and
satisfies the inequality * _

u(z) = u(x)
in D. o . g.e.d.
COROLLARY. Let f(x,u) satisfy the hypotheses in Theorem 4.1.

13) By a solution, we mean a generalized solution.
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Assume that the inequality
Olex) < flx, v) < Oa(x)
holds in ). Then there exists in D the minimal solution of (4.1) with vanishing

condition.
ExampLE. Let f(u) be a function defined by
[ A+ ut-2A 0<u<+ oo,
f(uw)=
0 —oo < u <0,
where A>>2. -
Then u=0 and u=(x?—2%—22)?are obviously the solutions of the equation
Clu = f(u) 4.4

with vanishing condition.

It is evident that #=0 is the minimal solution.

We shall show that u=(z}—22—22)*? is the maximal solution. Setting

@(x) = ((x; +h)*—a§ —a)M?,
where >0, it is easy to see that &(0)>0 and 6w(ap)/67m,,>0 for any z on
Sy. Hence Theorem 2.2 applies, yielding
o(x) > ulx)
in D, where u(x) is an arbitrary solution of (4.4) with vanishing condition.
Since % is arbitrary, we get
(27— 23— 2P = u(w)

in ‘D.

5. Uniqueness conditions

In this section, by making use of the comparison theorem obtained in
section 2, we shall derive some uniqueness conditions for solutions of the
equation

Ou = flx, w B.1)
with vanishing initial condition.

We begin with the following

Lemma 5.1, Let w,(x)(n=1,2,---) be a sequence of functions continuous in
D and once continuously differentiable on Sy such that they are expressible in DV

D0 g 0,0-— [ 4 / Lon piar
(n 1» 2a °c '))
where [(Jw,(x) are continuous in D and ©,(0)=0, 80.(x)/0r,=0 on Sy.
Assume that F(x,u) is a continuous function in 4), with
Fx,0) =0

in the form

1 Dwn(f)

0 ()= o /b

and that the inequality
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0< F(z, v) << Do)
holds for 0 < u < w,(x). _
Then, if the sequence {0,(x)) converges uniformly to 0 in D, u(x)=0 is the
unique solution in D of the equation
Ou = F(x,u) (5.2)
with vanishing initial condition. ' ‘ _
Proof : = That ‘u(m)EO is a solution is evident. We define Fyx,u) as
follows :

Fﬂ(x: u) = F(x’ [u]o); (5' 3)
where ’
o 0Su<+oo,‘
[u]o—{ 0 —weus

Then Fyx, u) is continuous in the domain
4= {(,u); €D, — oo u<oo}.
It is obvious that a solution of (5.2) is a solution of the equation
Ou = Fy(x, u). ' 5.4)
Conversely, if a solution u(x) of (5.4) satisfies the inequality u(x)=>0, u(x)
is a solution of (5.2). Assume now that u(x) is a solution in D of (5.4)
satisfying vanishing initial condition.
Setting _
w(@) = — &@i—xi—a)),
where & is an arbitrary positive number, we have in virtue of Theorem 2.1
— &l -2 —a3) < u(@) < 0, (2).
Since & is arbitrary, we have
u(z) = 0. q.e.d.

THEOREM 5.1. Let F(z,u) be a function continuous in ¢), and non—de-
creasing with respect to. u. ' ' '

Assume that, for F(x,u), there exists a function w(x) satisfying the inequalities '
2.4) with ¢(x)=0 on Sy and that the inequality '

0 < F(e, ) < Qo)
holds for 0<wu < w(zx).

Then w(x)=0 is the unique solution in D of the equation‘ (5. 2) with vanishing
initial condition if and only if therve exists a sequence of functions {w,(x)}
converging uniformly to 0 in D which satisfy the conditions : 1) w.(x) fulfills
the hypotheses in Lemma 5.1 and w,(x) < o(x), ii) the inequality .

0 < F(z, ) << Ow,(x)
holds for 0 <u < w,(x). '
Proof : The sufficiency follows from Lemma 5.1.
Assume that u(x)=0 is a unique solution in D of (5.2) with vanishing
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initial condition. From Theorem 4.1, there exist maximal solutions ©,(x)
in D of the equations

) Ou = F(x, w)+&, (n=1,2,:--) (5.5)
with vanishing initial condition, where &,l0 and & is sufficiently small.
Thus the inequality

0n(%) = Wp11(2)

holds in D and, since u(x)=0 is a unique solution of (5.2), the sequence
{0.(x)} converges uniformly to 0 in D.

Moreover, from the property of F(z,u), (5.2) and (5.5), we have the
inequality h

0 < F(z, u) << Ow,(x)
for 0<u< w,(x). Hence {w,(2)} is a desired sequence. g.e.d.

A function F(x, ) is said to satisfy Condition (U) in. @), if F(x, u) satisfies
the hypotheses in Theorem 5.1 and #(x)=0 is a unique solution in D of
(5.2) with vanishing initial condition. '

THEOREM 5.2. Let fx, u) be a continuous function defined in 4 and let the
inequality ‘

| flz, w)—Ffx, )| < F(z, lu—u']) (5.6)
hold in 4nQ),, where F(x,u) satisfies Condition (U) in 4. '

Then the equation (5.1) admits at most one solution in D having vanishing
initial condition. , '

Proof : Assume that u,(x) and u,(x) are solutions in D of (5.1) with
vanishing condition. Then the difference u(x)=wu,(x)—u,(z) is a solution in
D of the equation

Ou = f(@, u+uy(2)) — f(@, us(x))
‘with vanishing condition. By ass_umption, we have
| e, u+ug()— f (@, us(x))| < Fz, |u)). 6.7
Further, by the assumptions on F(x,u), there exists a sequence {0,(*)}
converging uniformly to 0 in D such that the inequality
0 < F(a, lul) < O x)
holds for ju| <w,(x). Hence we obtain from (5.7)
| (@, -+ ug(2))— (@, uz(2))] < Do)
and from Corollary 2.1
[u(@)] < 0. (2)
in D, which yields
v u(x) =0. g.e.d.
REMARK. We can take as F(x, #) in Theorem 5. 2 the following functions:

2
i) Au, ii) Au , i) Au(log%)

log %
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for 0 <u<+ o, where we set u lo %=0‘ and A is a constant >0.
Proof :  This follows immediately from Theorem 2. 1.
THEOREM 5.3. Let f(x,u) be a continuous function defined tn (), and
satisfying the inequalities
0< flw,w), fl=,0)=0,
A+ (ot — 25— 2] 8(=,)
S, w) < — = 23— g3 %,

(056<x,}, /0 "5 dE<+oo) |

where A is ¢ non-negative constant <6,

Then w(x)=0 is ¢ unique solution in D of the equation (5.1) with vanishing
initial condition.

Proof : This is a direct consequence of Lemma 5.1, if we set

(%)= E,(3]— 23— 23) exp { /; w( fo 5 df) dﬂ},

where &, ) 0.
Setting &(z,)=0, we obtain the following
COROLLARY 5.1. If the inequality

A4 \
Sz, ")Sx%—xg—x?,“ (A<6)
holds, w(x)=0 is @ unique solution in D of (5.1) with vanishing initial condition.
6. Peano’s properts;

We have showed in section 4 that if f(=x, u) satisfies the hypotheses in
Theorem 4.1, there exists a maximal solution of the equation
Ol = Sz, u) 6.1
with vanishing condition. Moreover, Peano’s property concerning maximal
and minimal solutions in the theory of ordinary differential equations can
be extended to solutions of (6.1).
To do this, we need the following
LemMa 6.1, Let w(x) and @(x) satisfy the inequality
w(z) < &(x)
in D. Let f(x,u) be a function continuous in ) and non-decreasing with vespect
to u such that the inequality , ’
De(x) < f(@, )<< Oa(x) 6.2
holds in . '
Then there exists a function F(x,u) continuous in Q, non-decreasing and
Lipschitz continuous with respect to u such that the inequalities

Da(x) < F(z, w)< Oa(x), (6.3)
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, NS, w—F(z, w)] < & 6.4
hold in 4), where & is a given positive number.
Proof : " Setting
d = Min (@(x)— (=),

zeD .

we have d>0. Since f(x, ) is continuous in the closed domain ¢), there
exists a number 8§ (C>0) such that 0<{Ju—u’|<8 implies the inequality

{ £, w)—flx, u)| < &
for any (%, %), (x,%’) in ¢g).. Further, since CJw(x) and Ja(x) are also con-
tinuous in D, we have thé inequalities

D) < flx, w)—&,

Oa(x) > fw, w)+&
for & sufficiently small.

Let m be an integer such that the inequality

0<’ @(w);@(m) <3

holds.in D. Then, setting
() — w(zx)

wj(x)=c_o(x)+“7—j, (7=0,1,2,---,m)
we define F(x, u) as follows :
u— a)] 1
F(a, w)=f(a, 0;- 1)——~——w1_ Y + A, w,)—wj_l

for w;_(z)<u<wix). Then we have
(@, 0;)~fx, 0j-)| <&,
| flw, w)—F(z, )| <&,
whence
Oe(x) < F(z, u) < COa(z).
It is obvious that F(x, u) is non-decreasing with respect to #. Observing

that

|Di P, w)] < 255

where D;F and D.F are defined in w(x)-<u<@(x) and w(x)<u<o(x) respec-
tively, we see that F(x, u) is Lipschitz continuous with respect to .

. g.e.d.
LEMMA 6.2. Let f(x,u,\) be continuous in PxA and let the mequahttes
Oe(x) < flz; 4, \) < o), (6.5)
| £, u, N)— fa, u’, M) < F(a, |[u—u']) (6.6)

hold in @) x A, where A is an interval I, <\ <1, and F(x,u) satzsﬁes Condition

(U) in D,
Then a solution u(x,\) in D of the equation
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Clu = (x4, \) 6.7
with vanishing initial condition is continuous in Dx A.
Proof :  From (6.5) and (6.6), we see that there exists a unique solution
u(z,\) of (6.7) with vanishing condition. '
We shall first show that u(x,\) is equi-continuous with respect to A in
A for'xeﬁ.' Since f(z,u,\) is continuous in the closed domain g x4, we
can choose a positive number 8 such that [A;—Ay| <8 (A, \aE4) implies the
inequality v
[z, u, M) — (=, u, M) <&,
where &£ is an arbitrary number.
Then we have
[ £, u(z, Ap)y M) — (2, u(®, A2)y A2)| \
< | f(, w(, M), M) —F(@, (@, M), Aa)|
+ [ (@, w(@, Ap), o) —f(2, u(@, Na), Na)|
< F(z, |u(z, M)—ulz, A))+E. .
By Theorem 4.1, there exists in D a maximal solution (x,&) of the equation
Ou = F(x, u) +&
with vanishing condition. It is evident from the proof of Theorem 4.1
that o(x, &) converges uniformly to 0 in D as &—0. It is also obvious that
we have the inequality o
(w2, M) — ul, Ao)| < (2, E).
. Hence u(x,7) is equi-continuous with respect to X in 4 for zeD.
The continuity of u(x,\) in Dx 4 foilows from the inequality
{91, Na) — U2, N3]
< |u(a,, 7\11)* (@2, M| + [, Ag)—ulas, Ao, g.e.d.

Now we can prove the following

THEOREM 6.1. Let w(x) and @(x) satisfy the hypothesis in Lemma 6.1. Let
J(x,u) be continuous in ) and non-decreasing with vespect to u.

Assume that the inequality (6.2) holds in g). Then there exist maximal and
minimal solutions in D of the equation (6.1) with vanishing initial condition.
Denote them by u(x) and u(x) vespectively.

Thén, for any x' in D and any u, such that u(z') <u,<u(z'), there exists a
solution u(zx) of (6.1) satisfying the condition

u(xt) = u,
and the inequality ,
w(®@) < u(@) < u(x)
in D. , A ,

Proof : The existence of maximal and minimal solutions follows from

Theorem 4.1 and its corollary.
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Now we choose a sequence of numbers {§,} with & sufficiently small
such that &,]0. Then, from Lemma 6.1, there exists a sequence of. func-
tions {F,(x,u)} continuous in (), non-decreasing and Lipschitz continuous
with respect to # which satisfy the inequalities

[ f(, u)— Fulz, w)] < &, ,
Oa(z) < Fuz, u) < Oa(x). (n=1,2,---)
Hence we get
Fuz, =&, < Sz, u) < Fulz, u)-+&,
for (x,u),(x, w)eg and u<u<wu.
Then it follows from Theorems 3.2 and 5.2 that there exist unique
solutions u,(x) and u,(x) of the equations
Ou = Fux, )—&,,
Ou = F(x, u)+&,
with vanishing condition. By Corollary 2.2, we have
Un(%) < u(x) < u(x) < Uy(2)
in D. .
Consider the equation
Ou = F,(2, w)+X, A< &

and denote by u,(x,\) the unique solution in D of this equation with vani-

shing condition. Then, by Lemma 6.2, u,(x,\) is continuous with respect
to  and A. Hence, if ]A|<&,, we have in v1rtue of Corollary 3.2 and
Theorem 5.2
Un(%) < U@, N) < Uy(2)
in D. Therefore we see that there exists a number A\, such that
: un(xla 7"n> = Uy, ’ P\ml <é&,.
Denoting by'un(w) a unique solution in D of the equation
Ou = Fy(x, )+ Ay
with vamshmg condition, it is evident from the proof of Theorem 4.1 that
the sequence {u,(x)] converges uniformly in D to a function u(m). By
definition, A, tends to 0 as #z tends to infinity. Hence we have
u(zt) = u,.
Moreover, by the definition of u,(x), we have in DUJX
1 Fn(E Un(E) + A

(@)= meSEAngE,
Hence theA uniform ~convergence of F,(z,4) and u,(z) yields
ww= [ LEHE g,

Therefore u(x) is a solutlon in D of (6. 1) with vanishing condition.

g.e.d.
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