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Principally Linear Partial Differential
- Equations of Elliptic Type
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Introduction

Our purpose in this note is to carry on investigations in a partial differen-
tial equation of the second order and of elliptic type

(D La= 3 @)D 0 =1, w, 0 )",

To research such an equation," especially to establish an existence theorem
for solutions of the boundary value problem concerning such an equation, it is
necessary ‘that .certain analytical conditions are imposed on the functions a;j(x)
and f(=,u,p); for example, Lipschitz conditions, or Hélder conditions. However
we necessitate these conditions only in a part of investigation, but in the whole.

Throughout this note, we will employ generalized differential operations of
-elliptic type®, with the intention to research under conditions as weakened as
possible.. Moreover, as these generalized operations clarify a feature of a dif-
ferential operation L(x) of elliptic type, one will see that the employment of
these generalized operations paves the the way for research.

Thus, denoting generalized operations of elliptic type by f(x), we treat of
the equation

(1D ) =f(x,u, 0, u).
In the case of linear elliptic partial differential equations, that is, in the case
where '

flw w0, u)= g}lb,-(x)a,-u-{—c(x)u-f- ()

in the equation (II), there are works issued by G. Giraud, and M. Gevrey [1],
[21. ’ :
Recently, Prof. T. Satoé has treated of the equation
Adz=f(2,9,2,0:2,0,2)
by using a generalized Laplacian originted by M. Zaremba, and he has obtained
many important results [5]. One of our purposes in this note is to extend the
results of Prof. T. Satd to the equation (ID).

1) As regards notations, see § 1.
2) See § 2. . :
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In the meanwhile, Prof. M. Nagumo has conducted investigations into the
boundary value problem of the first kind concerning the equation (I) and has
given out an excellent work about the existence of solutions for this problem
[4]. The other of our purposes in this note is to establish the existence theo-
rem for the equation (II), by following the method which Prof. M. Nagumo
has pursued.

Chapter I is devoted to make preparations for the main subjects. In this
chapter, the differential operation of elliptic type is generalized in the way given
by M. Gevrey and we summarize matters appertaining to the elementary solu-
tion with respect to the generalized operation. Furthermore, establishing Pois-
son’s formula with respect to the generalized operation, we prove a theorem
concerning this operation, which is of primary importance to our research.

In Chapter II, we establish a group of theorems which are called theorems
of comparison and play important roles in various branches of investigation.
Moreover, considering the boundary value problem of the first kind concerning
the equation (II), we impose certain conditions on the function f(x,u,?), which
are named conditions of uniqueness and under which the solution of the above~
stated problem is determined uniquely. . :

The two following chapters are concerned with the existence theorem of
solutions for the boundary value problem of the first kind concerning the equa-
tion' (ID). ’

In Chapter III, we first treat of the equation of Poisson’s type: 2(u)=f(x)
by making use of the results gained by J. Schauder, M. Nagumo and G. Giraud.

Next, we investigate the estimation of the derivative 9,u(x), where u(2) is
a solution of the equation (II). The significance of the investigation for this
subject has been well recognized and certain investigators have made researches
in this subject. In the present note, this subject is investigated in the way
found by M. Nagumo.

Lastly, taking up the case where the function f(z,u,p) is bounded we
establish an existence theorem for solutions of the equation (II).

The purpose of Chapter IV is a deeper research of the existence theorem.
In the first place, assuming the existence of solutions of equation (II) and:im-
posing certain conditions on the function f(z,u,p), we make the properties of
the solutions clear, with a view of proving more general existence theorems.

Next, under the same conditions as imposed ébove, an existence theorem is
proved in the case where the considered domain D has the sufficiently smooth
boundary, and then we go forward successively.

" In Chapter V, we give the definitions of the maximal solutlon and the
minimal solution of the equation (II), and further an existence theorem of such
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solutions is established under the proper conditions. In the same chapter we
extend Harnack’s first theorem to solutions of the equation (II). ‘

Finally, the author wishes to express his sincere thanks to Professors Tokui
Saté and Mitio Nagumo for their kind guidance and helpful suggestions in the
course of this research, and furthermore the same author thanks cordially Prof.
Masuo Hukuhara for his kindness in affording the occasion of publishing this
note.
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Referénces

Chapter I. ~ Preliminaries

§ 1. Notations and preliminary remarks.

We use the notations 8,4 or 8;x for 8u/0%;, and 8, 0x,u or 8;0;u for 62 uf
0x;02;. = and 9,u mean m-dimensional vectors (@, %, -, %,,) and (0z,u,0z,u,
-, 0x,u) respectively.  8,0,% means an m-m matrix (0;0; ), 0,/u denotes
Ou/0x;/, and the same for the other notations.
We define |x—='], |8,u| and |8, 8,u| as follows :
1/2 m 1/2
ta=o/1={F @i-a} ", t0u1={S @0} "

1=1

10.0,u1={ 3, @007

D denotes a bounded domain in the m-dimensional Euclidean space and C
the boundary of D. Without loss of generality we can assume that D is con-
nected. Let D, and D, be two domains, and we write D, DD, or D,3D,, when
D, contains completely D,, that is, D, D D,.

Let {«,(x)} be a sequence of functions defined in a domain D. When the
"sequence {u,(x)} converges uniformly in any bounded closed set K which is
contained in D, we say simply that the sequence {u, ()} converges uniformly in
D. 1In contrast to this terminology, when the sequence {u,(2)} converges uni-
formly in D itseif (in the old sense), we use the terminology that the sequence
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{u, ()} converges uniformly in D in the strict sense. _

If D is a bounded closed domain, these two notions of uniform convergence
are equivalent. Therefore, in this case we do not make any distinction between
these two notions.

A function f(x) is said to be H,~continuous (0 <a<1) in a domam D, if
we have |f(#)—f(2")|<K|x—a'|* for any z, x'€D, and the least value of K
is said the Hoélder constant of f(x). .

With L. Lichtenstein we say that the boundary C is of Bh—class and D is
a domain of Bj—class, if the following condition is satisfied: ‘

The (m—1)-dimensional manifold C can be, in local, represented by parame-
ters (s;3:i=1,2,--,m— 1) in the form x;=2;(s), in such a manner that

18s; Os; 23 (s+ 4 5) —05;0s, 2,() | S H | Asl” 0<h<l, 0<H<+o>,
and Rank (9z;/9s). : » .

C[D] denotes the family of all the continuous functions in D, and Ck[D]
is the family of all the functions whose partial derivatives up to k-th order are
all continuous in D.

a;;(x) (4,j=1,2,---,n) are continuous in D (or 5) and the quadratic form

'Zlaij(m)fi &, is positive definite for any €D (or eD).
i,7=

Domains ®;, D,, D, D; in the (2m+1)—d1mens1onal real space are defined
in the following manner: ‘
D= {(z,u,p); 2D, |u|<+oo, |p|<+o0},
D= {@®,u,0); 2€D, |u|<+oo, |p|<+oo),
D= {(#,u,$); x€D, @) Su=d(2), |p|<+o},
Do={(®,u,p); 2D, e@=<u<La(@), |p|<+oo},
where p=(py, P2 -, Pm), and @(x), @(x) are continuous functions defined in D
(or D), whose full definition will be given later on; (see § 4).
f(x,u,p) is a continuous function defined in ®,;, (or D,, or Vs, or D,).
For a;j(%), f(x,u,p), we have to assume more restrictive conditions in the
detailed statement and these conditions will be imposed on when the necessity
arises. )
.In this note, we consider the equation of elliptic type
a.n L) =f(=,u,0,u),
where 8(&) is a generalized. operation of elliptic type, which will be given in
"the next paragraph.
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§ 2. Generalization of the operation of elliptic type®

Let (A;;(x)) be the inverse matrix of (a;;(#)), and let %, be any fixed
point in D.  Consider a linear transformation 2=7T2%' which transforms the

m b3
quadratic form E}IA,-,-(x,,)x,- %; into the form 3] x;2, then this transformation
‘ i,7=1 . i=1 s

changes also the forms _:ﬁl a;;(2)0;0;u and .Zmla;,-(x@)ﬁ,-u-ajv into the forms

ig= ij=
m m
_5_,‘16,-' 9;'« and Z}lﬁi' u-0;’v. The determinant of this linear transformation is
= = B .

equal to a(z,) /%, where a(x) is the discriminant of (a;;(x)). The linear
transformation defined by the above condition is named the linear transfor-
mation 2=T2x' associated with the point x,.

Let #(x) be a function belonging to C*[D}, and put «(Tx")=u'(z").

The following equalities are well known :
2m(m+2)

Pl :_ =13 . 4 P 14 ’
2.1 {44 (@)} sr=z, -lrl_rg O 7 a1 {w' (2" —u'(2")} d s

= izzllai' ;' ula,"),

€2.2) {4'u'(x?)) a =lim ————— fu' ()~ ' (w/ N dos

o' =0 Wy il ! —zo! | =7
Z ’
— ra.
"—g ai aj u(% )i-
i=

where ©,, is the surface of the unit sphere in the m~dimensional Euclidean space
and d .- the volume element at a point %" and dosr the surface element of
a sphere |a’'—2x,/ |=r at z’.

By the transformation x= Tx" associated with the point %,, we have

. 2m(m+2) '
2.3 yﬁ»Wﬁﬂ(n. » {u(2) —u(zy)} do,

=i§——1 a;;(2)0; 0;u(x,),

@0 Jim —22

70 Wy 7 J0(a4, 1)

{u(e)—ulz,)} dan
= ﬁ aij(xo)a'i 0;u(z,),
i, 7=k

where Q(2,,7) is an ellipsoid defined by .%lA,:j.(azo.).(m,-—-x;,,-)(xj—x‘,j);-—:rz and
3, 7=

(Q(2g, 7)) is a domain enclosed by @(2o,7). In (2.4) do,, means the surface
element of a sphere |2’—2,"|=r at a point 2" corresponding to a point

3) See [1]. Generalizations in other ways are given i f13, [23.



32 - ’ Lo Y. HIRASAWA

2€Q(2, 7).
For the 2-dimensional space, we can express (2. 3) and (2.4) in the follo-

wing explicit forms

@5 lim — / rdr f (o +rv/anCay) cos(0—¢),

x02+r" PED) Sln(0+¢)) u(xo)}dﬂ_ Z a;j(%0)0; 0;u(x,),

i,7=1

(2.6) hm

/ {u(@oi+rv/ay,(ay) COS(0 ¢),
2
-’”oz+7'l/a22(aco) sin(0+¢)) —u(x)} df= .]Z=1aij($o)a,' 0ju(2,),

where <p=Esm“ {a12(®) IV ay (o) aze (o) }.

Thus, we define an operation S(u(x)) for any u(m)eC[D] by the expres

SlOIlS
_ e 2m(m+2)
@D Bue)=Tm =2, (Q(m,r)){u(é)-W(w)}dwe,
or :
2.8) ) =Tm—2 Zm (w(®) —u(z)) oy,

rm+l Q(x, )
and an operation £(u(x)) is defined byA the analoguous expression which are
obtained by using “lim” in stead of “fim’’ in (2. 7) or (2.8). I Q)=
8(u(x)) at a point €D, then we use notation S(u(x)) for Lu(x)) and L(u
(x)). :
Thus, by a solution of the equation (1.1) in D we mean a function which
belongs to C'[D] and satisfies the equation (1.1). . ‘
Lemma 2.1. Let u(x) and v(x) be functions belonging to C*[D], and sup-
pose that Lulx)) and B(v(x)) are defined.at a point x,E D. Then we have
2.9 8@ v(36)) = (@) B(w(@0)) +u () (v (2e))
+2i§‘_=.1 a;;(%0)0;u(20)0;0(%0).
Proor. By using the linear transformation x—-i"x’ associated with the point
2, and the generalized Laplacian 4’ defined by (2.3) or (2.4) we obtain eas1ly
{4’ ' (@)@ )} e =20’ =0 (%) {A’ u' (@)} 2" =g,/

+u’ () (4 0 (D) w'=$o'+2,zl 0" 4! (/)0 v' (&o") .
=
In this expression, by changing the variable 2’ into x, we have (2.9), q.e.d.
§ 3. Summary about elementary solutions

In this paragraph, we give a sketch about elementary solutions and Pois-
son’s formula relative to the operation &(u). -
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Let the functions a;;(%) satisfy the following conditions:

@1 A< B @it <4 for Bei-,

i, 7=1
3.2) {‘_gl (afju)—a,-,-(x))z} <L|a'—al,

for any #, #’€D, where A(=1) and L are positive constants.
We put

{Z Al](c)(xi Et)(w]_gj)}?—z_m (m>2):
i,7=1
' -log{tElAz,G:)(x, Ei)(xj—éj)} (m=2),
and
I'(mj2—1) :
Lo/t Ve(,6) (m>2),
H;(z,8)= 1
| Tovacy e 9 (m=2),

where a(¢) is the determinant of the coefficients a;;(¢).
Further we put Hi(x,&)=H(zx, £) and L(H(z,§&))=K(z, &), then it is
easily seen, by an elementary calculation, that
(3.3 | K(z,£)=0(a—¢ [0,
Let f(z) be continuous and bounded in D, and put -

w(@) = — fDHw, £)f(E)dws,
then we obtain for any =D '
6.0 B =@~ [ KOO du®.

We call an elementary solution relative to the operation L(u) a functlon
E(x,£) of two distinct points 2 and £, which possesses the following propertles

1° R(E@,£)=0;

2° When x approaches to &,

E(x,8)={1+0Q1)} H(x,&).

The local existence of elementary solutions E(%,£) can be easily shown;
for example, Cf. [2], pp. 270-272. The operation 2(«) of elliptic type employed
in [2] is different from ones which we emiploy in this note, but this difference

4) The operation £ is operated with respect to the first varlable for a function of seve-
ral variables, if not stated otherwise.

5) See [3], p. 161.

6) See [1], pp. 55-57. 1In [1], this formula is shown for the case where the discrimi-
nant a(x) is equal to unity, but we can easily prove it for the present general case, along
the same lines as in [1].
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is not essential for the proof of the local existence of -elementary solutions
E(x,£). For, the proof in question is based on the formula (3.4).

Let x, be a point in D and let % be a posiiive number smaller than unity,
then we can'choose a sphere S containing

[ 1K@ oldo <.
Put KO (x, &) =K(z,£), and
K00 (g, £) = fs K(z, K™, E)dw;.

Then we have

IO(Ix_fln—m> : (n<m)’
K (x,£)=) OUog(Loflz—~£1) (n=m),

and for n>m, this function is continuous with respect to (%,£), where L, is
a positive constant greater than the diameter of S".

Heénce the series Z‘llK(”’(x, &) is convergent, and 3 1.K"‘)(:g:-,g) is conti-
n= . n=m+1

nuous with respect to (x,£).
The function

E(w,&)=Hs, )+ [ H@.0) KM Hdog

is an elementary solution relative to. the operation f(x), which is defined for
any two distinct points z, £&S. It must be noticed that this elementary solu-
tion E(x,£) depends on the choice of the sphere S.

Poisson’s formula in a special form may be given as follows®.

Tueorem 3.1. Let S be a sphere having the above-mentioned property and
let E(x,£) be the elementary solution constructed in the above. Let f(x) be
a continuous and bounded function defined in S, and put

u()=— [ B, Of@des.

Then, u(x) is continuous in S and we have for any point €S
Lu(x))=1(2).
Proor. The continuity of #(x) can be shown easily, and it follows from
the definition of E(x,£), that . /

fsEcx,@f(e)dw;

7) See [3], . Theorem 3, p. 150.
8). Poisson’s formula can be established in a more general form (See [2], p. 283). But
Theorem 3.1 suffices for investigation.
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- /S H(z, ©)F(E)dos+ fs f&do /s H(x,@gm(‘c, ©dw;

= [ 18 {f(£)+ L3 K<"><e,»c>f<c>dw;}dws.
J.S S n=1 .
Therefore, by (3.4) we have

~o{ [ £, O (e)dur]
=+ [ 33 K@, 0f@dor

—/;K(m, £ {f(f)-l—/; gl K(")(E,C)f(C)dwg} da%

=f(x), q.e.d. .

THEOREM 3.2. Suppose that functions up(x) (k=1,2,--) are continuous in
D and Qup(x)) are defined and continuous in D. If two sequences {up(x)} and
{Lup (%))} converge to two continuous functions u(x) and f(x) uniformly in
D, then R(u(®)) is defined in D, and the equality L(u(x))=f(x) holds for any
x€D. ) k ‘

Proor. For any fixed point @,=D, we can choose a small sphere S; with
the center #,, such thatin S, there exists the elementary solution E(x,£) which
is constructed in the way explained above.

The functions '

wi@=— [ E(e,§ 8u®)dor
are continuous in S; and the equalities
L)) =8(up(2))  (k=1,2,-)
hold for any z€.S,;. :

Let S; be a sphere concentric with §; and contained completely ini S,:.5,3.5,,
and let v,(x) be solutions of the equation L(v)=0 in S;, which attain the
values (%) —wg(x) on the boundary of S,». Since functions (%) =wv,(x)+
wp(x) satisfy equalities £(#;(x)) =8(ur(x)) in S,, and since @p(x)=u(x) on
the boundary of S,, we have

‘ ap@)=ug(2) in S,
by the uniqueness of solutions of an equation of elliptic type'?.
By virtue of the uniform convergence of {£(«,(%))}, we see

lim () = — / E(z, £) £&)d vp=w(z)
k>0 S

uniformly in §,. From this fact and the uniform convergence of {u;(x)), it

9) Such solutions vy (x) certainly exist. See Theorem B’ in § 6.
10) As regards the uniqueness of the solution, see Theorem 5.1 in § 5. The proof of
Theorem 5.1 is free from Theorem 3. 2.
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follows that the sequence {v.(%)} converges to a continuous function v(2) uni-
formly in S, and we have R
u(x) =v(x) +w(a).
It is easily shown that the function v(z) satisfies the equation L(v)=0 in

S;. In fact, let #(x) be a solution of the equation L(v)=0 which attains the
values v(z) on the boundary S, of S,. Then ‘by the maximum principle for
solutions of the equation L(2)=0, we have

Max | #(2) —vp(@)| =Max | v(@) —ve(a)].

S . S

Therefore the sequence {v;(x)} converges to #(x) uniformly in S,, and hence

() =v(x) in .S,.
Thus, 8u(x)) is defined for any xS, and

S(e) =8@)+8{ - [ B 5@ dor)=1@,
q.e.d.

Chapter II. Theorems of comparison and
conditions of uniqueness

In this chapter, we assume that the functions «;;j(x) are continuous in D
and the quadratic form ”Em_l a;;(x)E; £; is positive~definite in D (not necessarily
in D), except for Theore;m 4.6.

§ 4. Theorems of comparison.

The function f(x,u,p) is assumed to be defined in Dx S, where S is a set
in the (m+1)-dimensional space («,p), and we consider the equation
4.1 - L) =f(w,u, 0,u).
Treorem 4.1.  Let w(x) be a function belonging to C'[D], and let the ine-
quality .
4.2) Llo@) < f(x, u,0; 0(x))
hold for w(x)<u,x€D, (u,0,0(x))ES, and suppose that the equation (4.1)
has a solution u=u(x), such that the inequality

4.3) lim {0(2) —u(@)) = 0

holds for any point #€C. Then we have
4.4 o@)=ulx) in D.
Proor. If (4.4) is not true, then we have lel)f {w(2) —u(2)} <0 and hence

there exists a sequence of points {#)} in D, such that
lim {o(x™) —u(x™)} =Igf {w(x) —ul(x)} <0.
n—>ro0 .
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Without loss of generaiit_y the the sequence {2} may be assumed to con- A
verge to a point z,&D. Furthermore, by virtue of (4.3) we see z,&D. Hence
o(x)—u(x) attains the minimum at #,, from which it follows that

0(20) < u%e), 0z 0(20) =0 u(te), L0 (26)) = L(u(ao)).

Therefore we have -
Llo(@)) = f(=, u(xy), 0, 0(x0)),
which contradicts (4.2) ‘

Tureorem 4.2. Under the same assumptions as in Theorem 4.1, if the ine-
quality

lim {w (@) —u(2)} >0

%
holds for any i<C, then we have w(%)>u(x) in D.
. The proof is omitted.
Let f(x,u,p) be a function defined in Dx S, and let ©(z) be a solution of
the equation
L@ =f (%, 4,0, @).
If the inequality f(=,#,p)<f(x,u,p) holds for u<u, then we have (4.2).
Thus we obtain the following :
Tueorem 4.3. Assume that the inequality
f (@, p)< flx,u,p)
holds for (z,u,p), (x,%,p)EDXS and 4<u, and let u(x) and #(x) be solutions
of equations
Lu)=f(x,u,0,u) and 2(12')=f(m, #,0,%)
respectively. If we have
lim {#(x)—u(2)} =0

=%
for any 2<C, then 4(x) = u(x) holds in D.
Tueorem 4.4.  Under the same condition as in Theorem 4.3, if the ine-
.quality
lim {#(2) —u(x)} >0

T—>x
holds for any <C, then we have #(x)>u(x) in D.

Remark. In the above, by invérting the notations of inequalities we obtain
the theorems which are analoguous to Theorems 4.1-4.4.

Derinition 4.1. A function w(x) is called a quasi-superfunction (a quasi—
subfunction) of the equation (4.1) in D, if this function has the following
properties:

For any fixed point x,E D, there exist a neighborhood U of the point x,
and a finite number of functions w,(x)(€C[U]) (v=1,2,---,n), such that
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w(x)= Min w,{(z) Max o, (2)) in U,
I<v=n i<sv=n ,
and )
Blwy(2)) < flw, 0,(2), 0, 0,(2)),
E0u(@)) Z f(@, 05(2), 0,0,(2D))).

Then, concerning the quasi-superfunction, we can prove the following theo-
rem of comparison.

TueoreM 4.5. Assume that f(x,u,p) is non-decreasing with respect to u,
and let ®(x) be a quasi-superfunctivn of the equation (4.1), and let v(®) be
a function belonging to C'[D].

If the inequality

(4.5) ‘ - (@) > f(x,v(x), 0. v(x)
holds for the point x, at which v(2)>®(x), and if
4.6) lim (8(2)~ (2} Z 0

for any point £=C, then we have
4.7 ' o(x)=v(x) in D.

Proor. If (4.7) is not true, then it follows the same reasoning as in the
proof of Theorem 4.1, that there exists a point #%,&D, having the following
property : ’

®(20) <v(%), ®(20) —v(o) =I%f @) —v(@)}.

There exist therefore a neighborhood U of 2, and a function @,(2)eC'{U]
such that ‘

@y (24) <v(2y), ‘Dv(xo)"v(xo)=lgf {@y(2) —v(2)} <O.

Hence we have Y

0, @,(2)=0,v(x,) and K(@y(26))—L(v(2e)) =0,

from which it follows that

L(w(@)) —f(0, v(0), 0, v(e)) =
g(@v(%)) — (@9, By (%), T2 @y (20)) = 0,
which contradicts the inequality (4.5), q.e.d.

Remarg. We obtain also a theorem which is analoguous to Theorem 4.5
about a quasi-subfunction @(x) of the equation (4.1) and f(&,u,p) non-decre-
asing with respect to «.

We next assume that there exists a solution Z'(#)(€C![D]) of the equation
Q(w)=—1, which vanishes on C. If such a solution exists, then we see easily -
that it is unique and positive and bounded in D.

There exists certainly such a solution under the hypotheses that the func-
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tions q;;(x) satisfy the conditions (38.1) and (3.2) in D, and that D is of B,
class™?, A } ‘
The following theorem is useful for our research.
Tueorem 4.6. Let f(®,u,p) and F(x,u,p) be functions defined in ®, and
satisfying the conditions -
=0 (u=0),
f(“’“’”{go @z 0,
and .
|Fl,u, IS M - (M: a constant).
If the equation »
. Q)= (2, u,0,u)+F(x,u,0,u)
has a solution u(x) vanishing en C, then the inequality
4.7 ' u(@)| = MV (x)
holds in D. :
Proor. Let M’ be a constant greater than M, and put v(z)=u(x) —M¥(x).
Then u(x) satisfies the equation
L) =gz, v, 0,v),
where
gz, v, 0v)=f(2, v+ M ¥, v+M 0,.¥)
+F(z, v+ M ¥,0,v+M 8,%)+M.
The condition of the theorem implies
i 0<g(x,v,0) for v>0,
and from this fact and Theorem 4.1, it follows that
v(x) <0, hence u(x)= M ¥(zx).
Similarly —M' ¥ (x) < u(x). We have therefore
lu(@)| =M ¥(@) in D,
and by letting M’ tend to M, we obtain :(4.8).

§ 5. Conditions of uniqueness

~ Let f(x,u, pj be a function defined in ®, and consider the boundary value
problem of the first kind concerning the equation
GRY) ‘ - B =f(%,u,0,u). ‘
In this paragraph, assuming the existence of the solution for the problem,
we will find conditions, under which the solution is determined uniquely.
With this end in view, we first establish the following :
LemMa 5.1, If the following condition is satisfied:

11) {See Theorem B’ in § 6.
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[ <0 - for u<Q,
=0 Sfor u=0,
[>0 for u>0,
then a solution u(x) of the equation (5.1), vanishing on C, is equal identically
to zero in D. : )

S, u,0)

Proor. Since a function @(z)=0 has the property of the function w(x) in
Theorem 4.1, we see that u(2) <w(2)=0. Similarly «(x)=0. Therefore
u(2)=0, q.e.d. g ’ , ‘

Tueorem 5.1.  If one of the following conditions is fulfilled, then there
exists at most one solution of the equation (5.1) with the prescribed boundary

values.

(D R ) <, 2

an S, u,p) < f(x, @, p)
and . :
(5.2 —L-(pi—p) < fw,u, ) —f(x,u,p),
<a<a;i(x) in D;
QY f@,u,p) < f(x, 4, p),
and
6.3 @, u, P)—f(@,u,p) < L-(Di—p),

0<a<a;(x) in D,
where u<it, p;<Pi, p=(P1i, ", Pi» s bm)» D=(b1, i+ Pm), and i is a fixed
index, and L, « are positive constants.
(IV) D is contained in a domain: a<z;<B, —oo<z;<+oo (j¥xi), where
&, B are finite real numbers, and i is a fixed index. And for any u, # and
xsD )

- A@|u—] | B@)|pi— bl
e p)=fs 5,51 = (03;‘—01;(3‘*91;') |2 %;—a—B|
0 < A(), B(®), A(x)+B(x) <2 a;;(x),
where p and b are the same as above, but the condition p; < b; is omitted.
Proor. (I). Let u,(x) and u,(x) be two solutions with the same boundary
values, and put «u(x)=u,(x)—u,(2). By applying Lemma 5.1 to the equation
with respect to #(x), we easily see u(2)=0, q.e.d.
(ID). Define a function ¢(x) by ¢(x)=A—exp(—Lx;/a), where A is a po-
sitive constant such that ¢(z) is positive in D. Then we have
9; ¢(2) = (Lfa)exp(—Lala),
0;0; p(x) = —(L|a)? exp(—Lzx;/a).
Put u=¢(2)w and consider the equation with respect to w:
(5.4 L(w)=g(x, w,0, w),
where
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9(x, w, 0, w)=¢(@) ' {f(, ¢ w,0,(¢ w))
2 31 au()0;0 Ow-we)).
then, for #>w and x€D we obtain »
gz, w, 0, w)—g(x, w,0,w)
=@ H{f(®, ¢ w, w0 +¢0. w)—f(x, ¢ B, w6’2<p+¢0 w)
+8(p) (W —w))
S @) {2, 0, w 0.0+ ¢0, w) —f(x, ¢ W, W 0.0+¢08, w)
+2(p) (@ —w)}
= (@) L 0;0+8(p)) (w—w)
= p(@) " H{L¥a—(Lla)? a;i(%)} (@ —w)exp(— sz/a)<0
Hence :
6.5 gz, w, 0, w)<g(x,w,0,w),
and therefore we arrive at the case (I):
"~ (III). The proof can be accomplished along the same lines as in (II).
(V). Put p@)=(@;—a)(f—=;) and u=¢(x)w, then we have (5.4). For
w>w and €D, ' ' : o
g(w, W, 0,w)—g(x, w, 8, w) :
= {2 a;;(x) = (A(@) + B(x))} (w— w)/¢(x)>0
we are therefore led to the case (D), q.e.d.
One will see that the conditions (II) and (III) in the above theorem are
weakened in the under-mentioned theorem.
THeoreM 5.2. If one of the following conditions is fulﬁlled then there
exists at most one solution of the equation (5.1) with the prescrzbed boundary

values.
@ . ‘ S, u,p) < f(x, 4, p)
—L(x,u,p; p)Bi—p) = f@, u, p)—f(w,u, )
an Ao, u, p) < f(a, 4, p)

S u, p)—f(a,u, p) < L(x,u,p 5 p)(Di—pi)
where u<#@, p;<Ppi, p=(p1,*s Pir s Pm)s D=(P1, ", Bir s Pm), and i is a fized
index. Furthermore L(x,u,p ; p;) is a function of (&,u,p, p;) which is bolm-
ded in any domain :
{(@, 0,0, 05 €S, |ul <M, |p| M, | §:| < My},

where S is an arbitrary closed set contained in D, and M,, M,, M, are arbit-
rary finite positive numbers. Co

Proor. Since the theorem can be proved for the condition (II) in the same
way as for the condition (I), we give a proof only for the condition (I). .

Let u,(x) and u;(x) be two solutions with the same boundary values and
* we will show that a contradiction arises under the hypothesis that these solutions
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are different from each other.
Then, without loss of generality we can assume that the function v(x)=
u;(x) —u,(x) attains the negative minimum at a point of D.

Consider a sequence of domains {D,} such that ﬁ,,C D,,, and Gl D, =D,
e (

and let {a,} and {L,} be two sequences of real positive numbers having the
following properties :
Mm a,,(x)>a,,, Max L{z)<L,,

and L,/e, increases monotonely to mﬁmty for n—>oo, where L(x) L{x, us(x),
0z u (%) 5 0; us(2)).

The existence of these sequences can be easily shown by virtue of the con-
diton of the theorem.

Now put , .

0 (2) = A—exp(— L, (2;—Ble,),
where B is a real number such that x;—8 is positive for any £=(&y, -, % ***s Tn)
€D, and A is a constant greater than unity.

Then ¢,(z) are positive in D and hence each of functions v,(x)= v(m)/(on(x)
attains the negative minimum at a point 2 eD. We show that there exists
a natural number 7, such that x®d€ D,,. »

In fact, if the above conclusion is not true, then each point z® belongs to
D—D,, and without loss of generality we can assume that the sequence {z™}
converges to a boundary point x®@&C.

On the other hand, by the definition of £, we have

v(@) (@) Z v/ (2™) in D,
and therefore, for n - o, the sequence {v(%)/¢,(%)} converges to -v(x)/A and
the sequence {v(%™)/g,(x™)} converges to zero.

Thus we see

’ v(x)=0 in C,
which contradicts the assumption that v(x) attains the negative minimum at
a point of D.

Eventually we obtain the following conclusion by renewing the notations :

If we choose adequately a domain D, and two positive numbers & and L,,
such that D, D and

I<a< Mm a;(2), Max L(x) <L,

and if we put ¢(2)=A—exp(— Lo(x, B)/a) then v(@)/¢(x) assumes the nega-
tive minimum in D, which is attained at a point #® belonging to D,.
Now put u=¢(x)w and consider the equation with respect to w:

5.6) Lw) =gz, w, 0, w),
where
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9@, w, 0, w)=p(@) " {f(@, ¢ w, 0:(p w))
-2 él a4(2)0; 90x w—w L)} .
Furthermore we see
0j9=0 (j*i), 08up=(Lofadexp(—Lo(z;—B)|a)>0,
0i(p w)=¢8;w (j*i)
0:(p w) = ¢0; w+w(Lofadexp(— L(2;— ) |ar),
(@)= —a;i(#)(Lofa)? exp(— Lo(#;—B)/|a).
On the other hand, put w;(@)=u;(®)¢(x)™* (j=1,2), then, as the function
w;(®) —w,(x) attains the negative minimum at the point &< D,, we have
6.7 wi(a®) <wy(2®), 8, 1w, (29) =8, wy(a®),
(5.8 L (x)) 2 L(wwa(2)). ‘
Furthermore, put w;® =w; (&) (j=1,2) and ¢ =¢(x®), then it follows
from (5.7) and the condition. (I) that
92, w,(8®), 8y wy (2 9))~g(2®, wy (2, 8, wa(2®))
= {f(@®, pOw, @, p®§, 10,® + 1,9, )
—F(8D, 0O, ® 5, 1, ® +5, )
. — (W, O —w, )8 (™)} [p®
S{FAED, 0@ w,®, pO® §, w,® +20,® §, p©®)
—F@®, D10, ® 9® § 10,® 410, §,0®) — (20, ® — 1, OIR(P®)} [p®
S{L@®, 49,8, 6, 5 0; 4,0, 9@ +8(p )} {10, @ —ww; ®} [p®
S[{Lo¥a—(Lo/e)?a;(xO)} (w, P —w, )@ Jexp(— Ly(2; —8) [a) <O0.
Hence we have
g(x®, w,(x®), 0, w, (@) < g(x®, wy(x®), 8, w(£®))
which contradicts the inequality (5.8), q.e.d.

. Chapter HI. Existence theorems, I

§ 6. The equatiom L(u)=f(x).

We must deal with the equation
6.1 u)y=f(x),
for discussing the existence theorem for the boundary value problem of the first
kind concerning the eqﬁation
Lu)y=f(z, u, 8, u).

On linear equations of more geheral forms, many authors have given out
works, and especially, M. Gevrey and G. Giraud made researches ‘by using
generalized operations of such a sort as explained in § 2; [1], [2]. But here
we touch briefly on the equation (6.1) and summarize the facts which are ne-
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eded in future.
As our discussion rests on J. Schauder’s and M. Nagumo’s works [4], [7],

we begin with explaining their results which will be used in this paragraph.
Let f(x) be H,-continuous in a bounded domain S and let Hg(f) be the
Holder constant of f(z) on S.  We define If “g by

v I1f115=Sup | f)|+HG(f).
If 'f(x) belongs to C2[S] and if 8;0; f(x) are H,-continuous in S, then we

define ||f1I¥* b
IIfH“’z—HfHSJrHa Flis+110.0. flls

In the three following theorems (Theorems A, B and B’), we assume that
the function f(x) is H,continuous in the closure D of a boundéd domain D for
a positive number @ smaller than unity, and also we assume that functions
a;j(x) are H,,.-continuous in D and satisfy the condition

 det(ai)=1 and |la;||%<4  (0<a<l,e>0).

Tueorem A. (J. Schauder). There exists a constant Cp, which is determi-
ned only by a, ¢ and A, and which has the following property :

For any compact set K contained in D and for ahy solution u(x) of the

equation
(6.3) Lw)= i]Z";laij(x)ﬁiaj u=f(x)

a2

such that ||ul|p?<+4co, we have the inequality

Nu@)||%* < Ca 674 F1I5+Max | u(a))),

<where 0 is the distance between K and the boundary C of D'?.

TueoreM B. (J. Schauder). Let D be a bounded domain of By-class and let
B() be a function of C2[D] such that ||B||D*<+oo.

Then there exists a solution u(x) of (6:3) in D with the values B(x) on the
boundary C of D, and we have »

6.9 IIuH”’zSM(HfHD-FHBII“’Z,

where M is a constant depending only on D, a, ¢ and A.

The following. theorem may be easily proved by Theorems A and B.

Tueorem B’. Let D be the same as in Theorem B, and let ¢(x) be a conti-
nuous function on C.

Then there exists a solutwn u(x) of (6.3) in D with the boundary values
go(x) on C.

12) [7], Satz 1..
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Hereafter, in the present chapter, we assume always that the functions
a,;(x) satisfy the following conditions :

(6.5 A7 = .f‘—l1 a;j(x)€;6; < A, for %} £2=1,
i5= =
6.6) {il (aij(w')—aij(x))z}”2$ L|z'—=]|,
i,j= :

where 2 and ’ are any points of D, and A(=1), L are positive constants.

Under this assumption, it can be easily shown that there exists a constant
A depanding only on A and L such that the condition (6.2) is fulfilled.

With M. Nagumo, we say that a domain D possesses the property (o), if
there exists, coresponding to any point p&C, a.closed sphere S, with a radius
>0, such that DN S,={p}. }

Then it is easily seen that a domain of Bj-class has the property (o).

The two next theorems are due to M.'Nagumo. ‘

Tueorem C. Let D be a bounded domain having the property (o) and let
d be the diameter of D. ]

Let u(x) be a solution of (6.3) %}anishing on the boundary C of D. Then
we obtain : ‘

lu(%)l = CA’ ard p(x)lv'[D_aX If(x)l

where Cy, 4,4 is a constant depending only on A,o,d, and p(x)=dist(z, C)¥.
Tueorem D. Let D and d be the same as in Theorem C, and let u(x) be
a solution of (6.3) in D. Then we have

04| S C), 4@ Max )Iu(w’)l+CﬁiL,dp(x)l\/IIjelxlf(x)l,

—z'|=p(x

(1) (2)
where CA,le and CA’L,d ‘

exactly C; ,=v 2 (m+6)ALdW™.

Regarding Theorem D, M. Nagumo proved a more general theorem, but

are constants depending only on A, L and d, more

Theorem D will suffice for our present needs.

By making use of Theorems B’ and C, we first prove the following theo-
rem.

Tureorem 6.1. Let D be a bounded domain of Bj-class, and let f(x) be
continuous in D. Then the equation (6.1) has a unique solution u(x), which
attains the boundary wvalues ¢(x), where ¢(x) is a continuous function prescri-
bed on the boundary C.

Furthermore we have

13) [4], Lemma 1, p. 210.
14) [4], Corollary of Theorem.2, p. 214.
*) See Postskribo at the end of this note
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Julo)| < Mcax @€+ Cas0sa 6(2) ng | f(@D],

‘ where p(x)=dist(x,C) and d is the diameter of D, and Cu,s,q is a constant
depending only on A,o and d.
Proor. Let v(x) be a solution of the equation
L(u)=0,
which attains the boundary values ¢(%) on C, and then the maximum principle
implies |v(z)] < Max Lo(x)].

Next we will show that the equation (6 1) has a solution w(x) vanishing

on C, and that the following inequality holds :
6.8) |w(@)t < Casara ﬂCx)Max ffCa)l.

Let { f,,(x)} be a sequence of functions belongmg to C'[D] and converging
to f(z) uniformly in D. And consider the equations.
(6.9 " L{w)=fn(2) (n=1,2,---),
then by Theorem B’, there exist solutions w,(x) of (6.9) which vanish on C,
and by virtue of Theorem 4.6 we have
[wn(2)] = ?F(x)ng FENR

and ;

| w0, (#) —was (@) < W(W)l\%x | fa(@) ~ fasa(2Dl,
where %(z) is the solution of the equation L(v)=-—1, which vanishes on C.
From these mequalmes and Theorem 3, 2, it follows that the sequence {w,(x)}

converges to a4 continuous function 'w(x) uniformly in ‘D and we obtain

Lw(x))=f(x) and lw(x)léq"(w)M%x WACHIR

Theorem C in this paragraph shows 0 < ¥ (2) < Ca,q,q 0(2), which implies
(6.8), q.e.d.
Cororrary Y. The solution u(x) given in Theorem 6.1, belongs to C*[D],

and we have

(6.10) 10, u(@)| = CYp 100 Max [ oI +C , Max )]

where C7 a,L,d is a constant depending only on A,L,d; more exactly C:) La=
V2 (m+6)A3Ld*’, and’ CA Lo,d is a constant depending only on A,L,o and d.

Proor. By Theorem D in this paragraph, we have
|8: wa(DISCRp go@™ Max [w,(a)]+CJ 4 o@Max L, ()],

’I—

and hence

*) See Postskribo at the end of this note.
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18- wa(DIZ2C 1 yCoonatCiir 4 0@ Max | o)),

[0 w,(2) “‘aw‘ Wy (1) ]
S2C51 4 CarmatCLly s 0@ Max | @) —fuis(@)),

W . .
where C;;,L,d’ ijzL’d are constants depending only on A,L,d, and Ca,ea IS
a constant depending only on A,o,d. o

The last inequality shows that the sequence {8, w,(x)} converges to a con-

tinuous function uniformly in D, and hence w(xz) belonges to C![D]. Further-
more we qbtain ' '

0. w(@)| S C 1, s Max | ()],

@ !
where C) | ,=2C, ,Caspa+dCy, .
On the other hand we see
19 v(@)I < Clp) g 0(2)7 Max |9 ()],

we have therefore (6.10).

CoroLrary 2. Let u(x) be continuous in a bounded domain D, and let
Lu(x)) be defined and continuous in D. Then u(x) belongs to C[D].

- Let Dy, be a domain such that D,C D. Then we can find a function
@(2)=C*[D,] for a given €>0, such that
lu(@)—a(@)|<e, |0, u(x)—0,u(x)]<e, |8(u(x))—Llu(x))|<e,
in D,. v ‘ .
. Proor. Put Qu(z))=f(x). Since u(x) can be regarded as a solution of
the equation (6.1), we see easily that u(x) belongs to C![D].

‘Choose a domain D, of Bj-class such that D,&E D,ED', and regard u(x)
as a solution of (6.1) in D,, which attains the values «(%) on the boundary of
D,. ’

Consider D, as D in Theorem 6.1 and Corollary 1, and put

un(@) =v(@) +w,(x), :
‘then u,(2)€C?[D,], and the sequences {u,(®)}, {0;#,(%)} and {L(u,(2))} con-:
verge uniformly in D, to (&), 8,u(x) and 8(u(x)) respectively. By these facts.
we obtain this corollary. ‘

The following theorem was proved by G. Giraud.

Tueorem E. Let ® be a bounded domain in the m-dimensional Euclidean:
space and let w(E) be a continuous function in D such that I\/Iﬁax |w(€)]| = M<+oo.

Furthermore let G(x,&) and 0., G(x,§) (1=1,2,---,m) be continuous functions:

15) Regarding the notation D, D,, see § 1.
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Jor any z,£€D, (28, such that ‘
|G, )| < N|z—£ ™, 102G, O|<N[g—£P (0<i=D.
Then the function defined by

| F@= [ 6@ Ow®do;

satisfies the following inequalities for any %, *'€D:
Ik(m)MN/l“‘(l—/l)“ |z—a' | for A<L1,
IF(x)_ECx)lélk(m)Mle_xIHOgﬁ for 1=1,
where L, is a positive .constant greater than the diameter of ® and k(m) is
.a positive constant depending only on m and L,'%.

TueoreM 6.2. Let D be a bounded domain, and let {(fqo(x); nSH} be
.a family of functions which are continuous and uniformly bounded in D: |fy
@I T. ’

Let u,(x) be solutions of the equations

L) =fow)  (pEH),

.and suppose that {uy(x)} is uniformly bounded in D: |uy(x)|< N. Then the
Sfamilies {uy(2)} and {8 us(x)} are normal in D. ‘

Proor. Let D, be a domain such that D, C D, and we will show that the
families {uy(x)} and {9, ux(2)} are normal in D,.

Choose a domain D, of Bj-class, in such a manner that D,E D,ED.

Then it follows from Corollary 1 of Theorem 6.1, that

105 un(2)| = Cf;iL’d o7 N+C31L,a,d r

in D,, where ¢ is the distance between the boundaries of D; and D,. This esti-
‘mation implies the uniform boundedness of {8, #;(%)} in D,. Hence it is obvious
-that {uy(x)} is normal in D,.

Regarding the family {0, u,(%)}, we have only to show that {8, uy(x)} is
.equi-continuous in a neighborhood of every point contained in D;.

Let %, be any point in D, and choose three concentric spheres S;, S; and S,
‘with the center #,, such that D;3S5;3S5,3S;, and so small that we can const-
ruct the elementary solution E(x,£&) in S;, by the method explained in § 3.

Put

wn(2) = — [S E(z, £ fa(&)d o,

16) See G. Giraud’s memoir [3], p. 137, Theorem 1, and p. 146, Theorem 5. To prove
Giraud’s theorems, the convexity of the domain ® must be assumed, but the hypotheses
of these theorems lack this condition. When we shall make use of Theorem E later on,
this condition will be fulfilled.
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and let wy(x) be solutions of the equation L(v)=0, which are defined in S;,
and attain the values u,(2)—wy(2) on the boundary of S,.

The functions w,(2) belong to C[S,], and it is easily seen that

wn() =v9(2) +wn(2), 0y un(®) =0y v9(@) +0, wy(2).

Thus we have only to show that {8, v,(x)} and {8, wy(x)} are equi-continuous
in S,. _

Consider {0,w,(x)} in the first place, then in the same way as in the proof
of Theorem 3.1, we easily obtain

wi(2) = [9 H(, £)ga(&)dwe,

and

0 wi(w)= [ 8, H(w, £ gu(®)dor,

where

() =— {fn(§)+ [ roErme, c)dw;}.

Since there exists a constant K, such that

1+ EIK(")(E Oldwe = K, for £€S,

the functions g,(&) have a common upper bound in such a manner that |g,(&)|<
K, I’ for £€=8; and = H.
On the other hand, we can find a constant K, such that
- 10:H@ OIS K |a—£1'™, 10;0; H=, OIS K, |a—£[™
for 2,£€S,. Therefore, by virtue of Theorem E we obtain
(6.11) |0, wy(2)—8, wy(a)|Z k(m)K,K, I'|z—2"| log W
for #/,x<S,, where L, is a constant greater than the diameter of Si, and k(m)
is a constant depending only on m, L. : ’

Hence 0,wy(z) are H)-continuous in S;, with a common Holder constant
for all 9,wy(x), where 1 may be any positive number smaller than unity.
Thus the family {8,wy(2)} is equi-continuous in S;.

Next the equi-continuity of {8,v4(2)} in S,, is easily proved by showmg
* that {8,0,v4(2)) is uniformly bounded in S,.

In fact, the family {wy(x)} is uniformly bounded in S;, which derives from
the inequality

lwn(2)| < T L | ECz, &) oz,

and hence there exists a positive constant K,, such that
l\%ax [og(2)| = l\%ax lun(x)|+M§1X [wn(2)| < K;
2 2 2
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for any n€H. Therefore it follows from Theorem A, that
MSaX 10.0; va(2)l < Cra,py 674 ng Joa()| £ Ca,1) 074 K,

where d is- the distance between the boundaries of S, and S;, and Ca,z) is
a constant depending only on A and L. This shows the uniform boundedness
of (8,0, vo(x)} in S,, q.e.d.

Tueorem 6.3. Let D be a bounded domain of Bj-class, and let f(x) be
a bounded continuous function defined in D. Then the equation (6.1) has a uni-
que solution u(x), which attains the prescribed value ¢(x) on the boundary C
of D, and we obtain

6.12) lu(@)] < Mcax [e(@)[+C 4500 0(x) Sgp [f(l,

where @(x) is a continuous function defined on C and Ca,.,q has the same
meaning as in Theorem 6.1.

Proor. Without loss of generality we can assume ¢(x)=0.

Let {D,} be a‘sequence of domains of B,-class, such that D,ED,.,ED and

GlD,,zD, and lét C, be the boundaries of D,. Then, by virtue of Theorem

6.1 the equation (6.1) has solutions u,(%) vanishing on C,, and defined in D,.
Here, we extend the domain of definition of «,(x) to D, by defining «,(x)=0
in D-D,. '
Let ¥ (2) be the solution of the equation L(w)= —1, which vanishes on C.
Then it follows from Theorem 4.6, that
(6.13) ' lu (<M in D (n=1,2 ),
where M > Sgp [ f(2)].

The inequalities (6.13) imply the uniform boundedness of {«,(x)} and hence
we see, by Theorem 6.2, that {«,(2)} is normal in D. )

Therefore we can assume, without loss of generality, that {«,(x)} converges
to a continuous function z(2) uniformly in D. «(x) is, obviously, a solution
of (6.1) in D, and by (6.13) we have

(6.14) Ju(@)| < M¥(x) in D.

This inequality shows that u(x) vanishes on C. Further, since 0¥ () <
Ca,0.2 0(), we obtain (6.12) by letting M tend to Sup|f(«)| in the inequality
(6.14).

§ 7. Estimation of the derivatives dxu

Let u(x) be a solution of the equation (I): L(w)=f(x,u,0,4). M. Nagu-
mo obtained a result for the estimation of the derivatives 0., and used it for
proving an existence theorem of solutions for the boundary value problem con-
cerning the equation (I). v
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In this paragraph, we will extend his result to the equation
7.1 () =f(a,u,0, u),
and modify it a little. ‘ ‘
Tueorem 7.1. Let D be a bounded domain with the diameter d, and let
the coefficients a;;(x) fulfil the conditions (6.5) and (6.6) in D.
Let f(x,u,p) be defined in the domain :
D,={(z,u,p); x€D, 0@=u=<d(x), |p|<+oo},
and satisfy the following condition : ‘
7.2) | flz,u, |< B|p|*+ T,
where B and I are constants.
Let u(x) be a solution of the equation (7.1), such that
(7.3) lu(@)| <M in D, and 47, ABM<1,
where 1, =2I((m+2)/2)]IA[2)I((m+1)/2). Then we have for any z< D,
|0, u(x)| < CO p(z)7? Max |u(x’)|+C(2),p(x)=dist (z,0),

—z'i<p(x
where CY and C® are constants dependzng only on m, A, L, B, M, d, and F
Proor. Let a be a point of D, and let X, be a closed sphere defined by
={z; |lz—a|=Z ro(a)} O<e<D).
Put
7.9 te=Max {|8,u| p ()},
z€X,

where p.(2)=dist (x,3.), and . is the boundary of 5, then there exists a point
£, 2, such that
(7.5) [0z 02| 0(@o) = iy

On the other hand, by the linear transformation #=T=z’ associated with
%,'”, we obtain .

30, ais(@00:0; o) = 315/0// (")
for any twice differentiable function ().

We put u(x)=u'(z"), f(x,u, B,u)=f"(2',u’,8, «'), and denote by &/ (x")
the generalized operation of elliptic type after effecting the linear transformation
#=Ta'. Then, espécially we have &'/’ (z))=4"u'(x,).

Let S, be a closed sphere of a radius Ap.(%,) and having z,"=T"1(x,) as the
center and contained in 7743 ): S, C T-(2,), where 1 is a number such that,
0<A<CA12]2, .

By virtue of Corollary 2 of Theorem 6.1, we see that there exists, for
a given 6>0, a function v(w’) belonging to C?*[S,] such that inequalities

(7.6) lu'(2") —v(aD|<e, 18,/ 4'(x")—8," v(a’)|<e,
‘ [ & (' (")) — L' (v(a"))|<e

17) » See § 2.
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hold for ‘any 2'<S5,'®. Thus, the equation (7.1) can be rewritten in such
a manner that ’

@D A= 3 Gal )0/ 0] o)

+{L' (@) =& @' (@)D} + 1 (&', &, 0z u”).
Let G(2’,£) be Green’s function concerning the equation 4’v=0 with res-
pect to Sa. Then we have

v(a)= —w;,,lfs G/, 617 (€, u'(§), 0¢ u' (§))dwe
—w;:fs G, L (W) —&' (' (£))) dwe

;! [ GG, ©) 3 (01—l (8,8} v(®)dox
s, i,j=1
—h(x") — {h(x)—h(2"},

where 2(%") and k(x") are harmonic in S, and attain the values #/(%') and
v(x’) respectively on the boundary of S,.
The above expression for v(sx’) shows that
(7.8 182 v(a,) | S (D+AD+AID +AV)+(V),

where

®© =0, [ 0 GG, Orider|,
2

@ =0 [ 00 6,6 3 Gl @0/ 0] v(©)dur],
S; {,7=1

WD =8 A

avy = o[ 0 Glar, O (L @E)-F W@ or|,

V) =10 {h(xp) —h(za)}|.
Now, it is easily verified that

(7.9 10, u(@)| S A-2 AV 1 p(x) o, in T(SOCZ,,
and we have
(7.10) [0, u@= v 2 o(e) e, in T(SHC I,

by making 1 so small that (1—2AY))" 1< /7.
Hence, it follows from (7.2), (7.9), that
(7.11) [f/(&,%'(8), 0w’ (EN]=]f(w, u(®), 0 ula))|
SA-2AY)2 Bo () ul+ T
for any £€S,. \

Since

18) Apply Corollary 2 of Theorem 6.1 to the new operation 8/ (u’(2’)).
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(00 G g{l-(%;—')m}|e—xo'|-m+lg|s—xo'rmﬂ,

we obtain
(7.12) @O ={A-21AY)2 B (o) 2+ p(x)} A.
Furthermore, by using (7.6) and

10602 GG, 1= met {1 (L2 ) " 1oy o
=n+D|§—x ™™,
and in the same manner as in M. Nagumo’s proof!®, we have
(7.13)  AD  =mv'm(m+3)AY2 L Ao(we) (V2 A 0u(25) 7" tacte},
(7.1  dID =2 o2 1 Max{|o/ (@) 5 12" —a' | < Ao (20}
S0 Sup lul@)l), '

(7.15)  {AV) = do(zpe, V) =10 () ' T en
On the other hand, the inequality
[0z u(ae )| = A7V 8, u(@e)| = A2 0 (£0) 7" U,
shows
@16 0w v ()] Z e (20D —€ = ATV p (30 pre—e.
Since p,(2)<2p(a) =< d, it follows from (7.12)~(7.16), that
AC ul2—A—AC uAA1Cyte Cy 20,
where ' ‘ ;
COZ (l_x AI/Z)—‘Z BAI/Z’
Ci=m(m+3W2m LAY d, )
Cy=71m AY* Sup , lu(a)|+4 A2 22 p(a)? T,

|x—al=p(a
Cs=m(m=+30v"m LA? 2o (2)2+ 1 A2 p,(,)?
‘ 41t T A172+A1/z 0:(%0).
Thus, by letting ¢ tend to zero, we have
7.17) AC, ui—1A—ACQu+A1C,=0.
Since CoCy, =(1—2AV) 2 AB(1,, M+4220(a)* "), by using the condition.
(7.3), we can make A so small that
(A=2C2>4(ACHUA"CY),
and hence an equation '
AC, X2—(1—-ACHX+A1C,=0
may have two distinct real positive roots R,, R,.
Therefore we obtain along the same lines as in M. Nagumo’s proof
N0, u(@l=C® p(a)"lx Sup )l u(@)|+CP,

—al=pa
where C?, C® are constants depending only on m, A, L, B, M, I" and d.

19) [4], Theorem 2, pp. 211-214.
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Tueorem 7.2. If, in stead of the condition (7.2) the following condition is
.assumed, : '

[ fQe,u, IS T,
and if the condition (7.3) is dropped, then we have
(7.18) |0, u(z)| < KD ﬂ(x)_ll S}lp( )[u_(:c’)|+K(2’ o)L,
x'—xl=p(x

where K® and K® are constants depending only on m, A, L and d.
Proor. Under the above-mentioned assumption, the inequality (7.17) may
‘be replaced by ‘
A=2ACPu = 271Gy,
and then by putting: A=Min{(2C,)"!, A"V¥?/4}, we obtain
e = 2Q2CHC=4C 7 A"Zl asélz( X |u(a)|+8 AV? do(a) 1.

Therefore by letting & tend to unity, (7.18) can be shown. -
§ 8. The case where f(x,u,p) is bounded.

In this paragraph, we establish an existence theorem for solutions of the
-equation
8.1 L) =f(w, u,0,u)
in the case where f(#,u«,p) is bounded in D,.
TueorEm 8.1. Let D be a bounded domain of B,-class, and let the coeffi-
cients a;j(x) satisfy the conditions : '

8.2) At 3 a@EGS A Sor Sier=1,
) m 1/2
(8.3) {_2<aij<x'>~aij<x>>2} < Llz'—al,
i, j=1

for any x, :x:’Eﬁ, where A(=1) and L are positive constanis.
Suppose that F(x,u, p) is continuous and bounded in the domain
D= {(®, u,); ¥€D, |u|<+oo, |p|<+oo},
that is to say, |f(z,u, )| T in D,.
. Then there exists a solution of the equation (8.1), which wvanishes on the
boundary C of D.
Proor. For a positive constant N, we denote by Fy a family of all func-
tions v(z)(€C[D]) having the following properties:
8.4 v(2)eC[D] and |v(x)|< TP (),
(8.5) ' [0, v(@)|<N in D,
where ¥ (%) is the solution of the equation L(v)=-1, which vanishes on C.
Therefore §uy is a closed and convex set in the linear topological space
C1[D].  The topology in C'[D] is defined by semi-norms ||vll, :
||vl|n=MDaX lv(x)lJngX [0, v(@)],
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where {D,} is a sequence of domains, such that D,&ED,,,, and G D,=D.

As the function fr,1(a)=5(x, v(x),0, v(2)) is continuous and bounded in D
for any v(m)E%N, Theorem 6.3 shows that the equation
L(w) = fr(x) )
has a unique solution #(%x) vanishing on C, and moreover it follows from Theo-
rem 6.3 and Theorem 7.2 that . ‘
(8.6) [0,u(x)|=C*I", and |u()| < T¥(x),
“where C*=2 KW .C4,,,4+K?®-d is a constant depending only on m, 4, L, o, dr
and d is the diameter of D.

Choose N in such a manner that N=C* I", then the solution «#(z) obtained
above, belongs to §y and hence we can define a mapping FyDv(x) - u(x)=
Z(v(x))=Fn, which maps Fu into itself.

The continuity of the mapping ¥ can be proved in the following way.

Without loss of generality, we can assume that all D, are of Bj-class.

Let u(x) and «'(x) be the images of v(%) and »'(x) respectivery; then we
have only to show that, for any n, and any ¢>0, there exist n,, >0, such that

8.7 [lv—=v"|ln, <& implies [lu—u'|ls, <e.
Since w(x)=u(x)—u’'(x) is a solution of the equation
L(w) =fr1(®) — fro1(x),
and w(x) vanishes on C, we obtain by Theorem 6.3,
Max w20 Max T() X2 Chupsa Max o(x),

where C,, is the boundary of Dn and ¥ (%) is the solutlon of the equation
L(v)=-—1, vanishing on C.

Hence there exists a decreasing sequence {¢,} of positive numbers: ¢, | 0
(n - o), such that l\/gax |w(@®)| = €,

It follows from Theorem 6.1 and its Corollary 1, that we have for 2€D,,
lw(@)] = 6,4+ (2) M;X [ fo1(2) —fror1(2))]

= e, ¥ () MDaX [ froa(e) —fro1(@)1,
10 w(@| = CL Ly 0n(@) e

+CL 1 i aom Max | fo(@) =i i@,
where p,,(2)=dist(z, C,), and o¢(n), d(n) are the values of ¢, d, corresponding
to D,, and ¥,(x) is the solution of the equation L(v)=-—1, vanishing on C,,

and further C'; , . =12 (m+6)A*Ld(m)®.

*) See Postskribo at the end of this note.
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) w .
Since CA Laom= C La e can replace CA L by C La 1B the above
estimation of |8, w(m)].

Now we can find a natural number n,, such that

CE_:L’d 0n, () Ten, <efd for 2EDn, and en, <ef4,
which follows from the fact that there exists a positive number g, having the
following property : 0,(x) = 0,>>0 for any = D,, and any z> n,.
On the other hand, the continuity of f(x,«, ) shows that there exists a po-
sitive number &, such that [[v—v'}|s, <& implies
K 'M_aXIf[u](w) —frr1(2)| <ef4,
1

sz’L ot sonp MR | frua(a) —Froi(@)] <efd,

where K is a constant such that W(m)g K for zeD.
Hence we obtain (8.7)
Furthermore, by virtue of Theorem 6.2, the families
{u(@) ; u(@)E€XT@FN)} and (B (@) ; w(2) €T(Fa}
are normal in D.

Therefore, it follows from the existence theorem of ﬁxed points in a func-

tional space“"’), that there exists, in §x, a function v(x) satisfying
Lv(@)) =fro(®) =f(x, v(x), 0, v(2)),
which shows that v(%) is a required solution of (8.1), q.e.d.

Tueorem 8.2. Let D and a;;(x) be the same as in Theorem 8.1, and sup-
pose that f(x,u,p) is bounded in the wider sense with respect u in B,*V, and
(@, u,p) < flx, %, p) for u<a.

Then there exists a solution of the equation (8.1), which attains the boundary
value B(x) on C, where B(x) is a continuous function prescribed on the boun-
dary C of D.

Proor. Without loss of generality we can assume B(z)=0. By the hypo-
thesis of the theorem, there exists a positive constant M such that |f(zx,0, p)|
=M. o

We see easily that, if the equation (8.1) has a solutlon u(2) vanishing on
C, then the inequality

lu(@D|E M) ST <+
holds in D, where ¥ (x) is the solution of the equation L(v)=-1, vamshmg
on C.
20) See [6].

21) We say that f(x,u, p) is bounded in the wider sense with respect to u in Dy, if
f(x,u,p) is bounded in a domain

{(z,u,p) ; 2D, |u|N, |p|<+x}
for any positive real number N <4co.
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This follows from Theorem 4.6, and the equality
S, u, p)= {2, u,p)—f(=,0, P} + f(=,0,p).
If we define a function g(w,u,p) in the following way:
T (e, =T, (u<—1),
g(w,u,i))=lf(x,u,p) (-I'susD),
f(x, T, p) r'<u);
then g(z,%,p) is bounded in ;.
Therefore, by virtue of Theorem 8.1, there exists a solution u#(x) of the
equation
() =g(a, 4, 0,1,
which vanishes on C. Since |u(x)|< I, u(x) is a solution of the equation
" (8.1, q.e.d.

Chapter 1V. Existence theorems, II

§ 9. Introductive remarks.

In this chapter, we establish an existence theorem of solutions for the boun-

dary value problem of the first kind concerning the equation
. . () =f(x, u,0;u),
by making use of results gained in the preceding chapter.

Our investigations are conducted by following the way pursued by M. Nagu-
mo. - But, as we make researches' by employing the generalized differential
operation of elliptic type and by extending the sence of solution of the equation,
the proof of the theorems given in the present chapter, are more simplified than
in M. Nagumo’s work.

On the other hand, the generalized solutions which we treat of in this note,
do not generally belong to C2?[D], however it may be easily shown that our
generalized solutions belong to C2[D] under the condition?® which M. Nagumo
imposed on the function f(x,,p) in his work.

In the present chapter, we assume also that the functions a;;(x) fulfil the
following conditions in a bounded domain D :

(9,2) AT = .Zm:_l a;ij()E: £, < A for ﬁlg,ﬁ:l,
m /3
©.9 {3 @u@—an@r) " = Liaw,

where A(=1) and L are positive constants.

22) The condition that the function f(x,u,p) is Hg-continuous with respect to (%, %,p)
for a positive number a:0 < a < 1. For details, see Theorem 11.3 in § 11
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§ 10. Lemmas and a preliminary existence theorem.

In this paragraph, we give lemmas which show some characters of solutions
of the equation (9.1), and assuming that the considered domain D is Bj-class,
we establish a preliminary existence theorem for solutions of the equation (9. 1).

Lemma 10.1. Let D be a bounded domain having the property (o) and let
d be the diameter of D. '

Suppose furthermore that the function f(%,u,p) satisfies the following con-
dition:

(10.1) | £, u, P < B p P41
in the domain
Dy={(2, u,p); €D, 0@ = u<ad@), [p|<+oo},
where B and I' are positive constants, and 0w(x), &(x) are continuous functions
defined in D.

Let u(x) be a solution of the equation (9.1) vanishing on the boundary C

of D, such that ‘

10.2) || M (x€D) and 47, ABM<1
where 7,=2 '((m+2)/2)|I"Q[2)T'((m+1)[2). Then there exists a positive cons-
tant C* depending only on m,L, A, B, M, ¢ and I, such that

|u(x)l < C* p(2),
where p(x)=dist(z,C).
Lemma 10.2.  Under the same conditions as in Lemma 10.1, we have

| |0,u(@)| < C* (zeD),
where C* is a positive constant depending only on m, L, A, B,M,d,o and I.

These lemmas for the operation L(u) were proved by M. Nagumo in the
case in which the following condition is fulfilled in stead of the condition (10.2):

(10.3) lu(z)| = M (x€D) and 16ABM <12

Under the condition stated in this note, also we can prove Lemma 10.1 in
the same way as in M. Nagumo’s proof?® and by using Theorem 4.5. Hence
we omit the detailed proof of Lemma 10.1. ‘

' Lemma 10.2 follows from Lemma 10.1 and Theorem 7.1.
Lemma 10.3. Let D be a bounded domain and suppose that the function
f(x,u, p) fulfils the condition (10.1) in the domain:
D= {(@,u,p); 2€D, 0(x) = u = 0(x), | p|<+0},
23) See Theorem 7.1.
24) See [4], Lemma 2, pp. 218-219.. As a matter of convenience we divide, in this
note, M. Nagumo’s Lemma 2 into Lemmas 10.1 and 10.2.

25) Calculating in the same manner as given by M. Nagumo, it is easily seen that
the same result is obtained also under the condition (10.2).
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where w(x) and ®(x) are continuous functions in D, having the following pro-
perties : ‘
lo@I< M, |o(x)|<M in D and 4ABM<1.

Let & be a family of solutions u(x) of the equation (9.1), such that w(x)<
u(2) < w(x) in D. . ‘

Then the families & and & = (0u(x); u(x)EF) are both normal in D.

Proor. Let D, be a domain such that D, C D. Then we get by Theorem
7.1, ' .
[0u(x)] < CO Mdist (D,,C)"1+C®
for any z€D, and any u(z)<g, where C is the boundary of D, and CV, C®
are positive constants depending only on m, L, A, B,M,d and I

The above estimation of 0,u(x) shows the uniform boundedness of ¥’ in
D,, and hence % is normal in D, because D, can be any domain such that D,C D.

Put fruy(2)=f(x, u(x),0u(x)) for any u(x)EF, then the functions fl.j(x)
are uniformly bounded in D,, and hence in the same way as in the proof of
Theorem 6.2, it is easily proved that $ is.equi-continuous in D,. Therefore
& is seen to be normal in D for the same reason as in the case of &, q.e.d.. -

Here we repeat the definitions of a quasi-superfunction @(z) and a quasi—
subfunction (%) of the equation (9.1) which were given in § 4.

A function @(z) (w(=x)) is called a quasi-superfunction (a quasi-subfunction)
of the equation (9.1) in a domain D, if this function has the following pro-
perties. .

For any point x,€D, there exist a neighborhood U of the points x, and
a finit number of functions @,(z)eC'[U] (a,(x)EC[U]), v=1,2,,n, such
that

(10. 49 o(x)= . L\/Iin @y (x) in U,
=vEn .
(e(z)= 1Ma'x o(x) in U),
and
10.5) 8(@,(2)) = f(w, @(2),0,3,(x)) in U,

Elwy(@) < flw, y(2), 0,0,(x))  in U). _
Tueorem 10.1. Let D be a bounded domain of Bj—class and let D, be
a bounded domain containing D. Let w(x) and ®(z) be respectively a quasi—
superfunction of the equation (9.1) in D,, and assume that the following ine-
qualities are satisfied :
le@=M, |o@)|=M, o@ <a(@) in D.
Suppose that the function f(x,u,p) is continuous in the domain
{(#,u,p); €Dy, 0(x) = u < @(2), |p|<+oo},
and satisfies the condition (10. D in D, and
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| 47, ABM<]1,

where 1,=2T((m+2)/2)]A/2)T"'((m+1)/2). ,

Now let B(x) be a function belonging to C3[D] such that w(@)<BRE) <
@&(x) in D. Then there exists a solution u(x) of the equation (9.1) in D, which
attains the values B(x) on the boundary C of D and satisfies

0@ = u(x) S o(x) in D.
Proor. Without loss of generality, we can assume B(x)=0.
It follows from the assumption, that there exists a finite number of closed

-sets {U;}7, such that i\;jl U; D D, and the relations (10.4) and (10.5) hold for
every Uj. )
Let #(x) be a solution of the equation (9.1) such that o(x) < u(z) < 0(x)
in D. Then we obtain
|8,u()| < C* in D,
where C* is the constant given in Lemma 10.2.

Let Cfr 1 be the constant given in Lemma 10. 2, provided that I” is replaced

by I'+1, and put
N=Max{ Max [8,@,(2)], Max |2, 0@l Cir.}-
xeUjy xeU; v
Define a function fi(wx,u,p) by
[ fCaup) for |p|<N,
BP0, Nipl 9 for 151> N,
and define a function f;(x,u,p) by

/ fl(xgm(x),P)'i'T% | for u>a(x),
fz(x, u,P)= fl(x) u’P) fOl‘ .@(m) _S_ u é 07(“’)3
filo, 0@, DT A for u<ut).

Since f3(%,u,#) is continuous and bounded in the domain

D= {(®,u,9); x€D, |u|<+oo,|p|<+o0},
it follows from Theorem 8.1, that there exists a solution u(x) of the equation
Bw)=fo(z, u, 0,2,
* which vanishes on the boundary C of D.
We can prove that u(z) is a solution of the equation (9.1), by showing

0.7 o) < ula) g @&(x) in D,
(10.8) |0,u()| <Ck, <N in D

We first prove the inequality
u(x)< &) in D
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If the above inequality did not hold, there would exist a point z,€D such
that
@(20) —u(%o) =Ilr)1f {@(@)—u(=x)} <0,
which follows from the fact that «(x)=0=< &@(x) on C.
Put
‘ O (u()) =8(u(x)) — fr(w, ®(x), 0,u(x)).
Then for the point 2, we have
O (u0)) = 8(u(20)) — f2(g, B(0), Fxre (o))
= fa(ato, u(ate), 01 (20)) — fo( @y, @(%o), 05 (o))
u (o) —&(2y) ,
1wz —o@) ~
On the other hand, there exist, by the definition of @(%), a natural num-
ber v, and a neighborhood U of the point z,, such that @(x)=&,(x,), and
(%) < @y,(2) in U.
Therefore we have
Igf {@vy () — 2 ()} =Igf {@(2) —u(@)} = B(xe) —ul@,) <O.

which implies that the minimum of the function @,(®)—u() in U is attained
at the point z,, Hence we get

(10.9) ‘ RRCIYVELMACTY
and
(10. 10) O é _ﬂ_(a—jvo(fvo) - u(x(])) :§<(B\‘o(wo)) ”2(1‘(”0))

= f(g, By (20), 0By, () ) —B(u()).
If follows from (10.9) and (10.10), that
0 = Luly)) —f (o, By (2g), 0@y (%))
=8(u(#)) — (o, B (20D 0xBve (%))
=8(u (@) = fa(®o, By (%0), 02 (@) =0 (u(ex,)),
which contradicts the inequality @(u(zx,))>0.
We therefore obtain the inequality
u(z) < o(x) in D,
and similarly u(x) = w(x) in D. Thus we have (10.7).
Now we see that the function f,(,u,p) satisfies the condition
| folm,u, p)| < Bp|*++1,
and furthermore |u(®)|< M, 471, ABM <1. Therefore the inequality (10.8)
follows from Lemma 10.2, g.e.d.

§ 11. Existence theorem for the general case. -

Let D be a bounded domain and let {D,} be a sequence of domains of By~

class, which converges to D in such a manner that D,c D,., and U1 D,=D. ;
e
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It is well known that we can find a sequence {D,} of domains having the above-
mentioned properties for any bounded domain D.
Tureorem 11.1.  Suppose that f(x,u,p) is continuous in the domain
Dy={(&, %, ) ; €D, (@) < (@), | p|<+oo},
and satisfies the condition.
[fla,u, DIS B|p|*+ 1
in the domains )

DW= ((z,4,0); 2D, WD Su=Z (), |pl<too}  (n=1,2,-,
where w(x), &(x) are continuous and bounded functions defined in D: |w(x)|, .
|o(x)|< M, and B, I, are positi-ve constants such that 471,, ABM <1, 1,,=
2 ((m+2)2DIIrA[12) I {((m+1)/2).

Let {@,(2)} and {wy(2)} (@€Q) be systems of quasi-superfunctions and
quasi-subfunctions of the equation (9.1) respectively, which satisfy the following
inequality :

(@) = 0w (@) <O () Z@d(x) in D, (a,a’'€Q).
Then there exists a solution u(x) of the equation (9.1), such that ‘
\ Sup we(2) < u(x) < Inf @,(x) in D.
acsQ 1=3e]

Proor. Fix an index a(€) and let 8,(x) be a function belonging to
C*[D,] such that @,(x) < B,(2) < @,(x) in D,. Then, by virtue of Theorem
10.1, there exists a solution of the equation (9.1), which assumes the values
B.(x) on the boundary of D,, and satisfies the inequality

‘ 0o (®) = un(2) X B(x)  in D,

Consider a closed domain S such that SC D, and then we see SC D, for
sufficiently large n, and hence it follows from Lemma 10.3 in § 10, that the
sequences {«,(2)} and {8, u,(x)} are normal in S.

Now, Since S may be an arbitrary closed domain such that SC D, we can
choose a sequence n(y) of natural numbers, for which the sequence {u,q)(2)}
and {0, %0y (%)} converge uniformly in D.

Thus, if we put

lim u, ) (@) =u(x) and lLim 0uu,0) (@) =05ule),
y—roo Y=->o0o

then the sequence {f(®, %, 0)(®), 854,00 (%))} also converges to f(x; u(x),0;u(x))
uniformly in D. Therefore, by Theorem 3.2 in § 3, u(x) is a solution of the
equation (9.1) and satisfies the inequality
0 (2) = u(@) < 0y(2) in D.
Denote by &, the family of all solutions z(x) of the equation (9.1), satis-
fying the following inequality :
0u(®) S u(®) < Bu(2)  in D,

and introduce a topology into C'[D] by means of semi-norms ||u|[, :
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Haull.= Maxlu(:c)l-l—MaxIOxu(x)I for u(x)eC'[D].

Then, it follows from Lemma 10 3in § 10, that Fais a compact set in the
linear topological space C!'[D].

Now let {a;}7_, be a finite number of indices a;€Q, and put

E)*(x)=11\s/liisnn (@, (2)} and wy(x)= 11\5412 {@a, (2D} .

Then it is easily seen that @y(z) and w«(x) are a quasi-superfunction and
a quasi-subfunction of the equatxon (9 1) respectively, which satisfy the fol-
lowing inequality :
w(x)éw*(w)<5*(x)35(x) in D

Furthermore, the intersection ﬂ B, of the families {F,}7  is the family of

all solutions «#(x) of the equation (9. 1) satisfying the following inequality
W+ (@) = u(2) S B() in D,

i=1

n
and this family .ﬂl%w,. is non-void by virtue of the first part of the proof.
i= ’

Therefore, it follows from the intersection property of compact sets, that
the intersection ﬂQ & is non-void, q.e.d.
1=

Tueorem 11.2. Let D be a bounded domain satisfying Poincaré’s condi-
tion®™, and let a;;(x) fulfil the conditions (9.2) and (9.3).
L‘et @(x) and w(x) be a quasi-superfunction and a qua.’si%ubfunctiqn of the
equation (9.1) respectively, such that |&(x)|, |0(%) <M and w(z)<&(x) in D.
Suppose that the function f(x,u, p) is continuous in the domain :
D= {(2, 4, p); 2D, 0(@)=Su=< (@), p|<+o0),
and satisfies the following condition '
11.1) | fCx, u, )< Blp*+ T in D,
where B and I' are positive constants such that 4rABM <1, 71, =21 ((m+2)/2)/
IrQ2rm+10/2). ‘ ‘
Let B(x) be a continuous function defined in D such that o(x) <) <a(x)
in D. Then there exists a solution u(%x) of the equation (9.1), which assumes
the boundary values B(x) on C, and satisfies the inequality
11.2) Cw@=Zu(@)Zo(x) in D.
This theorem can be proved in the same way as M. Nagumo’s theorem?".
Derinvition 11.1. We say that the function f(x,u,p) is H, a—continuous
(0<a<1) in the finite part of the domain D,, if the followmg condztzon is

26) We say that a bounded domain D satisfies Poincaré’s condition, if every boundary
point of D can be touched from the outside by the vertex of a cone.
27) [4], Theorem 6, p. 225.
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satisfied. )

For any positive numbers M, N, there exists a positive constant Hyg,n such
that an inequality

I f(@, w, p)—f(x,, &, p)| < Hyon {6 —2" |*+ | u—u I‘”-HP =" 1%

holds for x,2'€D,|ul,|u'|<M and |p|,|p'|<N.

Then we can prove the following :

Tueorem 11.3.  Let the function f(x,u,p) be H,continuous in the finite
) part of the domam D, and let u(x) be a generalized solution of the equation
(9.1) in D. Then u(x) belongs to C?[D], that is, u(x) is a solution of the
equation '

L= ﬁlaij(x)aiaja= £t w, 0,0).

Proor. Let %, be any point in D. Then we have only to show that «(x)
has the continuous derivatives of the second order in'a neighbourhood of z,.

Let S be an open sphere with the center z, and a sufficiently small. radius.
“Then, along the same lines as in the proof of Theorem 6.2, we can easily prove
~that »(x) and 9,u(x) are H,-continuous in § for a positive number A< 1, and
‘hence we have

lu(@)~u(x)| = Klz—a' |}, |0,u(x)—0, u(x’)lSK[x 2 A

for », 2’ S, where K is a positive constant.

On the other hand, since there exist positive numbers M, N such that
lu@|=M and'laxu(x)lgN for ze S, we see

| flus(e) — fruz (@)
S Hpyn{lo—o" |+ u(@) —u(a)|*+|0, u(w) 0, u(x")|%}

-where Ju(@)=f(x, (), 0, u(x)).

Therefore, by assuming |z—=’|<1 for », 2’€S, we obtain

If[uj(m)—f[uz(x’)l<HM,N{1+2K‘”}Ix @’ for z,a'€S,

and hence: f[uj(x) is Hy,—continuous in S.

Consider an equation

(11.3) L) =fru1(2),

then, by Theorem B’ of §6 we see that there exists a solution v(x) of the
equation (11.3), which attains values %(z) on the boundary S of S.

The solutions #(z) and v(x) may be regarded as solutions of the equation

aL4) | L) =fra@),

and these solutions assume the same boundary values on S. Hence the identity

u(x)=v(x) holds in S, and «(x) belongs to C2[S], q.e.d.
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Chapter V. The maximal solution, the minimal
solution, and Harnack’s theorems

In this chapter, we assume also that the coefficients «;;(x) satisfy the condi-
tions (9.2) and (9.3) in D.

§ 12 The maximal solution and the minimal solution.

Consider the equation
az2.n L) =12, u, 0,u),
- :and suppose that there exist solutions of the equation (12.1), which attain the
prescribed boundary values ¢(x) on the boundary C of D.

A solution w(x) is named the maximal solution of the equation (12.1) for
the prescribed boundary values ¢(x) (or the maximal solution of the equation
(12.1) attaining the prescribed boundary values ¢(x) on C), if the following
<condition is satisfied :

Let u(x) be any solution of the equation (12.1), such that

a(@)=0(@)=px) on C.

Then we have the inequality z(z) <w0(z) in D.

The minimal solution of the equation (12. 1) for the prescribed values ¢(x),
_«can be defined in the analoguous way.

In the following theorem, imposing certain conditions on the function f(=,
a, p), we prove the existence of the maximal solution and the minimal solution
-of the equation (12.1).

TueoreM 12.1. Let D be a bounded domain of By-class, and let F(x, u,p)
be continuous zjn the domain

’ D= {(z,u,9); €D, |u| <+oo,|p|<+oo}. ‘

Suppose further that f(x,u,p) is bounded in the wider sense with, respect to
u in D, and f(x,u,p) = f(=,%,p) for u<i.

Then there exist the maximal solution and the minimal solution ‘of the equ-
ation (12.1) vanishing on C.

Proor. By virtue of Theorem 8.2, we see that the equation (12.1) has
-a solution #(%) vanishing on C.

Let {e,} be a decreasing sequence of positive numbers: ¢€,) 0, and consider
the equations

12.2) Lw)=f(a,u,0,u)—¢,. ‘

Then it follows from Theorem 8.2 and Theorem 4.3, that the equations

(12.2) have solutions u,(x) vanishing on C and we obtain

28) For the definition of boundedness in the wider sense with respect to u, see the
Footnote 21).
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(12.3) 4 (8) Z ety (8) Zu(x) - (wED).

The sequence {u,(x)} is therefore uniformly. bounded in D and hence the
hypothesis of the theorem implies that there exists a positive constant I", such
that

|f(@, un(@), 0sun (B =, | ST, (1=1,2,+).
Consequently we have
|2, ()| = T () (n=1,2,--),
where ¥ (x) is the solution of the equation L(v)=-—1, vanishing on C.

Thus, along the same lines as in the proof of Theorem 6.2, it is easily shown
that the sequences {u,(x)} and {8,x,(x)} are normal in D, and therefore we
can assume, without loss of generality, that the sequences {«,(x)} and {8,x,(2)}
converge uniformly in D.

Thus we have

Ii;n u,(2)=w(x) -and li)m 0,u,(x)=0,0(x),.

and
lo@)| < TP ().
Hence, it follows from Theorem 3.2, that w(x) is a solution of the equation
(12.1), which vanishes on C. o _
‘ Since the inequality (12.3) implies w(a) =u(z) in D, w(x) is the maximal
solution of the equation (12.1) vanishing on C.
" Concerning the minimal solution we can prove the theorem in the same way
as above.

§ 13. Harnack’s theorem.

Here we ‘generalize Harnack’s first theorem for harmonic functions to solu-
tions of the equation (12.1).
B In this paragraph, D is a bounded domain without any more restrictions,
and we suppose that the function f(x,u,2) is continuous in D,. .
' THEOREM 13. 1. Suppose that the function f(z,u,p) fulfils the condition

13.1 S, u, p)<f(x, &, p)

“for (z,u,p), (x,%,p)ED, and u < 4.

Let {u,(x)} be a sequence -of solutions of the equation (12.1), which are

continuous in D. . ]
If the sequence {u,(x)} converges uniformly on the boundary C of D, then
the sequence {u,(x)} converges to a continuous function u(z) uniformly in D.
Proor.  Put v(x)=u,.r(x)—u,(x) and consider the equatibn with respect
to v:

L(v)=g(=,v,0,v),

where
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g(x,v,0,v)=f(®, vtu,(x),0,v+0, un(m))“f(x 1 (2),0, un(“’))
The condition (13.1) implies ‘
<0 ('0<0),
>0 (v>0),

and it follows from the uniform convergence of {«,(x)} on C, that for a given

B ¢(@,9,0)

>0, there exists a natural number N, such that
—eZ upp (@) —us(B=<+e
for n> N, %k=1,2,---, and z=C. -

Therefore, by Theorem 4.1 -and the theorem analoguous to Theorem 4.1,
we obtain

' | s n(@) —un(@)| <€
for n> N, £k=1,2,---, and €D, which shows that {«,()} converges to a con-
tinuous function #(z) uniformly in D, q.e.d.

It follows from the condition (9.2) that there exists a positive number.af,
such that 0 <a <a;() in D, and hence, by means of the transformation used
in the proof of Theorem 5.1, we can prove the following theorem, which is’
stated without proof. '

Tueorem 13.2. Suppose that the functzon flx,u,p) fulﬁls one of the follo-
wing conditions :

@) Cfu, )< f(x,4,p)  for u<d,
and ' ‘
' —K(pi—pD=f(w, u, p)—f(x,u, p),
(K: a positive constant) ;
(1D flx,u, pYS f2, %, ) Sfor u<i,
and ‘ . o
S, u, B)—f(@, u, NS K(Di—p0),
(K: a positive constant),
where p=(py,  Pir - Pm)s D=(D1s s Dir ety ), P:1<Di and iis a fixed index.

Let {u,(x)} be a sequence of solutions of the equation (12.1) which are
continuous in D, and suppo&e that the sequence {u, (%)} converges uniformly on
the boundary C of D. Then the sequence {u,(x)} converges to a continuous
functibn u(x) uniformly in D.

Regarding the convergence of the sequence {8,u,(x)}, we can prove the
following : : ' :

Tueorem 13. 3: Suppose that the limit function u(w) of the sequence {u,(%)}:
in Theorems 13.1 and 13.2, satisfies the inequality |u(x)|< M. Furthermore,
let the function F(x,u,p) fulfil the condition :

(13.2) - | f (@, u, )| SBp*+Ta

in the -domain
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Dy= (&, u,p); z€D, |u]=M,|p|<+oo},
where 'y is a positive constant depending only on M, and B is a positive cons- -
tant such that 47, ABM <1, 1,=2I'((m+2)/2)|lrQA2)T((m+1)/2).

Then the sequence {0,u,(%)} converges to 0,u(%x) uniformly in D, and u(x)
is a.solution of the equation (12.1).
Proor. Since the sequence {u,(x)} converges to x(z) uniformly in D, there-
exists a natural number N such that |«,(2)| <M for a> N.
Therefore we have by Theorem 7.1,
laxun(x)léc(‘)!)(w)"| Max )lun(x')l'l'c(”éC‘”Mﬂ(@_""C“):

x—x'1=p(
for n> N, where C®, C® are positive constants depending only on m, 4, L,
B, M, d and I'y,. '

Let D, be any bounded domain such that EOCD. Then the above estimation
of the derivatives 8,u,(x) implies that {0,u,(x)} is uniformly bounded in. D,,
and hence the sequence of functions {f(z, u, (%), 0y u,(x))} is uniformly bounded
in D,. Consequently we see in the way analoguous to the proof of Theorem
6.2, that {0,u,(«)} is normal in D,.

Furthermore {8,%,(x)} is normal in D, for D, is arbitrary provided that D,
is bounded-and D, D. '

By the above conclusion and the uniform convergence of {u,(x)} in D, it
is easily seen that {0,u,(x)} converges to 8,u«(x) uniformly in D.

Thus, since the sequence of functions { S, u, (), 8,u,(x))} converges to
Sz, u(x),8,u(x)) uniformly in D, it follows from Theorem 3.2 that u(®) is
a solution of the equation (12.1).

CoroLLary. . If, in Theorems 13.1 and 13.2, the function f(x,u,p) satisfies
the condition ;

13.3) [f(x,u, IS Bylipl*+T'y (O=a<2)
in any domain )
\ Dpr= (2, %, $); 2D, |u| <M, |p| <+oo},
where M is any positive number, and Bps, I'ar are positive constants depending
only on M. o

Then the sequence {0,u,(x)} converges to 0,u(x) uniformly in D, and u(x)
is a solution of the equation (12.1).

Proor. By the uniform convergence of the sequence {«,(x)} on D, we see
that there exists a positive number M’ such that |u,(x)| <M’ for n=1,2, -,
and further the condition (13.3) implies that the function f(w,#,p) fulfils the
condition ‘ '

[ fle, u, I S Blp1*+Tmr
in the domain Das, where 'y is a positive constant depending only on M’ and
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"B is a positive constant such that 4'rmABM'<1 Tm=20((m+2)[2)|"(1]2)
I’'((m+1)/2). ‘
Therefore this corollary derives from Theorem 13.3.
' Remark. The condition (13.3) for a=1 is fulfilled, when the equation
(12.1) is linear, that is when

£, u, 0y) = ﬁl bi(@)0; ut+ c(@)ut£(x)

in the equation (12.1), where b;(2), c(x) and f(x) are continuous functions
defined in D.
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(Ricevita la 28-an de Marto, 1959)

Precipe Liniaj Partaj Diferencialaj Ekvacioj ed Tipo Elipsa
de Yoshikazu HIRASAWA

Resumo. Tiu ¢i artikolo estas koncernata kun unu parta diferenciala ekva-
- cio de I’dua ordo kaj de tipo elipsa

L= 33 aij(2)0:0u=1(@,u,0,).

=

Tra la tuta artikolo, ni enkondukas la generaligitan diferencialan operacion
de tipo elipsa, elpensitan de M. Gevrey, intencante la faciligon de studadoj
por diversaj subjektoj pri tiela ekvacio kaj la diskuton sub la kondico kiel eble

plej malforta. Tiam, montrante la generaligitan d1ferenc1a1an operacion per
2(w), ni traktas pri unu ekvacio
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(IIy - L E(u)—f(ac u, 0,1).
En Capxtro I, ni diras mallonge pr1 la elementa solvo r11ata al la generali-

gita operacio kaj unu formulo de Pmsson

En Capltro II, ni demonstracias unu grupon de teoremo;, kiuj estas nomataj
teoremoj de komparo. Krom tio, konsiderante la problemon al la limo de 'unua
speco koncernantan la ekvacion (II), ni donas kondicojn de unikeco por la solvo
de tiu ci problemo. .

La du sekvantaj apitroj (CapltrOJ I kaJ IV) estas rilatataj kun la ekzisto
teoremo de solvoj por la problemo al la limo de P'unua speco koncernanta la
ekvacion (ID).

En éapitro V, donante la difiniciojn de I’'maksimuma solvo kaj de I’mini-
muma solvo ‘de I’ekvacio (II), ni pruvas la ekziston de tielaj solvoj sub taliga]j

kondiéoj. Krom tio, la unua teoremo de Harnack estas plivastigata al solvoj de
T’ekvacio (II).

Postskribo

De la de supre 19-a linio de la pago 45 gis la de malsupre 10-a de le sama
pago : Teoremo D estas citata de la traktato de M. Nagumo. Sed post la pub-
liko eraroj estis -eltrovitaj en la demonstracio de la teoremo de M. Nagumo kaj
1 korektis tiun demonstracion (en unu privata komuniko sendita al la aiitoro).

Lau 11a korekto ni korektas la konstanton CE) La= =2 (m+6)A%Ld jene.

Ca L a=Max {47, A, VE TmhnA’Ld),

lue Tm—-21‘((m+2)/2)/1"(1/2)F((m+1)/2), kaj %, estas ankall unu konstanto
dependa nur de la dimensio .

Krome ni korektas same la konstanton Cf‘;) 1 o €n la de malsupre 5-a linio de
la pago 46 kaj la konstanton . Cf; Law €1 la de malsupre 1-a linio de la pago
55.

(Ricevita la 13-an de marto, 1961)



