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1. INTRODUCTION

In this paper we study the boundary value problem

(Pp(u")) = (t,u) a.e. in (0,7),
(Dy) { u(0) = u(T) =0,

where ¢ is a homeomorphism from RY onto RV and the function f :

I x RN — RV is assumed to be Carathéodory. Here I := [0,7] and
P d

. — E-

By a solution of (D) we understand a function u : I — R" of class
C' with ¢(u') absolutely continuous, which satisfies (Dy).

In most of the paper we shall ask ¢ to satisfy the following conditions:
(Hy) For any xq,x4 € RN, 21 # x4,

(A(x1) = d2), 21 — 22) > 0.

(H3) There exists a function p : [0,400[— [0, +o0o[ such that p(s) —
+o0 as s = +00 and

(9(x),2) = plle])lz], for all 2 € RY.

In (H;) and (H;), as in the rest of the paper, (-,-) denotes the inner
product and | - | the Euclidean norm in RY. Throughout the paper |- |
will also denote the absolute value in R.

It is well known that conditions (Hy) and (H;) ensure that ¢ is a
homeomorphism from RY onto RN. The vector version of the p—Laplace
operator, namely the case when for x = (zy,--- ,zx) € R,

(1.1) ¢(z) = y(x) = |2/ 722, for x#£0, ¥,(0)=0, p> 1,
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as well as the cases

(1.2) d(x) = |zP 2z log(1 + |2]), p>1, zeRY,

(13)  6(e) = |el 2o+ o0, 1<q<p s ERY,

satisfy conditions (H;) and (H;). Further examples of functions satis-
fying these conditions can be found in [8].

When N = 1 it can be checked that the function ¢ as given in
examples (1.1), (1.2) and (1.3) also satisfy the property

(1.4) lim 207

lsl+c0 ()
In the scalar case, functions ¢ satisfying (1.4) have been called asymp-
totically homogeneous functions, see [1], [4], [5] and [6], where they
were used in connection with the existence of solutions to quasilinear

= gP~! for all & > 0.

elliptic problems. They form an important class of non-homogeneous
functions satisfying a suitable homogeneous behavior at infinity (or
zero) without being necessarily asymptotic to any power at infinity or
zZero.

As we said before the function f: T x RY — R¥ is assumed to be
Carathéodory. This means that f satisfies the following conditions:

(Cy) for almost every ¢ € I the function f(¢,-) is continuous;

(Cy) for each = € R the function f(-,z) is measurable on I;

(C3) for each m > 0 there is p,, € L'(I,R) such that, for almost
every t € I and every x € RY with |z| < m, one has

|f(t2)| < pm(t).
In case f: I x RV x [0,1] = RY (mapping (¢,z,)) into f(¢,x,\)),
we shall say f is Carathéodory, if (C) and (C3) are satisfied for each

A € [0,1] and the function p,, in (C3) can be chosen independently of
A€ [0,1], ie.,

|f(t, 2z, A\)] < pm(t) for aetel, all A €[0,1] and all |z] < m.

We state a piece of notations used in this paper. For N > 1 we shall
set C' = C(I,RM), Ct = CYI,RY), Cy = {u e C | u(0) =0, u(T) =
0}, Co ={ueC"|u(0)=0, u(T)=0}. The norm in C and Cy will be
denoted by || - ||, while the norm in Cy by [| - [|ca. L? = LP((0,T),R),
L?\f = Hf\;] Lp((O’T>’R)’ p=1

This paper is organized as follows. In section 2 we extend the concept
of Asymptotically Homogeneous functions from the scalar to the vector
case, and study some of their properties. In particular it is seen how
this family is related to the vector p-TLaplace function |u[P~2u at infinity.



