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§1. Introduction and theorem

We consider the Maxwell-Higgs equations in space time dimensions 2 4+ 1 and 3

+ 1:
(1.1) 0,0" At — 09, AY = j*, (t,z) € RH'"’,

1 2m? n
(1.2) DuD"¢ = 5(m*e = 3prlele), (o) € R,

where n = 2 or 3, M and m are positive constants, A" are real-valued functions, ¢

is a complex-valued function and

i = —i{p(Drp) — (D" )G},
DI — 9t 1 AN,

Here and hereafter, we follow the convention that Greek indices take values in
{0,1,--- ,n} while Latin indices are valued in {1,--- n}. Indices repeated lower
and upper are summed. The space R™t! is the n + 1 dimensional Euclidean space

equipped with the flat Minkowski metric

(9og) = diag(1,—1,---, —1).

Indices are raised and lowered using the metric gog and its inverse g°?. We put
2% =t and 9, = 9/0z”.

The potential V(|¢|) = %(142/2 — |¢|*)? associated with the right hand side
of (1.2) is called the Higgs potential and it has equilibria 0 and z = Me'?/v/2,
6 € R. The latter equilibria correspond to the degenerate ground state, which is
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the vacuum with vacuum expectation value M//2. All equilibria z = Mei? /\/2,
6 € R are equivalent from a physical point of view, because this system has U(1)
symmetry. If one of them is spontaneously chosen, for example, if z = M/\/2
i1s chosen as a vacuum equilibrium, then the so-called spontaneous breakdown of
symietry will happen and the photon described by A* will have mass M. This 1s
called the Higgs mechanism.

We look at this mechanism in more details (see [1, Section 13.3]). We first note

that equations (1.1)-(1.2) are invariant under the following gauge transformation:

Py L

¢ = e X,

where x(t, z) is an arbitrary smooth real-valued function. If ¢ is close to the vacuum
equilibrium M/v/2, then we can take y = argy, —7 < argy < w. In that case,
both A* and ¢ become real-valued functions. Such choice of gauge is called the
unitary gauge. Again we denote Ar and @ by A" and ¢, respectively. We put
¢ = ¢+ M/\/2 and suppose that the fluctuation (A", ¢) from the vacuum (0,0) is
small in the new dynamical variables. Then, the Cauchy problem for (1.1)-(1.2) is
reduced to the following:

(1.3) (O 4 M?)A" — 9"9,A” = —2/2M A" $ — 24" §?,
(t,z) € R'T™,

2N o % v v 2 3

(1.4) (O4+m)p = \@A,,A + A, A% \/_M¢ MZ(ﬁ
(t,z) € R!'*T™,
(1.5) (A%(0),0:4"(0)) = (a,8"),  (4(0),8:6(0)) = (o, b1),
M

(1.6) 0, A" +24,0"p + E6,¢1ﬂ =0, (t,z) R,

where O = 0,0". The constraint (1.6) is a gauge condition associated with the
unitary gauge.

If $ > —M/\/2, we can rewrite (1.3) by using (1.6) as follows.

(1.7) (O + M?)A" = 20" ((¢ + M/V2) 7' 4,0"9)
— V2M A" — 2A* H?

2faﬂ(A 3" ¢) — 2V2M A"

—2AM 4 f(¢, Ay, 0", 0" A,,0"0" ), (t,z) € R,
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