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1 Introduction

The present article concerns rational solutions of the fourth Painlevé equation in two variables
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where L1, Ly are
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In [3], we derived a non-linear differential equation in g variables from a holonomic deformation of
a certain linear differential equation. When g = 1, this non-linear differential equation is equivalent to
the fourth Painlevé equation. The equation (P) corresponds to this non-linear differential equation in

g = 2. By the general theorey of Miwa [7], it is known that (P) has the Painlevé property. The equation
(P) is expected to have many interesting properties as the Painlevé equations in one variable.

In this paper, we find all rational solutions of (P). These rational solutions suggest a symmetry of
the transformation group of solutions.

2 Statement of Theorems

Theorem 1 If the equation (P) has a rational solution
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then kg and Koo satisfy the following condition

(P, Qi € Clz1, 29]),

{ - Ko, Koo are integers,

Koo 20, Koo < kp—1 0r ko < =1, Koo > Kp-



Theorem 2 If the parameters ko and Ko satisfy the condition (%), then (P) has a unique rational
solution.

Theorem 3 If koo = 0 and kg s a positive integer, then the unique rational solution is written in the
form

up = —log7, wus=—-—logr, w1 =wvy=0,
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where

1
7= Res(z2 — s)” " exp <§53 + z15> ds.
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3 Verifiation of the theorems

3.1 Review of the fourth Painlevé equation in two variables

For the equation (P), following facts hold. (See [3],[4],[5].)

Theorem A If we define new variables (1,{2,11,n2, L1 and Ly as
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then L1 and Lo are written in the form
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t.e., L1 and Ly are given by the replacement of
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in Lj. Moreover, the transformation (u,v,L,z) — (¢, n, £, z) is canonical transformation.



