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1. Introduction

Let $H$ be a Hilbert space over the reals. We shall consider an ordinary
differential equation in $H$ :

(E) $B¥frac{du}{dt}(t)+$ Au(t) $¥ni f(t)$ , $t$ $¥geq 0$ ,

together with the initial condition

(IC) $B^{1/2}u(0)=B^{1/2}u_{0}$ .

Here $A$ is a nonlinear $¥mathrm{m}$-accretive operator in $H$ and $B$ is a nonnegative selfadjoint
operator in $H$.

Equations of the form (E) appear in various physical problems including the
propagation of long waves of small amplitude [3], the heat conduction involving
two temperatures [7] and soil mechanics [2] and are called pseudo-parabolic
equations (since they are parabolic equations when $B=I$) or equations of
Sobolev type [12].

In the previous works, the authors have established the existence-uniqueness
theorem of strong solutions of the initial value problem for (E) under various con-
ditions on $A$ and $B$:

i) $D(B)¥subset D(A)$ and $B$ has the bounded inverse [13],
$¥mathrm{i}¥mathrm{i})$ $D(B)¥subset D(A)$ and $B$ is not necessarily invertible [14],
$¥mathrm{i}¥mathrm{i}¥mathrm{i})$ $D(A)¥subset D(B)$ and $B$ has the bounded inverse [8].

The purpose of this paper is to construct a result for (E), (IC) under the case
$¥mathrm{i}¥mathrm{v})$ $B$ is not necessarily invertible (and no inclusion relation between $D(A)$

and $D(B)$ is assumed),
and apply it to the initial-boundary value problem for some nonlinear partial
differential equations.

The pseudo-parabolic equation is investigated, in the abstract frame work,
by many authors under various conditions on $A$ and $B$ which are different from
ours [5], [6], [9], [11], [15] (and the references therein).
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2. Notation and a result

Let $H$ be a real Hilbert space, the inner product and the norm in $H$ denoted
by $(¥cdot, ¥cdot)$ and $||$ . $||$ respectively.

Let $A$ be a nonlinear multivalued operator from $H$ into itself. An operator
$A:H¥rightarrow H$ with domain $D(A)=¥{u; Au¥neq¥phi¥}$ and range $ R(A)=¥cup$ An $u$ $¥in D(A)¥}$

is said to be accretive if

$(v_{1}-v_{2}, u_{1}-u_{2})¥geq 0$ for every $v_{j}¥in Au_{j}$ $(u_{j}¥in D(A), j=1,2)$ .

An accretive operator $A$ is said to be $m$-accretive if $R(I+A)=H$. For each
integer $n>0$ the Yosida approximation $A_{n}$ of an $¥mathrm{m}$-accretive operator $A$ is defined
by

$A_{n}=n(I-(I+n^{-1}A)^{-1})$ .

It is well known that $A_{n}$ is $¥mathrm{m}$-accretive on $H$ and Lipschitz continuous with $n$ as
Lipschitz constant. For brevity of notation, we shall denote $(I+n^{-1}A)^{-1}$ by
$J_{n}^{A}$ . From the definition

$(¥dagger)$ $A_{n}u¥in AJ_{n}^{A}u$ for every $u¥in H$ .

We shall denote by $¥Phi$ the set of all lower semicontinuous $(1.¥mathrm{s}.¥mathrm{c}.)$ convex
functions from $H$ into ( $-¥infty,$ $+¥infty]$ , not identically $+¥infty$ . For $¥varphi¥in¥Phi$ , let $D(¥varphi)=$

$¥{u ¥in H;¥varphi(u)<+¥infty¥}$ and denote by $¥partial¥varphi$ the subdifferential of $¥varphi$ :

$¥partial¥varphi(u)=$ { $¥xi¥in H;¥varphi(u)-¥varphi(v)¥leq(¥xi,$ $u-v)$ for every $v¥in H$}
with $D(¥partial¥varphi)=¥{u¥in H;¥partial¥varphi(u)¥neq¥phi¥}$. It is well known that $¥partial¥varphi$ is $¥mathrm{m}$-accretive in
$H$ and $D(¥partial¥varphi)$ is dense in $D(¥varphi)$ . We refer to [1] and [4] for the properties of
$¥mathrm{m}$-accretive operators in a Hilbert space.

By $AC([0, T];H)$ we denote the space of all $¥mathrm{H}$-valued strongly absolutely
continuous functions on $[0, T]$ . For other function spaces, we shall employ the
usual notation [10].

Definition 1. An $¥mathrm{H}$-valued function $u(t)$ is called a strong solution of (E),
(IC) if

1) $u¥in AC([¥delta, T];H)$ $(¥forall¥delta>0)$ , $¥frac{du}{dt}(t)¥in D(B)$ $¥mathrm{a}.¥mathrm{e}$ . $(0, T)$ ,
2) $u(t)¥in D(A)¥mathrm{a}.¥mathrm{e}$. $(0, T)$ and there exists a $¥xi(t)¥in$ Au(t) such that

$B¥frac{du}{dt}(t)+¥xi(t)=f(t)$ $¥mathrm{a}.¥mathrm{e}$ . $(0, T)$ ,

3) $B^{1/2}u¥in AC([0, T];H)$ and $B^{1/2}u(t)$ satisfies (IC).

Remark 1. If in addition $Bu$ $¥in AC([0, T];H)$ then

$¥frac{d}{dt}(Bu)(t)=B¥frac{du}{dt}(t)$
$¥mathrm{a}.¥mathrm{e}$ . $(0, T)$ .
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To establish the existence-uniqueness theorem for (E), (IC), we shall assume
the followings.

(A.I) $ A=¥partial¥varphi$ , where $¥varphi¥in¥Phi$ and for every $u¥in D(¥varphi)$

$¥varphi(u)¥geq a||u||^{2}-a^{¥prime}$ $(a, a^{¥prime}>0)$ .

(A.2) For every $¥xi¥in Au$ and $¥eta¥in Av(u, v¥in D(A))$ there exists a constant
$d>0$ such that

$(¥xi-¥eta,u-v)¥geq d||u-v||^{2}$ .

(A.3) $B$ is a nonnegative selfadjoint operator in $H$ .

(A.4) For every $u$ , $v¥in D(B)$ and integer $n>0$

$(A_{n}u-A_{n}v,B(u-v))¥geq 0$ .

Remark 2. Note that

$(¥xi-¥eta, B(u-v))¥geq 0$ for every $¥xi¥in Au$ and $¥eta¥in Av(u,$ $v¥in D(A)¥cap D(B)¥grave{)}$

implies (A.4) because

$(A_{n}u-A_{n}v, B(u-v))=¥frac{1}{n}||B^{1/2}(A_{n}u-A_{n}v)||^{2}$

$+(A_{n}u-A_{n}v, B(J_{n}^{A}u-J_{n}^{A}v))¥geq 0$ .

Here we have used the selfadjointness of $B$, the indentity

$(¥#)$ $v=n^{-1}A_{n}v+J_{n}^{A}v(v¥in H)$

and $(¥dagger)$ .

Theorem 1. Assume that (A.I) $¥sim$ (A.4) are satisfied. Then for every $0<$

$ T<+¥infty$ , $f¥in W^{1,2}(0, T;H)$ and $u_{0}¥in D(A)¥cap D(B)$ there exists one and only one
strong solution $u(t)$ of (E), (IC) such that

$u$ , $¥xi(¥in Au)$ $¥in L^{2}(0, T;H)$ ,

$¥sqrt{t}(du/dt)¥in L^{2}(0, T;H)$ , $(t >0)$

and

$B^{1/2}u$ , $Bu$ $¥in AC([0, T];H)$ , $(d/dt)(B^{1/2}u)$ , $(d/dt)(Bu)¥in L^{2}(0, T;H)$ .

3. Proof of Theorem 1
$1^{¥mathrm{O}}$ . Uniqueness. From (A.2) and (A.3) uniqueness of solutions can be

obtained by the standard procedure.
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$2^{¥mathrm{o}}$ . Existence. Consider an approximate equation for (E):

$(¥mathrm{E}_{n})$ $¥left(¥begin{array}{ll}¥underline{¥iota}_{+} & B¥¥n & ¥end{array}¥right)$ $u_{n}^{¥prime}(t)+A_{n}u_{n}(t)=f(t)$ , $t¥geq 0$ ,

together with

$(¥mathrm{I}¥mathrm{C}_{n})$ $u_{n}(0)=u_{0}$ .

Here $’=d/dt$ and for each integer $n>0$, $A_{n}$ is the Yosida approximation of $A$ .
Since the mapping $v¥mapsto(n^{-1}+B)^{-1}A_{n}v$ from $H$ into $H$ is Lipschitz continuous,
the theory of ordinary differential equations in Hilbert space yields that for every
$ 0<T<+¥infty$ , $f¥in L^{2}(0, T;H)$ and integer $n>0$ there exists a unique function
$u_{n}(¥cdot)¥in C^{1}([0, T];D(B))$ which satisfies $(¥mathrm{E}_{n})$ and $(¥mathrm{I}¥mathrm{C}_{n})$ . We shall prove that $u_{n}$

converges to a solution $u$ of (E), (IC) as $n$ tends to infinity. To this end some a
priori estimates are necessary.

i) Taking the inner product of the both sides of $(¥mathrm{E}_{n})$ by $u_{n}(t)$ we have

(3. 1) $¥frac{1}{2n}¥frac{d}{dt}||u_{n}(t)||^{2}+¥frac{1}{2}¥frac{d}{dt}||B^{1/2}u_{n}(t)||^{2}+(A_{n}u_{n}(t), u_{n}(t))=(f(t), u_{n}(t))$ .

For simplicity, for a function $v(t)¥in H$ we shall suppress a letter $t$ and denote by
$v$ in several places below. Using the identity $(¥#)$ , (A.2) and $(¥dagger)$ we can estimate
the terms in (3.1) as

$(A_{n}u_{n}, u_{n})=¥frac{1}{n}||A_{n}u_{n}||^{2}+(A_{n}u_{n}, J_{n}^{A}u_{n})¥geq¥frac{1}{n}||A_{n}u_{n}||^{2}+d||J_{n}^{A}u_{n}||^{2}$ ,

and

$(f, u_{n})¥leq||f||||¥frac{1}{n}A_{n}u_{n}+J_{n}^{A}u_{n}||$

$¥leq(¥frac{1}{2n}+c)||f||^{2}+¥frac{1}{2n}||A_{n}u_{n}||^{2}+¥frac{d}{2}||J_{n}^{A}u_{n}||^{2}$ .

Then we have

$¥frac{1}{2n}¥frac{d}{dt}||u_{n}(t)||^{2}+¥frac{1}{2}¥frac{d}{dt}||B^{1/2}u_{n}(t)||^{2}+¥frac{1}{2n}||A_{n}u_{n}(t)||^{2}+¥frac{d}{2}||J_{n}^{A}u_{n}(t)||^{2}$

$¥leq(¥frac{1}{2n}+c)||f(t)||^{2}$ .

Here and in the sequel of this paper, by $c$ we denote various positive constants
independent of $n$ in a certain interval [$N,$ $+¥infty)(N >0)$ . Integrating both sides
of this inequality over (0,$ $r) and taking the assumptions on $u_{n}(0)$ and $f(t)$ into
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account we see

(3.2) $¥frac{1}{¥sqrt{n}}||u_{n}(t)||¥leq c$ for every $t¥in[0, T]$ ,

(3.3) $||B^{1/2}u_{n}(t)||¥leq c$ for every $t¥in[0, T]$ ,

(3.4) $¥frac{1}{¥sqrt{n}}|A_{n}u_{n}|_{T}¥leq c$

and

(3.5) $|J_{n}^{A}u_{n}|_{T}¥leq c$.

Here $|$ $¥cdot|_{T}$ is the norm in $L^{2}(0, T;H)$ .
$¥mathrm{i}¥mathrm{i})$ Since $u_{n}$ belongs to $C^{1}([0, T];D(B))$ for each integer $n>0$

(3.6) $¥left(¥begin{array}{ll}¥underline{1}+ & B¥¥n & ¥end{array}¥right)$ $u_{n}^{¥prime}(0)+A_{n}u_{n}(0)=f(0)$

holds. Taking the inner product of the both sides of (3.6) by $n^{-1}u_{n}^{¥prime}(0)$ we have

$||¥frac{1}{n}u_{n}^{¥prime}(0)|¥left¥{2 & +¥right¥}|¥frac{1}{¥sqrt{n}}B^{1/2}u_{n}^{¥prime}(0)||^{2}¥leq¥frac{1}{2}||f(0)-A_{n}u_{n}(0)||^{2}+¥frac{1}{2}||¥frac{1}{n}u_{n}^{¥prime}(0)||^{2}$

which implies

(3.7) $||¥frac{1}{n}u_{n}^{¥prime}(0)||¥leq c$

and

(3.8) $||¥frac{1}{¥sqrt{n}}B^{1/2}u_{n}^{¥prime}(0)||¥leq c$.

$¥mathrm{i}¥mathrm{i}¥mathrm{i})$ For every $t$ $¥in[0, T]$ , $h>0$ and integer $n>0$

(3.9) $(¥frac{1}{n}+B)(u_{n}^{¥prime}(t+h)-u_{n}^{¥prime}(t))+A_{n}u_{n}(t+h)-A_{n}u_{n}(t)=f(t+h)-f(t)$

holds. Taking the inner product of the both sides of (3.9) by $B(u_{n}(t+h)-$

$u_{n}(t))$ and using (A.3) and (A.4) we have

(3.10) $¥frac{1}{2n}¥frac{d}{dt}||B^{1/2}(u_{n}(t+h)-u_{n}(t))||^{2}+¥frac{1}{2}¥frac{d}{dt}||B(u_{n}(t+h)-u_{n}(t))||^{2}$

$¥leq(f(t+h)-f(t), B(u_{n}(t+h)-u_{n}(t)))$ .

Dividing the both sides of (3.10) by $h^{2}$ , integrating it over $(0, t)$ and letting $h$
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tends to zero we have

$¥frac{1}{n}||B^{1/2}u_{n}^{¥prime}(t)||^{2}+||Bu_{n}^{¥prime}(t)||^{2}¥leq c¥int_{0}^{t}||f^{¥prime}(t)||^{2}dt+c¥int_{0}^{r}||Bu_{n}^{¥prime}(t)||^{2}dt$

$+||Bu_{n}^{¥prime}(0)||^{2}+¥frac{1}{n}||B^{1/2}u_{n}^{¥prime}(0)||^{2}$

which implies

(3.11) $||Bu_{n}^{¥prime}(t)||¥leq c$ for every $t¥in[0, T]$

and

(3.12) $¥frac{1}{¥sqrt{n}}||B^{1/2}u_{n}^{¥prime}(t)||¥leq c$ for every $t¥in[0, T]$ .

Here we have used (3.7), (3.8) and the identity $Bu_{n}^{¥prime}(0)=-n^{-1}u_{n}^{¥prime}(0)-A_{n}u_{n}(0)+f(0)$.
From (3.11) and the assumption $u_{0}¥in D(B)$ we also have

(3. 13) $||Bu_{n}(t)||¥leq c$ for every $t$ $¥in[0, T]$ .

$¥mathrm{i}¥mathrm{v})$ Taking the inner product of the both sides of $(¥mathrm{E}_{n})$ by $u_{n}^{¥prime}(t)$ and
integrating it over $(0, t)$ we have

$¥int_{0}^{t}||¥frac{1}{¥sqrt{n}}u_{n}^{¥prime}(t)||^{2}dt+¥int_{0}^{t}||B^{1/2}u_{n}^{¥prime}(t)||^{2}dt+¥varphi_{n}(u_{n}(t))=¥varphi_{n}(u_{0})+¥int_{0}^{t}(f(t), u_{n}^{¥prime}(t))dt$.

Here $¥varphi_{n}$ is defined by $¥varphi_{n}(v)=(2n)^{-1}||A_{n}v||^{2}+¥varphi(J_{n}^{A}v)(v¥in H)$ and we have used
the fact $(A_{n}v(t), v^{¥prime}(t))=(d/dt)¥varphi_{n}(v(t))$ ( $[4]$ , Lemme 3.3). In order to get the
boundedness of $|(1/¥sqrt{n})u_{n}^{¥prime}|_{T}$ we can estimate the right hand side of this equality
as

$¥int_{0}^{t}(f(t), u_{n}^{¥prime}(t))dt=(f(t), u_{n}(t))-(f(0), u_{0})-¥int_{0}^{t}(f^{¥prime}(t),u_{n}(t))dt$

$¥leq||f(t)||||¥frac{1}{n}A_{n}u_{n}(t)+J_{n}^{A}u_{n}(t)||+||f(0)||||u_{0}||$

$+¥int_{0}^{t}||f^{¥prime}(t)||||¥frac{1}{n}A_{n}u_{n}(t)+J_{n}^{A}u_{n}(t)||dt$.

According to (A.1) the first term of the right hand side of this inequality can be
estimated from above by

$||f(t)||||¥frac{1}{n}A_{n}u_{n}+J_{n}^{A}u_{n}||¥leq¥frac{1}{4n}||A_{n}u_{n}||^{2}+¥frac{c}{n}||f(t)||^{2}+¥frac{a}{2}||J_{n}^{A}u_{n}||^{2}+c||f(t)||^{2}$

$¥leq¥frac{1}{2}(¥frac{1}{2n}||A_{n}u_{n}||^{2}+¥varphi(J_{n}^{A}u_{n}))+(¥frac{c}{n}+c)||f(t)||^{2}+¥frac{a^{¥prime}}{2}$

$=¥frac{1}{2}¥varphi_{n}(u_{n}(t))+c||f(t)||^{2}+c$ .
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Combining them we get by (3.4) and (3.5)

$¥int_{0}^{t}||¥frac{1}{¥sqrt{n}}u_{n}^{¥prime}(t)||^{2}dt+¥int_{0}^{t}||B^{1/2}u_{n}^{¥prime}(t)||^{2}dt+¥frac{1}{2}¥varphi_{n}(u_{n}(t))$

$¥leq c+¥int_{0}^{T}||f^{¥prime}(t)||||¥frac{1}{n}A_{n}u_{n}(t)+J_{n}^{A}u_{n}(t)||dt$

$¥leq c+(¥frac{c}{n}+c)|f^{¥prime}|_{T}^{2}+¥frac{c}{n}¥int_{0}^{T}||A_{n}u_{n}(t)||^{2}dt+c¥int_{0}^{T}||J_{n}^{A}u_{n}(t)||^{2}dt¥leq c$ .

From this inequality and taking $¥varphi(J_{n}^{A}v)<¥varphi_{n}(v)(v¥in H)$ into account, we see

(3.14) $||J_{n}^{A}u_{n}(t)||¥leq c$ for every $t¥in[0, T]$ ,

(3.15) $|¥frac{1}{¥sqrt{n}}u_{n}^{¥prime}|_{T}¥leq c$

and

(3.16) $|B^{1/2}u_{n}^{¥prime}|_{T}¥leq c$ .

v) Taking the inner product of the both sides of (3.9) by $t(u_{n}(t+h)-u_{n}(t))$,
$(t >0)$ we have

$¥frac{1}{2n}¥frac{d}{dt}||¥sqrt{t}(u_{n}(t+h)-u_{n}(t))||^{2}-¥frac{1}{2n}||u_{n}(t+h)-u_{n}(t)||^{2}$

$+¥frac{1}{2n}¥frac{d}{dt}||¥sqrt{t}B^{1/2}(u_{n}(t+h)-u_{n}(t))||^{2}-¥frac{1}{2}||B^{1/2}(u_{n}(t+h)-u_{n}(t))||^{2}$

$+t(A_{n}u_{n}(t+h)-A_{n}u_{n}(t), u_{n}(t+h) -u_{n}(t))$

$=t(f(t+h)-f(t), u_{n}(t+h) -u_{n}(t))$ .

Dividing the both sides of this equality by $h^{2}$ , integrating it over $(0, T)$ and
letting $h$ tends to zero, we see using $(¥#)$ , (A.2), (3.15) and (3.16) that

(3. 17) $|¥sqrt$tu$n’|_{¥tau}¥leq c$ .

$¥mathrm{v}¥mathrm{i})$ From $(¥mathrm{E}_{n})$ and the estimates (3.11) and (3.15) we finally obtain

(3.18) $|A_{n}u_{n}|_{T}=|f-Bu_{n}^{¥prime}-¥frac{1}{n}u_{n}^{¥prime}|_{T}¥leq c$

and

(3.19) $|u_{n}|_{T}¥leq c$ .

Here in (3.19) we have used (3.5), (3.18) and the identity $(¥#)$ .
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From these estimates obtained in the steps i) $¥sim ¥mathrm{v}¥mathrm{i}$) it follows that a
subsequence (denoted again by $u_{n}$) can be extracted from $¥{u_{n}¥}$ such that as
$ n¥rightarrow+¥infty$ ,

$u_{n}¥rightarrow u$ in $L^{2}(0, T;H)$ weakly,

$¥frac{1}{n}u_{n}^{¥prime}¥rightarrow 0$ in $L^{2}(0, T;H)$ ,

$¥sqrt$tu$ n’¥rightarrow¥sqrt$tu’ in $L^{2}(0, T;H)$ weakly,

$B^{1/2}u_{n}¥rightarrow B^{1/2}u$ in $L^{¥infty}(0, T;H)$ weakly star,

$Bu_{n}¥rightarrow Bu$ in $L^{¥infty}(0, T;H)$ weakly star,

$B^{1/2}u_{n}^{¥prime}¥rightarrow(B^{1/2}u)^{¥prime}$ in $L^{2}(0, T;H)$ weakly,

$Bu_{n}^{¥prime}¥rightarrow(Bu)^{¥prime}$ in $L^{¥infty}(0, T;H)$ weakly star,
and

$ A_{n}u_{n}¥rightarrow¥xi$ in $L^{2}(0, T;H)$ weakly.

Note that $(Bu)^{¥prime}(t)=Bu^{¥prime}(t)$ holds $¥mathrm{a}.¥mathrm{e}$ . $(0, T)$ by means of Remark 1.
Now passing to the limit in $(¥mathrm{E}_{n})$ as $ n¥rightarrow+¥infty$ we see

$B¥frac{du}{dt}(¥tau)+¥xi(t)=f(t)$ $¥mathrm{a}.¥mathrm{e}$ . $(0, T)$ .

Thus for concluding the proof, we need only to show that $¥xi(t)¥in¥partial¥varphi(u(t))$ for $¥mathrm{a}.¥mathrm{a}$.
$t¥in(0, T)$ and $B^{1/2}u(t)$ satisfies (IC).

For every integer $m$ , $n>0$ we have

($¥frac{1}{m}u_{m}^{¥prime}-¥frac{1}{n}u_{n}^{¥prime}$ , $u_{m}-u_{n})+¥frac{1}{2}¥frac{d}{dt}||B^{1/2}(u_{m}-u_{n})||^{2}+(A_{m}u_{m}-A_{n}u_{n},u_{m}-u_{n})=0$ .

We see from (3.15) and (3.19) that

$|¥int_{0}^{T}$ ($¥frac{1}{m}u_{m}^{¥prime}-¥frac{1}{n}u_{n}^{¥prime}$ , $u_{m}-u_{n}$) $dt|¥leq c(¥frac{1}{¥sqrt{m}}+¥frac{1}{¥sqrt{n}})$

and from (A.2) and (3.18) that

$¥int_{0}^{t}(A_{m}u_{m}-A_{n}u_{n}, u_{m}-u_{n})dt=¥int_{0}^{t}(A_{m}u_{m}-A_{n}u_{n},¥frac{1}{m}A_{m}u_{m}-¥frac{1}{n}A_{n}u_{n})dt$

$+¥int_{0}^{¥mathrm{r}}(A_{m}u_{m}-A_{n}u_{n}, J_{m}^{A}u_{m}-J_{n}^{A}u_{n})dt$

$¥geq-c(¥frac{1}{m}+¥frac{1}{n})+d¥int_{0}^{t}||J_{m}^{A}u_{m}-J_{n}^{A}u_{n}||^{2}dt$ .
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Hence combining them we have

$¥frac{1}{2}||B^{1/2}(u_{m}(t)-u_{n}(t))||^{2}+d¥int_{0}^{t}||u_{m}(t)-u_{n}(t)||^{2}dt¥leq c(¥frac{1}{m}+¥frac{1}{n})$

which follows

(3.20) $u_{n}¥rightarrow u$ in $L^{2}(0, T;H)$ strongly

and

(3.21) $B^{1/2}u_{n}¥rightarrow B^{1/2}u$ in $C([0, T];H)$ strongly.

Then in virtue of (3.20) and demiclosedness of $A$, we see $u(t)¥in D(A)$ and $¥xi(t)¥in$

Au(t) for $¥mathrm{a}.¥mathrm{a}$. $t¥in(0, T)$ . Finally $B^{1/2}u(t)$ satisfies (IC) by means of (3.21). This
completes the proof of Theorem 1.

4. Application

We shall apply Theorem 1 to the initial-boundary value problem for some
nonlinear partial differential equations.

Let $¥Omega$ be a bounded domain in $R^{N}$ with smooth boundary $¥partial¥Omega$ . We shall
denote $¥Delta$ the Laplacian in $R^{N}$ and $¥partial/¥partial n$ the outward normal derivative at $¥partial¥Omega$ .

Example 1. Consider an initial-boundary value problem

$(*)$ $¥left¥{¥begin{array}{l}-¥Delta¥frac{¥partial u(x,t)}{¥partial t}+(I-¥Delta)u(x,t)=f(x,t)¥¥¥frac{¥partial u(x,t)}{¥partial n}¥in-¥beta(u(x,t)),¥frac{¥partial}{¥partial n}(¥frac{¥partial u(x,t)}{¥partial t})=0¥¥(-¥Delta)^{1}/2u(x,t)|_{t=0}=(-¥Delta)^{1}/2_{¥mathcal{U}_{0(X)}}¥end{array}¥right.$

$¥mathrm{i}¥mathrm{i}¥mathrm{o}¥mathrm{n}¥partial¥Omega¥times(0, T’)¥mathrm{n}¥Omega¥times(0,T)¥mathrm{n}¥Omega.$

’

Here $ x¥in¥Omega$, $t$ $¥in(0, T)$ , $ 0<T<+¥infty$ and $¥beta$ is an $¥mathrm{m}$-accretive operator in $R$ such
that $D(¥beta)$ is dense in R. (Then there exists a l.s.c. convex function $ j:R¥rightarrow$

( $-¥infty,$ $+¥infty]$ such that $ j¥not¥equiv+¥infty$ and $¥partial j=¥beta$, [1].)
Let $ B=-¥Delta_{B}=-¥Delta$ with $D(B)=¥{u ¥in H^{2}(¥Omega); (¥partial u/¥partial n)|_{¥partial¥Omega}=0¥}$, them $B$ is a

nonnegative selfadjoint operator in $H¥equiv L^{2}(¥Omega)$ . Let $¥varphi:L^{2}(¥Omega)¥rightarrow$ $(-¥infty,$ $+¥infty]¥dot{¥mathrm{b}}¥mathrm{e}$

a function defined by

$¥varphi(u)=¥{¥frac{1}{2+}¥int_{¥infty}¥Omega(|u(x)|^{2}+|u(t)|^{2})dx+¥int_{¥partial¥Omega}j(u)d¥sigma$
$¥mathrm{i}¥mathrm{o}¥mathrm{t}¥mathrm{h}¥mathrm{e}¥mathrm{r}¥mathrm{w}¥mathrm{i}¥mathrm{s}¥mathrm{e}¥mathrm{f}u¥in H^{1}(.¥Omega)$

, $j(u)¥in L^{1}(¥partial¥Omega)$

Then it is well known [1] that $¥partial¥varphi(u)=(I-¥Delta)u$ , $u$ $¥in D(¥partial¥varphi)$ , where $D(¥partial¥varphi)=$

$¥{u ¥in H^{2}(¥Omega);¥partial u/¥partial n¥in-¥beta(u)¥mathrm{a}.¥mathrm{e}. ¥partial¥Omega¥}$ . Set $ A=¥partial¥varphi$ . We denote $¥Delta_{A}=I-¥partial¥varphi=$

I - A.



224 Tomomi KOJO and Masayoshi TSUTSUMI

Then applying Theorem 1 to $(*)$ we have the following.

Theorem Assumej(u) $¥geq 0a.e$ . on $¥partial¥Omega$ . Then for every $f¥in W^{1,2}(0, T;L^{2}(¥Omega))$

and $u_{0}¥in D(A)¥cap D(B)$ there exists a unique function $u(x, t)$ which satisfies $(*)$ such
that

$u$ , $(I -¥Delta_{A})u¥in L^{2}(0, T;L^{2}(¥Omega))$ , $¥sqrt{t}¥frac{¥partial u}{¥partial t}¥in L^{2}(0, T;L^{2}(¥Omega))$ ,

and

$(-¥Delta_{B})^{1/2}u$ , $-¥Delta_{B}u¥in AC([0, T];L^{2}(¥Omega))$ ,

$¥frac{¥partial}{¥partial t}((-¥Delta_{B})^{1/2}u)$ , $¥frac{¥partial}{¥partial t}$ $(-¥Delta_{B}u)¥in L^{2}(0, T;L^{2}(¥Omega))$ .

Proof. (A. $¥mathrm{I}$ ), (A.2) and (A.3) are clear. Then in order to apply Theorem 1
we only show that (A.4) holds. For every $u$ , $v¥in D(A)¥cap D(B)$ , we have

$(Au - Av, B(u-v))_{H}$

$=¥int_{¥Omega}¥{(I-¥Delta_{A})u(x)-(I-¥Delta_{A})v(x)¥}¥{-¥Delta_{B}(u(x)-v(x))¥}dx$

$=¥int_{¥Omega}|V(u(x)-v(x))|^{2}dx+¥int_{¥Omega}¥Delta_{A}u(x)¥Delta_{B}u(x)dx+¥int_{¥Omega}¥Delta_{A}v(x)¥Delta_{B}v(x)dx$

$-¥int_{¥Omega}¥Delta_{A}u(x)¥Delta_{B}v(x)dx-¥int_{¥Omega}¥Delta_{A}v(x)¥Delta_{B}u(x)dx$

$¥geq¥int_{¥Omega}|V(u(x)-v(x))|^{2}dx¥geq 0$,

which means (A.4) by taking Remark 2 into account.

Example 2. Let $e(x)$ be an element of $L^{¥infty}$ $(¥Omega)$ such that $e(x)¥geq 0¥mathrm{a}.¥mathrm{e}$ . in $¥Omega$ .

Consider an initial-boundary value problem

$(**)$ $¥left¥{¥begin{array}{l}e(x)¥frac{¥partial u(x,t)}{¥partial t}+(I-¥Delta)u(x,t)=f(x,t)¥¥¥frac{¥partial u(x,t)}{¥partial n}¥in-¥beta(u(x,t))¥¥¥sqrt{e(x)}u(x,t)|_{t=0}=¥sqrt{e(x)}u_{0}(x)¥end{array}¥right.$
$¥mathrm{i}¥mathrm{i}¥mathrm{o}¥mathrm{n}¥partial.¥Omega¥times(0, T)¥mathrm{n}¥Omega ¥mathrm{n}¥Omega¥times(0,T),$

,

Let $Bu$ $=e(x)u$ with $D(B)=L^{2}(¥Omega)¥equiv H$ and let $¥varphi:L^{2}(¥Omega)¥rightarrow(-¥infty,$ $+¥infty$ ] be
a function defined as in Example 1. Set $ A=¥partial¥varphi$ . Then $B$ is a (bounded) non-
negative selfadjoint operator in $L^{2}(¥Omega)$ and $ A=I-¥Delta$ with $D(A)=¥{u¥in H^{2}(¥Omega)$ ;
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$¥partial u/¥partial n¥in-¥beta(u)¥mathrm{a}.¥mathrm{e}$ . $¥partial¥Omega$ } is an $¥mathrm{m}$-accretive operator in $L^{2}(¥Omega)$ which satisfies (A.1)
and (A.2). Then Theorem 1 is applicable to $(**)$ . Note that, in this case, the
assumption (A.4) is not necessary because $|B^{1/2}u_{n}^{¥prime}|_{T}¥leq c$ implies $|Bu_{n}^{¥prime}|_{T}¥leq c$ .
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