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§1. Introduction

In this paper, we shall consider the functional differential equation with
diffusion

L) 2= DO ) + % ul,x) i 0,0 x 2
together with the boundary condition

0
(1.2) %(t, n) = ik(x)(K(x) — u(t, X))  on (0, o) x I,

and discuss the existence of periodic solutions of (1.1) and (1.2). Here u =
(4y,...,uy), 2 is a bounded domain in R’ with smooth boundary 92 (e.g.,
082 € C*** for some o € (0, 1)), and 4 and 0/0n respectively denote the Laplacian
operator in R? and the exterior normal derivative at 0Q2. Moreover, K(x) =
(K{(x), ..., Ky(x)) is a function such that K;e C?>*%(Q) with 0K,/0n=0 on
09, D(x) = diag(d,(x), ..., dy(x)) with d;e C*®Q) and di(x) >0 on Q, k(x)=
diag(k,(x), ..., ky(x)) with x; € C'**(0Q2) and k;(x) >0 on Q2 and u,(-,x) is a
function mapping R_ := (—o0, 0] into RY defined by u,(0, x) = u(t + 6, x) for
0 e R_. The subject is intimately related to the work of Zhang [15], as well
as the one of Burton and Zhang [3]. In [15], Zhang has treated the equation
(1.1) together with the Dirichlet boundary condition, and by using an a priori
H'(Q)-bound for periodic solutions he has deduced the existence of periodic
solutions which satisfy (1.1) in the sense of L?(2). The purpose of this paper
is to discuss the existence of periodic solutions which satisfy (1.1) and (1.2)
in the classical sense and whose values are in a bounded region in RY. Espe-
cially, we feel interest in periodic classical solutions whose range is contained
in the positive cone in RY, which are called positive periodic solutions of (1.1)
and (1.2). In a clear reason, the existence of positive periodic solutions would
be an important subject in connection with biology, ecology or other fields.
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In the analysis of the subject, we need to have a C(Q)-bound rather than an
H'(2)-bound. Roughly speaking, in this paper we shall employ the following
strategy to deduce the existence of positive periodic solutions of (1.1) and (1.2).
First we consider the Banach space X = C(2) equipped with the supremum
norm and the (unbounded) linear operator A4 which is the closure in X of
the operator DA with domain 2(D4) = {¢ € C*(Q; R"): 0¢/0n + x& = 0 on 0Q},
and then reformulate (1.1) and (1.2) as an abstract functional differential
equation

dv

i Av(t) + G(t,v,), t>0,

(1.3)
on X, where v(t) =u(t,") — K(-) and G(t, v,)(x) = f(t, x, u,(-, x)). Moreover,
following an idea in [3] and [15] we consider a functional differential equation
with a parameter k together with an associated map H corresponding to (1.3).
Next, observing that a fixed point of the map H for k =1 yields a periodic
solution of (1.3), we deduce the existence of positive periodic solutions of (1.3)
from an a priori bound on all possible positive fixed point of the map H for
0 <k <1. Consequently, one can obtain positive periodic solutions of (1.1)
and (1.2) by assuming a C(£2)-bound for all possible positive periodic solutions
of the parametrized functional differential equation corresponding to (1.1) and
(1.2) (Theorem 3.2). We provide also two examples to illustrate how our
theorem is effectively applicable (Theorems 3.3 and 3.4). In the examples, we
derive a C(2)-bound for possible positive periodic solutions of the parametrized
equation by applying the maximum principle. Our approach in this paper
would be advantageous in several ways. Among others, it should be noted
that the intermediate space defined by the fractional power (—A)Y? is not
needed in the analysis of concrete problems (Theorems 3.3 and 3.4), while it
played an important role in [15]. We emphasize that the structure of the
intermediate space is well-known in case X = L?(2), but it is not so in case
X = C(Q).

§2. Abstract results

Let X be a Banach space with norm ||, and let 4 be a (unbounded)
linear operator which generates an analytic compact semigroup T(t) of bounded
linear operators on X. We consider the (abstract) functional differential
equation

“—A@@-@+F¢mx t>0,

2.1) =

where a is a fixed element in X and F is a function mapping R x BC(R_; X),
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R_:=(—o0,0], into X. Here and hereafter, for any topological space O and
any Banach space Y we denote by C(O; Y) the space of all continuous functions
mapping O into Y, and by BC(0O; Y) the space of all ¢ € C(O; Y) whose
supremum norm | @] := sup{||@(0)|: 6 € O} is finite. Moreover, for any func-
tion ue BC(R; Y) and any t € R, u, denotes the element in BC(R_; Y) defined
by u,(0) = u(t + 0) for 6 e R_. We impose the following condition on F.

(H1) (i) For some w >0, F is w-periodic in t; that is, F(t + w, ¢) =
F(t, ¢) for all (t, p) e R x BC(R_; X);
(i) for any ¢ € BC(R; X), F(t, ¢,) is continuous in t € R;
(1) for any r > O there exist constants L > 0 and $¢€ (0, 1] such
that

IF(t, ) — F(s, Y)| < L{|t —s|* + o — ¢1°}
for all (¢, ), (s, ¥) € [0,7] x BC(R_; X) with |¢| <r and |y| <.

Let ¢, be the type number of the semigroup T(t). For any c¢ > ¢y, We
set A, = A — cl, where I is the identity operator on X. Clearly A, generates
the analytic compact semigroup T.(t):= T(t)e"“. Moreover, for each ze &
with Rz > ¢,, the bounded inverse (4 — zI)™' exists and it is given by the

Qa0

formula (4 — z)7'x = — J e #T(t)xdt, x e X. Combining this with the fact
0

that the semigroup T(f) is analytic, one can see that there exist M > 0 and
n/2 <n <m such that A, — AI is invertible for Ae ) := {A:|arg A| < n}U {0}
and

M
A, — A < —— re).
(4= D < g A€l
Therefore the fractional powers (—A.)* of —A, is defined for a >0 (e.g.,
[9, Section 2.6]), and the estimate
22) (= A TOI < Ct™™,  t>0,

holds, here 6 and C, are some positive constants (independent of t) (e.g.,
[9, Theorem 2.6.13(c)]).
Now we consider the space

Z =C,(R; X)={p e C(R; X): p(t + ) = ¢(t) on R}.
Clearly & endowed with the norm

lell = sup {le@®)]: 0 <t < w}

is a Banach space. For any ¢ € Z, we set
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23) (Fo)t)=a+ jt T.(t — 0)[c(p(0) — a) + F(0, pp)1d0, teR.

— 0

By the periodicity of the function F(6, ¢,) and (2.2) with & = 0, one can see
that & is a well-defined mapping from % into &Z.

Lemma 2.1. The map #:% — & is compact.

Proof. First we establish the continuity of s#. Let ¢ and y with ||| < 7~
and ||y]] <r be given. By (H1-iii) and (2.2), we have

I# ¢ — #AY| = sup

O<t<ow

J T.(t — 0)[c(@(6) — ¥(0)) + F(6, @g) — F(6, ¥p)1d0 H

— 00

< sup J Coe %%d0{cllo — Y|l + Lllo — y|I*}

— 0

< (Co/d){cll¢ — ¥l + Lllo — yII°}.

This shows the continuity of #. Next we prove that for any bounded set
S in & the set &#S is relatively compact in Z, where L¢ = # ¢ —a. By
(H1-iii), we get

sup {llc(@(®) — a) + F(6, ,)|l: p € S, 6 € R} (=: Q) < o0.

Then (2.2) yields

I(—4)"* (L))l < Q J_ I(— ATt — 7)lde

t

<QCy, f (t — 1) V2%

— 0

=QCy, f sTV2e7%ds < o0
0

for all ¢ € S, which shows that the set [((—A4.)2.%)S](¢) is bounded in X for
all te R. Therefore the set (ZS)(t) is relatively compact in X, because the
I'(1/2) Jo
the family of functions {(ZL¢)(*): ¢ € S} is equicontinuous on R. If the claim
holds true, then the set S is relatively compact in & by the Ascoli-Arzéla
theorem, as required. Let h > 0 and ¢ € S be given, and set g(t) = c(o(t) — a) +
F(t, ¢,). Then

operator (—A4,) 2 = t2T(t)dt: X — X is compact. We claim that



FDEs with Diffusion 5

(L)t + h) — (L))

< Co0h + H J " (T~ DT — D)

t

jﬁh T.(t + h — t)g(t)dt + J (T.(t + h — 1) — T.(t — 1))g9(v)dr

— 0

— CoQh + ” j ’ ( f h Acw)de) Tt — Dg()de
— o0 0
<0 [coh ; f t (f ||A3/271(0)ud0) AT (¢ — r)ndr]

<0 [Coh + 2C2, b2 f s-lfze-"sczs]

0

by (2.2). Thus we get

[ee]

sup {(£)(t + h) — (Lo)W): 9 €S, t € R} < Qh'” [Co +2C%, f

0

S—1/2e—6sds]

for all h with 0 < h < 1, and consequently sup {[|(L@)(t + h) — (Le)®):
peS,te R} >0 as h—0*. This proves the equicontinuity, as required.

For any ke R we consider the equation

(2.4) ZL; = A (u(t) — a) + k[c(u() — a) + F(t, u,)], t>0,

and moreover, we define the mapping H: R x & — % by

t

(25) [Hk, ¢)l(t) =a+k J T.(t — 0){c(@(6) — a) + F(0, @)} db
for any (k, p)e R x . In case of k=1, (2.4) and H(k,-) are identical with
(2.1) and ##, respectively. ue C(R; X) is called a solution of (2.4) if u is
continuously differentiable on (0, c0) and it satisfies (2.4) together with u(t) —
ae 9(A,) = 2(A) for t > 0.

Lemma 2.2. Let o€ Z. Then ¢ is an w-periodic solution of (2.4) if and
only if H(k, @) = ¢.

Proof. In order to prove the “if” part, we suppose H(k, ¢) = ¢. We
first assert that

t

(2.6) o) —a=T()(e0) —a) + k f T.(t — 5)g(s)ds, t=0,

0
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where g(t) := c(p(t) — a) + F(t, ¢,). Indeed, since g € C,(R; X), one can choose

a sequence of continuously differentiable functions {g,} < C,(R; X) such that
t

lgall < llgll and |g,(t) — g@®)ll <1/n on R. Set v,(t) = J T.(t — s)g,(s)ds for
te R. Then

/W {T.(h) — I}v,(0)

— (1/h) { f T+ h— 9g,()ds — f Tt — s)g,,(s)ds}

— 00 — o0

_ f’ i@ — 020 F h; — 99 4o _ —}1; f T.(t — 0)g,(0 + h)do
t—h

for h > 0, and hence

t

lim (1 — W) {T(h) — I}v,(0) = f T.(t — 6)g,(8)d0 — g,(?)
>0t

= (1) — g,(1)
by the convergence theorem. We thus get
2.7) va(t) € 2(4,) and  A,(t) = v,(1) — g (0).

Making use of this, one can derive the relation

t

(2.8) v,(t) = T.(t)v,(0) + f L.t — 8)gu(s)ds,  t=0.

0

t

Since lim,_,, [kv,(t)] = k f T.(t — s)g(s)ds = [H(k, 9)]1(t) — a = o(t) — a, (2.6)

follows from (2.8). Now, by [9, Theorem 4.3.1], (2.6) implies that ¢ is locally
Hoélder continuous on (0, o0), and in particular, it is Holder continuous on
[w, 2w]. Therefore ¢ is uniformly Holder continuous on R because of the
periodicity. From this observation and (H1-iii) it follows that the function
F(t, ¢,) of t is Holder continuous on R, and so is the function g(f). Thus,
by (2.6) and [9, Theorem 4.3.2], we see that ¢ is a solution of (2.4).

Next we prove the “only if” part. Suppose that ¢ € & is a solution of
(2.4). Then (d/dt)(e(t) — a) = (d/dt)p(t) = A.(@(t) — a) + kg(t), and hence

t

@) —a=T()(e0) —a) + k J I.(t — 0)g(6)add

0

for t > 0, where g(t) = c(p(t) — a) + F(t, ¢,). Since ¢ is w-periodic, so is the
function g. Then
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t+nw

o) =a+ T,(t + nw)(e(0) —a) + k J' T.(t + nw — 0)g(0)do

0

t

= a + Tt + nw)(e(0) — a) + kf T.(t — 0)g(0)do.

—hw

Note that || T.(t + nw)(@(0) — a)| -0 as n—> 0. Letting n —» oo in the above,

t
we get o(t) =a+k J T.(t — 0)g(0)d0 = [H(k, ¢)]1(t), as required.
Proposition 2.3. Assume (H1). Moreover, let G be a bounded open set in
X with a€ G, and suppose that

@ ¢ 0G (:= the boundary of G)

whenever ¢ € G is a solution of (2.4) with ke (0,1]. Then the equation (2.1)
has an w-periodic solution which belongs to G.

Proof. Consider the operator I = #|z G — %, where # is the one
defined by (2.3). We assert that 7 ¢ # a + 7(¢ — a) for all 7> 1 and ¢ € JG.
Indeed, if this is false, then there exist ¢ € G and 7 > 1 such that T ¢ =
a + t©(¢ — a), and hence

t

1
ot)=a+ %[(%qo)(t) —al=a+ ;j T.(t — 0)[c(@(0) — a) + F(0, ¢,)1d0

“= Qa0

= [H(1/7; ¢)1(®).

Then ¢ € 0G is a solution of (2.4) with k = 1/ by Lemma 2.2, which contradicts
our assumption. Thus the assertion must be true. Now the operator J is
compact by Lemma 2.1. Therefore, by the fixed point principle of omitted
rays (e.g., [14, Theorem 13.A]), there exists a ¢ € G such that ¢ = ¢. Such
@ 1s a solution of (2.4) with k=1 by Lemma 2.2, and hence ¢ € G by our
assumption. Thus ¢ is the desired one.

§3. Periodic solutions of some functional differential equations with diffusion

Throughout this section, we will employ the following notation. Let RN
be the N-dimensional Euclidean space with norm |-|. For any diagonal matrix
B = diag(b,, ..., by) and any vector u = (u,, ..., uy), we denote by Bu the vector
(biuq, ..., byuy). For any vectors u = (u,, ..., uy) and v = (vq, ..., vy), We write
as u <v (resp. u < v) whenever u; <v; (resp. y; <v;) for all i=1, ..., N. If
u, ve RY with u < v, we set [u,v] = {we R": u <w < v}, and call it an interval
in RY. Also, we denote by RY the set {ue R¥:0:=(0,...,0)<u}. Let Q
be a bounded domain in R’ with smooth boundary 02 (e.g., 02 € C>** for
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some o €(0,1)), and denote by 0/0n the exterior normal derivative at 0€2.
Furthermore, 4 denotes the Laplacian operator in R’ and 4v and 0v/on
denote Av = (4vy, ..., 4vy) and 0Jv/0n = (Ov,/0n, ..., Ovy/On), tespectively, for
any (smooth) mapping v = (v, ..., vy): 2 — RY.

In this section, we discuss the existence of periodic solutions of the func-
tional differential equation with diffusion

B) 2 =DM+ [ xul ) in (0,@)x
satisfying the boundary condition

9
3.2) 5:@, X) = k() (K(x) — u(t,x))  on (0, 00) x 3.

Here D(x) = diag(d,(x), ..., dy(x)) with d, e C*Q) with d;(x) >0 on 2, k(x) =
diag(ic{(x), ..., ky(x)) with x; € C**(02) and x;(x)>0 on 92, and K(x)=
(K, (x), ..., Ky(x)) is a function such that K; e C***(Q) with 6K;/0n = 0 on 0R.
We assume the followihg condition on the mapping f: R x Q x BC(R_; R") —>
RY.

(H2) @) f(,x,¢&) is w-periodic in t;
(ii) for each Y € BC(R x Q; R"), the function f{(t, x, ¥,(-, x)) is con-
tinuous in (¢, x) € R x Q;
(iii) for any r > 0 there exist constants L >0 and 3 € (0, 1] such
that

£, %, &) = f(s, v, 0l < L{lt — s1* + |x — yI* + I1E — x11*}

for all (t, x, &), (s, y, x) € [0, 7] x 2 x BC(R_; RY) with |[¢| <r and
Ixl <r.

In order to apply the results in the previous section, we take the Banach
space C(22; R") equipped with the supremum norm as X, and define the map
F:R x BC(R_; X) — X by

F(t, 9)(x) = f(t,x, (", X)), teR, xeQ.

Clearly F satisfies the condition (H1). For eachi=1, ..., N, we next consider
the (unbounded) linear operator A; in X = C(2; R) which is the closed exten-
sion of the operator d;4 with the domain 2(d;4) = {¢ € C*(Q; R): 0¢/on +
k=0 on 0Q}. By virtue of [12, Theorem 2], A, generates an analytic
semigroup Ti(t) on X. Moreover, by the estimate

12172l < CIA; — 2)Elle
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for all complex z in a truncated sector |argz| < m/2 + ¢, |z| =>4, (cf (1.1)
in [12]), we see that each resolvent operators of A, is compact on X, and
hence the semigroup 7Ti(¢) is compact. It is a direct consequence of the maxi-
mum principle that T(f) is nonexpansive; that is, |7;| <1. For any ¢ =
(@1, ..., o) € D(A,) x -+ x D(Ay) =: D(A), we set

Ap = (fL P1s--e» A~N(pN)'

Then A generates the analytic compact semigroup T(f) := (T;(2), ..., Ty(t)) of
nonexpansive bounded linear operators on X. Set a(x) = K(x) for xe 2. We
take any constant ¢ > 0, and consider the operator H(k, ¢) defined by (2.5).
By Lemma 2.2, ¢ = H(k, 9) means that ¢(f) is an w-periodic solution of
the (abstract) equation (2.4) on X = C(Q; R¥). Now we verify that u(t, x) :=
[p()](x) satisfies the functional differential equation with diffusion

(3.3) %(t, x) = D(x)Adu(t, x) + c¢(1 — k)(K(x) — u(t, x))

+ kf (5, x, u,(, x)) + (k — 1)D(x)4K(x)
in (0, o0) x £, together with the boundary condition (3.2), whenever ¢ = H(k, ).

Lemma 3.1. Let (H2) hold, and suppose that H(k, ) = ¢ for some ¢ € Z.

Then the function u(t, x) := [@(t)](x) is an w-periodic (classical) solution of (3.3)
and (3.2).

Proof. The lemma can be proved by the standard regularity argument
(e.g., [2, pp. 205-207], [5, pp- 75-76]). For completeness we contain the proof.
Set v(t) = ¢@(t) — a and g(t) = cv(t) + F(t, ¢,). Since v is w-periodic, from the fact
that v € C1((0, o0); X) it follows that v(t, x) := [v(t)](x) is continuously differenti-
able with respect to t € R uniformly for x € Q, together with sup, . g l1d/dt)v(t)|| =
sup {|(6/0t)v(t, x)|: t € R, x € 2} < oo. Then (H2-iii) yields that [g(t) — g(s)|| <
C|t —s|% t, se R, for some constant C. Let 0 < <f < 9, and take p > 0 so
large that 6 + (N/p) < min {28, 1}. Since (d/dt)v(t) = A.v(t) + kg(t), it follows
from [5, Lemma 3.5.1] that the function t € R > (— A4,)*(dv/dt) € X (= LP(Q)) is
locally Holder continuous, and consequently the function ¢t € R +— (0v/0t)(t, ) €
C%(Q) also is locally Holder continuous by the standard argument in L?-theory
(e.g., [5, Theorem 1.6.1 and p. 75], [9, Section 8.4]). Also, from the fact that
the function t € R — A, v(t) € X is continuous, it follows that the function t e
R — v(t,") e C**%(Q) is continuous. Thus g(t)(-) € C*(R2) by (H2-iii), and con-
sequently A.v(t) = dv/dt — kg(t) € C°(Q). Hence v(t,*) e C***(Q) by a classical
regularity theorem for elliptic equations (cf. [5, p. 10]), and consequently
ge C¥%R x Q) by (H2-iii). Also, by the standard argument in LP-theory
(e.g., [2, p. 205-207], [5, p. 75]) it follows that v satisfies dv/on + kv =0 on
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(0, o0) x 0Q. Consequently, du/on = dv/on = —xv = k(K — u) on (0, ©) x 012,
and hence u satisfies (3.2). Since the compatibility condition of order O is
satisfied for v(0, -) € C?>*%(Q), by [6, Theorem 5.3, p. 320] there exists a unique
function 7 e C'*%2:2+%(R x Q) satisfying 0v/0t = DAV — cb + kg in (0, o0) x £,
0v/on + k6 =0 on (0, 0) x 82 and (0, x) = v(0, x) on Q. Then (d/dt)v(t) =
A,0(t) + kg(t) and 7(0) = v(0) in X, and hence one gets v(t) = T.(t)v(0) +

t
k J T.(t — s)g(s)ds = v(t) or v(t, x) = v(t, x). Consequently, the function u(t, x)
(0]

is continuously differentiable in ¢, twice continuously differentiable in x, and
satisfies (3.3) on R x Q. This completes the proof.

Combining Lemma 3.1 with Proposition 2.3, we obtain the following result:

Theorem 3.2. Let (H2) hold, and assume that there exist some constant
vectors py, ji,, vy and v, in RN such that p, < p, < K(x) < v, < v, on Q and that

Uy S u(t,x) < v, on Rx Q

whenever u(t, x) is an w-periodic solution of (3.3) with k € (0, 1] satisfying u, <
u(t, x) < v, on R x Q together with (3.2). Then there exists an w-periodic solu-
tion of (3.1) and (3.2) of which the range is contained in the interval [u,, v,].

Now we provide two examples which show how Theorem 3.2 is effectively
applicable. In the analysis of the examples, we consider the equation corre-
sponding to (3.3) with ¢ =1 to apply Theorem 3.2.

Example 1. Let K(x) = K, a positive constant. Together with the bound-
ary condition (3.2) (with N = 1), we consider the scalar functional differential
equation with diffusion

(3.4 %—l;(t, x) = d(x)du(t, x) — AL, x)u(t, x) + g(t, x, u,(-, x)) in (0, o0) x Q,

where d € C*(Q) with d(x) >0 on . Assume that:

(H3) (H2) is satisfied for the function f(t, x, &) = —A(t, x)&(0) + g(t, x, &)
with N = 1.

(H4) (i) O0<Ai:=inf,, At, x) < sup, , AL, x) =: 1 < o0;
() ¢ € BC(R_;R.), R, := [0, ), implies inf, , g(t,x,&) > O.
Moreover, & y € BC(R_; R,) with £(0) < x(0) on R_ implies
g(t, x, &) > g(t,x, y) on R x ;
(iii) there exists a constant v; > O such that v > v, =
(1/4) sup, , g(t, x, 0) and that

g(t, x,v;) < KAi(t, x) < ¢(t, x, 0) on R x Q.
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Equation (3.4) describes a mathematical model for the survival of red
blood cells in an animal (cf. [7, 13]). It is easy to see that (H4-ii) is satisfied

whenever g is given by g(t, x, &) = J e "@E9qdp(1), where y € BC(R,; R.) and
0
p: R, — R is bounded and nondecreasing. We set

po = (1/2) inf g(t, x, vy ).
t,x

Then 0 < u, < K <v, by (H4).

Theorem 3.3. Assume (H3) and (H4), and let u, and v, be the constants
cited above. Then there exists an w-periodic solution of (3.4) and (3.2) of which
the range is contained in the interval [u,, v,].

Proof. Take a u,€(0,u,). Then 0 < pu; < pu, <K <v,<v;. For any
ke (0, 1], let u(z, x) be an w-periodic solution of the equation

E(t, x) = d(x)du(t, x) + (1 — k)(K — u(t, x)) + k[ —A(t, x)u(t, x) + g(t, x, u,(*, x))]

in (0, 00) x 2 satisfying u, < u(t, x) < v, on R x Q together with the condition
(3.2). In order to establish the theorem, it suffices to prove that

u, <ult,x)<v, on Rx Q.

Now, let ¢ >0 be any number such that ¢ < min{yu,, iu,}, and consider the
solution m(t) of the ordinary differential equation

%m(t) — [k —1— KI]m(t) + K(1 — k) + kip,,  t>0,

with m(0) = u, —e&. Clearly m(t) is given by

kA+1—k

(3.5 m(t) = (uy — ele” FFHP 4 (1 — g Fi-hr)

It is easy to check that 0 <m(t) < K on R,. We assert that
(3.6) u(t, x) > mf(t), (t, x)e R, x Q.

To establish the assertion by a contradiction, we suppose that (3.6) is false.
Then there exists some (to, Xo) € (0, 00) x Q such that u(t,, xo) = m(t,) and
u(t, x) > m(t) for all (¢, x) € [0,t,) x Q. Set w(t,x) = m(t) — u(t, x). Then
w(to, Xo) = 0 and w(t, x) <0 for all (¢, x) € [0, o) x 2. Moreover, we get
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ow d ou
E(t: x) = Em(t) - E(ts x)

= d(x)Aw(t, x) — (kA(t, x) + 1 — k)w(t, x)
+ km(t)(AMt, x) — 2) + k(Apu, — g(t, x, u,(-, X))

on (0, t,] x Q. Since 0 < p; <u(t,x) <v, on R x Q, we get Av, > g(t, x, 0) >
gt, x, u, (-, x))=>g(t, x, v,)=Au, by (H4-ii), and hence d(x)4Aw(t, x)—(3/dt)w(t, x)—
(k(A(t, x) + 1 — k)w(t, x) > 0 on (0, t,] x 2. This would lead to a contradiction.
Indeed, if x, € 2, then w(t, x) = 0 on [0, t,] x 2 by the strong maximum princi-
ple (e.g., [10, Theorems 3.3.5, 3.3.6 and 3.3.7]), which is a contradiction because
of u(0, x) > u; > m(0). We thus obtain x,€ 02 and w(t, x) <0 on [0, ty] X
Q, and hence dw/dn >0 at (t,, x,) by the strong maximum principle, again.
However, this is impossible because of (Ow/dn)(ty, Xo) = —(0u/dn)(ty, Xo) =
K(xo) (U(to, Xo) — K) = K(Xo)(m(ty) — K) < 0. 5 a

Now we obtain lim,_ , m(t) = [K(1 — k) + kAdu,)]/[kA + 1 — k] by (3.5),
and consequently lim,_ m(t) > p, because of k € (0,1]. Therefore, from
(3.6) it follows that lim,_. u(t, x) > lim,,, m(t) > u, on 2, and consequently
ming u(t, ') > u, on R by the periodicity of u(t, x). Similarly, one can prove
that maxgsu(t,') <v, on R. Indeed, in place of m(t), we may consider the
solution M(t) of the ordinary differential equation ~

%M(t)=[k—1—kﬂM(t)+K(1—k)+kg_v2, t >0,

with M(0) = v; + ¢, and repeat the argument similar to the one for m(z). This
completes the proof of the theorem.

Example 2. We next consider a system of functional differential equations

3.7 %(t, x) = d;(x)Au;(t, x)

+ ui(ta x) {ai(ts x) - bi(ts x)ui(ta X) - i cij(ts x)hij(t, X, ut('> X))},

i=1, ..., N,

in (0, c0) x Q, together with the homogeneous Neumann boundary condition
ou
(3.8) %(t, x)=0 on (0, c0) x 022,

where u = (uy, ..., uy), and the functions a;, b;, c;;: R X Q—R,i,j=1,..., N,
are continuous and w-periodic in t, and moreover d;e C*Q) with d;(x) >0
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on Q fori=1,..., N. Note that (3.8) is a special case of (3.2) (with x = 0).
We assume that:

(H5) (H2) is satisfied for the function f(t, x, &) := (f1(¢, x, &), ..., fy(t, x, &)),
where

j=1

ﬁ(ta X, é) = 61(0) {ai(ta X) - bi(t7 x)él(o) - i Cij(tﬂ x)hij(ta X, é)}

for &=(&1s..., S

0 < g;:=inf, , a,(t, x) < sup, , a;(t, x) =
(Ho6) (1) 0 < b;:=inf, , b(t, x) < sup, , bi(t, x) =
0 < ¢;;=1nf, , ¢;;(t, x) < sup, , ¢;j(t, x) =: Cij

1a; < oo,
b, < o,
oo)

for i, j=1, ..., N, and moreover

N
a; > Zl C;j(a;/b;)
=

fori=1, ..., N;

(i) for any i, j=1, ..., N, & xe BC(R_; RY) with £(0) < x(0) on
R_ implies 0 < h;i(t, x, §) < hyj(t, x, ), and moreover h(t, x, p) = p;
(normalized) whenever p = (p,..., py) is a constant.

In mathematical ecology, (3.7) describes the growth of competing N-species
whose i-th population density at time ¢ and place x is u(t, x), and h;(t, x, u,(-, x))
represents the effect of the past history on the present growth rate (cf. [1, 4, 8,

11]). It is easy to see that (H6-ii) is satisfied if h;(t, x, &) = j K;;(0)¢;(—0)do
0

o)

for £ =(&4,..., &y) € BC(R_; R"), where K;;(0) > 0 and J‘ K;;(0)d0 = 1. The
‘ (]
condition (H6-i) is the one considered by Gopalsamy in [4] to derive the

existence of a globally stable w-periodic solution for integrodifferential equa-
tions (without diffusion). Ahmad and Lazer [1, Theorem 4.1] have treated
the case where N =2 and d; depends on the variable ¢ as well as x, and
established the existence of an w-periodic solution under the condition (H6-i)
with N =2. We remark that the case where h;(t, x, &) = &;(0); that is, (3.7)
does not contain delay-terms, has been treated in [1], and the method in [1]
is not applicable to delay-equations. In the following theorem we also impose
the condition (H6-i) and deduce the existence of an w-periodic solution of
(3.7) and (3.8).

Theorem 3.4. Assume (HS5) and (H6). Then there exists an w-periodic
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solution of (3.7) and (3.8) of which the range is contained in the product

ﬁ I:Qi - Z;v=_1 Eij(aj/l_)j), @:I

b b;

i=1
Proof. Take a 6 >0 so that
_ N

O<25bl<21—— Z El](a]/b])5 i=1, cees N,

Jj=1

which is possible by (H6-i), and consider the vectors puy, u,, vy, v, and K in
RY whose i-th components are defined by

N —
U= 0, Ha i = [Qi - Z Eij(‘_lj/llj):l/bia Vi,i= 2a;/b;,

j=1

N
vy, = a4;/b;, K;= <ai — 25 Z .Qij)/l_)ia
=1

respectively. Since 26 < a;/b; for all i, we get O <pu; <p, <K <v, <vy.
Now, for any k € (0, 1], let u(t, x) = (u(t, x), ..., uy(t, x)) be an w-periodic solu-
tion of a system of functional differential equations with diffusion

%(t, x) = d;(x)du;(t, x) + (1 — k)(K; — u;(t, x))

+ kuy(t, x) {ai(ta x) — by(t, X)u;(t, x) — i cij(t, X)hys(t, x, u, (-, x))}

i=1,..., N,

in (0, 0) x Q satisfying u; <u(t,x)<v, on R x Q together with (3.8). In
order to establish the theorem, it suffices to certify that

(3.9) Uy < ult, x) < v, on R x Q.

Consider the solution M(t) = (M,(t), ..., My(t)) of a system of ordinary differen-
tial equations

d N
aMi(t) = (k — )(M;() — K;) + kM;(t) <‘_1i — b;M;(t) — 21 _c_ijl'l'l,j)a
=
t>0,i=1, ..., N,

with M(0) = v, + (s, ..., ¢), where ¢ is any positive number. Each component
M,(¢) of M(¢) is a solution of ordinary differential equation y = —By* + Ay +

N
C(=G(y)), where A =(k—1)+ka;,—k Y cpy;» B=Dbk and C = K,(1 — k).
j=1
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Observe that B>0 and C>0if O0<k<1, and B>0, C=0 and 4 >0 if
k=1. By using this fact we can deduce that M;(t) exists globally on R,
with M;(t) > 0 for t > 0, and that it tends to the unique positive root of the
quadratic equation G(y) =0 (say, y(k,i)) as t > co. The root y(k, i) is given
by the equation

N N 2
2byy(k,i)=a;, — 1 — Z Cijly,; + {(ai — T z Qijﬂl,j) + 4.lziKiT}
Jj=1 j=1

with 1= (1 — k)/k = 0. Consider the right hand side of the above equation
as a function of 7 > 0, and write it by 7(z), simply. Then I'(r) is nonincreasing
in 7, because of

N 2
I''(7) {(51' — T Z Eij/u:t,j) + 412iKi1}
j=1

N 2 1/2 "N
X [{(ai —T— ) Qijlh,j) + 4biKiT} - (‘7;' -7 Z £ij#1,j) + 2biKi:|
Jj=1 j=1

_ 4b?K-<K~ . a; — Zﬁ'v=1 9ijl~‘1,j>
=1 13 i b

=1

1/2

1/2

N
= 4bK; ), cij(py,; — 20) <0.
=

Thus we get y(k, i) < I'(0)/(2b;) = (@ — Y. )-1 ¢iji1,;)/b; < v, ; for all ke (0, 1] and
all i=1, ..., N, and hence
(3.10) lim M(t) < v,.

t—>00
On the other hand, by employing the same manner as in the proof of (3.6),
one can deduce that u(t, x) < M(t) for all (t, x)e R, x Q. Since u is periodic,
combining this inequality with (3.10) we obtain that u(t,x) <v, on R x Q,
which proves the half part of (3.9). To prove the remainder of (3.9), we
consider the solution m(t) = (m,(¢), ..., my(t)) of a system of ordinary differential
equations

imi(t) = (k — 1)(m;(t) — K;) + km,(?) <£i - l_)imi(t) - i Eijv2,j)a

dt
t>0,i=1, ..., N,
with m(0) = u; — (e, ..., ¢), where ¢ is any positive number such that ¢ < p, ;
for all i=1, ..., N. By the same reasoning as for M(t), we can deduce that

m(t) exists globally on R, with 0 <m(f) on t >0, and that each component
m;(t) tends to the a positive number j(k, i) as t - oo, where j(k, i) is given by
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the equation
_ N N 2 _ 1/2
2bl’)7(k, i) = .Qi — T — Z El]vz,j + {(gl — T — Z El]v2,]> + 4blKlT} ’
j=1 j=1

with 7 = (1 — k)/k > 0. It is straightforward to see that the right hand side
of the above equation is nondecreasing in 7>0. Then we get J(k,i)>
(@i — Y. X1C;v,.))/bi = ps; for all ke(0,1] and all i=1, ..., N, and hence

(3.11) lim m(t) > u,.

t—
Recall that u(t,x) <v, on R x Q. By employing the same manner as in the
proof of (3.6), one can deduce that u(t, x) > m(t) for all (t,x)e R, x Q. Then
the remainder part of (3.9) follows from (3.11) and the above inequality, because
u is periodic. This completes the proof.

Remark. In Theorem 3.2, we have treated the equations with a diffusive
term of the form D(x)4du. We note that the theorem is valid even for the
equations with a (smooth) uniformly strongly elliptic operator of order 2
in place of —D(x)4. Indeed, one may take the constant ¢ > ¢, and repeat
the argument in the theorem, where ¢, is the type number of the semi-
group generated by the elliptic operator and the boundary condition. Also
Theorem 3.3 (resp. Theorem 3.4) is valid even if we replace —d(x)4 (resp.
—di(x)4) by the (smooth) uniformly strongly elliptic operator of the form
Y G k=1 0/0x(d;(x)0/0x,) (resp. Y 4 .=y 0/0x,(d;(x)0/0x,)), because the semigroup
generated by the elliptic operator and the boundary condition is nonexpansive
and the inequalities corresponding to (3.6) etc. remain valid.
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