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1 Introduction

Let X be a Banach space with norm | - || and suppose that A: D(4) - X is
the infinitesimal generator of a strongly continuous operator semigroup 7(t)
defined on X. The objective of this work is to study the existence of solutions
and periodic solutions of a class of partial functional differential equations
with unbounded delay. Let & be an abstract phase space. We will consider
initial value problems which can be modelled as the abstract Cauchy problem:

(1.1) x(t) = Ax(t) + F(t, x,), t >0,
with initial condition
(12) Xo = @QE *@9

where F:(— o0, a) x Q > X, a >0, is a continuous function and x, represents
the function defined from (— oo, 0] into X by x,(6) = x(t + ), — 0 <0 < 0.

Similar problems have been studied by several authors. We only mention
the works of Lightbourne [5], Travis and Webb [10] and recently, Shin
[9]. In [S] the existence of periodic solutions of a non-delayed equation was
established while in [10] it was obtained existence of solutions for an equation
with finite delay and Shin [9] considers the problem of existence of solutions
of equations where the function in the right member depends continuously on
X,.

Throughout this paper we will employ the phase space # introduced by
Hale and Kato [3], but defined as in the book [4]. Thus, £ will be a linear
space of functions mapping (— o0, 0] into X endowed with a seminorm
Il -llz. We will assume that £ satisfies the following axioms:

(A) If x:(—o0,0+a)—> X, a>0, is continuous on [0, 0 + a) and x,e%
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then for every ¢t in [0, 0 + a) the following conditions hold:

(1) x,1s in A.
(i) Ix@lI < H|xllz.
(iii) [|x, ]z < K@t —oa)sup {[[x($)||: 0 <s <t} + M@t —0)||x, 5.

Where H > 0 is a constant; K, M: [0, o) — [0, ), K is continuous and
M is locally bounded and H, K and M are independent of x.

(A;) For the function x in (A), x, is a %-valued continuous function on
[o, 0 + a).
(B) The space # is complete.

We will denote by % the quotient Banach space #/|-|z. If E is a
subset of # then we define E:= {¢: pcE}, where ¢ is the equivalence class
of o.

Furthermore we will reserve the symbol a to denote the Kuratowski’s
measure of non-compactness. Let B a bounded set of a seminormed space
Y. The a-measure of B is defined as the infimum of ¢ > 0 such that B has
a finite cover with sets of diameter less than e For the properties of the
measure « see Deimling [1]. We will represent with the symbol B,[y] the
closed ball centered at y and of radius r > 0.

For the theory of strongly continuous semigroups we refer to Nagel
[7]. In particular, it is well known that there exist constants M > 1 and
w € R such that

(1.3) | T@)| < Me®*, t>0.

In section 2 we will establish a result of existence of solutions and some
of their properties while in section 3 we will study the existence of periodic
solutions. In the sequel we will assume that # satisfies axioms (A), (4,) and

(B).

2 Existence of solutions

Henceforth we will assume that F: [0, a) x 2 - X is a continuous func-
tion, where Q2 is a nonempty open subset of .
We will say that a function x: (— o0, b) > X, 0 < b < a, is a mild solution
of the Cauchy problem (1.1)—(1.2) if x, = ¢ and the restriction x: [0, b) > X
is continuous and satisfies the integral equation:
t

2.1 x(t) = T(t)p(0) + J T(t — s)F(s, x,)ds, 0<t<hb.

(o]
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In the rest of this work we will abbreviate our terminology calling
solutions to the mild solutions.

In this section we will use the Schauder’s fixed point theorem to obtain
the existence of solutions. In order to apply the Schauder’s theorem we will
introduce a compactness condition on the composition of the semigroup T'(t)
and the function F.

Theorem 1 Let pe . Assume that there exist positive constants b, and
r, such that B, [@] = Q and for each 0 <t < b, there is a compact set W< X
such that T(t)F(s, Yy)e W,, for every YyeB, [¢] and all 0 < s <b,. Then there
exists a solution of (1.1)~(1.2) defined on (— o, b), for some 0 <b < b,,.

Proof. From the properties of strongly continuous semigroups we may
assume that || T(t)|| < M,, for 0 <t < a and for some constant M, > 1. Since
F is a continuous function, there exist constants 0 < b, <b,, 0 <r, <r, and
N > 0 such that ||F(s, ¥)|| < N, for every 0 <s < b, and all y B, [¢].

Let us define the function y(t) = T(t)@(0) for t >0 and y, = ¢. Then from
the properties of # we infer that y,e # and that, for every 0 <r, <r,, there
exists b,, 0 < b, < by, such that ||y, — @4 <r,, for all 0<t<b,. We set
K,:=max {K(t): 0<t<a}. Letb be any constant such that 0 < b < min {b,,
(r, —r,)/M,K,N }. Let us introduce the space &, of all functions u: (— o, b]
— X such that uy,eZ# and the restriction u: [0, b] - X is continuous and let
|- ll# be a seminorm in %, defined by

lullsz= ||“o||gé+SUP{H“(S)||10555b}-

We write ue #,(¢) if ues, llus—@la=0 and ||u, — @| 4z <r,, for every
0<t<hb.

Clearly Z%,(¢) is a non empty, bounded, convex and closed subset of
F,. The first assertion follows from ye %, (¢). In order to show that &, (¢)
is bounded it is sufficient to observe that from axiom (Aii) follows that

lu@® < Hllwllg < Hllu, — ¢llg+ H- | ¢la
<H(r; + llel),

for all 0 <t <b. To prove F,(¢) is closed, we will consider a sequence (u"),
in %,(p), which converges to ue%#,. Then |u;,— ¢4 =0 and, it follows
from axiom (Aiii) that

luy — u,llp < K(t) sup [[u"(s) —u(s)| + M(t) |lug — uoll.

O0<s<t

Thus u} - u,, n - oo, for 0 <t < b, which in turn proves that ||u, — @| 5z <r;.
The convexity of #,(¢) is an immediate consequence of definitions.
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Now we define the map J on %,(¢) by the expression:

t

2.2) (me=7ﬁm®%h[Taw$H&%Mg

0

for all 0 <t <b, and (Ju), = ¢: It will be shown that J is a continuous
map from %, (p) into F,(p). It is clear that v = Ju is continuous on [0, b]
so that ve%,. If we set w=1v — y, then

lo.— @lla <1y —@la + Wz

<r,+ Iwla.
From axiom (Aiii) we obtain that
Iwllg < K(@)sup {llw(s)ll: 0 <s <t}

and since

Iw@)ll < f M, || F(s, u)l ds

< M_Nb
1
<—(r —r
Ka( 1 —T2)
we may conclude that
lo,—@llg<r,, 0<t<b,

which shows that ve % (o).

On the other hand, from axiom (A,) we obtain immediately that the map
[0, b] x #, — %, (s, u) > ug, is continuous. If (u"),,, is a convergent sequence
in %, (¢) with limit u, then the set {u, u": n > 1} is compact in %#,. Hence
the set W= {(s, u,), (s, u§): n > 1, 0 < s < b} is compact in [0, b] x # and the
function F is uniformly continous on W. Since (u"), converges to u, we
conclude from (2.2) that (Ju"), converges to Ju, which proves that J is
continuous.

Next we will prove that the range of 7 is relatively compact. By Ascoli’s
theorem it is sufficient to show that the set #(J) = {JTu:ueF(p)} is
equicontinuous on [0, b] and £(J)(t) is relatively compact in X for each
0<t<b. To prove the first assertion we consider 0 <ty <t<b and
0 <& <ty,. From the definition of it follows that
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T W) (1) — T () (to) = [T(t) — T(t)19(0)

+ [ [T(t—s)— T(to — s)]F(s, ugds
+ B [T —s)— T(to— s)1F(s, ug)ds
+ [ Tt — s)F(s, u)ds

and this equality yields
(23)
17 W)@ — T W)l < I[T@) — T(t)1eO) || + M,N(t — to) + 2M,Ne

+

‘ro—s[T(t —e—38)— Tty —e—s)]1T(e)F(s, uyds

0

Besides T'(g) F(s, uy) is included in a compact set W, for all 0 <s < b and
all ue #,(p). Since the functions T(:)x, xeW,, are equicontinuous, there
exists 0 > 0 such that

(2.4) ITt)x — T(t)x| <&  xeMW,

when |t; — t,| <. Consequently, if [t — ty| < J, substituting (2.4) into (2.3) we
obtain

17 W (@t) — T W)l < I[T() — T(to)1pO) |l
+ M,N(t — to) + 2M,Ne + b

which shows that #£(7) is equicontinuous from the right at t,. In the same
manner, we can prove that #£(Z) is equicontinuous at any t, > 0. We omit
the details.

Now we will prove that #£(7 )(t) is a relatively compact set for each
0<t<b. Since T(t)p(0) does not depend on ueF, (@), it is sufficient to
prove that the set of all vectors (Z u)(t) — T(t)@(0) is relatively compact.

Clearly we may suppose that t >0. Let 0 <e<t.

Then

JI Tt — s)F(s, u)ds = f“& Tt —s—¢T(e)F(s, u)ds

0 0

+ Jt T(t — s)F(s, uy)ds.

t—e
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Let W, be a compact set such that T(e)F(s, u)e W, for every ue %, (p)
and all 0 <s <t Then the set V:= {T(s)w: 0 < s <t — ¢ we W} is compact.
By the mean value theorem for the Bochner integral ([6]) we may infer that

JH T(t — s — &) T()F(s, u)dse(t — &)c(V),

0

where c¢(¥) denotes the convex hull of ¥. Since ¢(¥)) is compact (see [2],
Theorem V. 2.6) and

<M,Ne, ueFo),

Jt T(t — s)F(s, uyds

—&

we conclude that #(77)(t) is relatively compact.

Finally, the Schauder’s fixed point theorem asserts that Z has a fixed
point in ,(¢), which is a solution of (1.1)—(1.2).

So far, we have only considered the abstract Cauchy problem (1.1)—(1.2)
with initial condition at ¢t = 0. Nevertheless, the same argument used in the

previous theorem allows us to establish the existence of local solutions of the
problem

(2.5) x(t) = Ax(¢) + F(¢, x,), t> o,
2.6) x, =0,
where 0 < o < a.

Proposition 1 Suppose for every closed and bounded set B < 2 and every
0 <o <a, there is b’ >0 such that, for all 0 <t < b’ there exists a compact
set W such that Tt)F(s, y)eW,, for every Yy€B and all 6 <s<o+ b <a.
Then for every e and 0 < 6 < a there exists a solution of (2.5)—(2.6) defined
on (— oo, o + b), for some 0 <b <V'.

Related with this result, it should be noted that it can be established, in
the usual form, that if F satisfies a local Lipschitz condition then the solution
of (2.5)—(2.6) is unique. Furthermore, under the conditions of the preceding
proposition, for every 0 < o < a and every @€ there exists a maximal or
noncontinuable solution defined on an interval (— oo, o + b).

Hereafter we will be interested in the existence of global solutions. Our
next two propositions are extensions of well known results [3].

Proposition 2 Assume F satisfies the following condition: For every closed
and bounded set B = Q and every t > 0 there exists a compact set W, such that
T(@t)F(s, y)e W, for every yeB and all 0 <s<a. If x:(—o,0+b)—> X is
a maximal solution of (2.5)—(2.6) and W is a compact subset of [0, a) X Q2 then
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there exists ty such that (t, x)¢ W, for ty, <t <o + b.

We will omit the proof because the main part of the argument used in
the demonstration of Theorem 2.3 in [3] also serves in this case.

Corollary 1 Let F:[0, 0) x #—> X be a continuous function which
satisfies the following condition:
(Fy). For every closed and bounded set B < Q, and every a,t > 0 there exists
~ a compact set W, such that T(t)F(s, Y)e W, for all yeB and all 0 < s < a.

If x:(—o0,b)—> X, b>0, is a maximal solution of problem (1.1)—(1.2) and
{x,: 0 <t < b} is relatively compact in B, then b = co.

Proof. 1t is an immediate consequence of Proposition 2.

Proposition 3 Suppose F satisfies the condition of Proposition 2 and takes
bounded and closed sets into bounded sets. If x:(— oo, b)— X is a maximal
solution of (1.1)~(1.2) and U is a closed and bounded set included in [0, a) x Q
then there exists a sequence t,— b~ such that (t;, x,)¢U. Further, if F is
defined on [0, c0) x & then there is a ty such that (t, x,)¢ U, for ty, <t <b.

Proof. Let us assume that (¢, x)eU, for O0<t,<t<b. By the
hypotheses we may write

|F(t, x,)|| <N, 0<t<b,

for some positive constant N. Now we will prove that the restriction
x: [ty, b)) —> X is uniformly continuous. In fact, if t,<t<t <b and
0<e<ty, we can write

t—

x(t') — x(t) = T(t"Yo(0) — T(1)9(0) + J s[T(t’ —8) = Tt — s)]F(s, x))ds

0

t

t
+ J [Tt —s)— T — s)1F(s, x)ds + J Tt — s)F(s, x)ds

t—e t
and evaluating the right member as in the proof of Theorem 1 we can conclude
that || x(¢') — x(¢)|| tends to zero uniformly as |t — ¢’| tends to zero.

Therefore, the set {x(t): t, <t < b} is totally bounded in X. From these

properties we infer that there exists lim,.,- x(t) =z. If we define x(b) =z,
then the function x(-) is continuous in [0, b] and the axiom (A4,) implies that
X, —> X, as t > b~ . Since (b, x,)€[0, a) x 2, from Proposition 1 we obtain
the existence of a solution of a problem (2.5)—(2.6) with ¢ =b and ¢ = x,,
which is contrary to our assumption that x is a maximal solution. Consequen-

tly, there exists a monotonically increasing sequence (t,), which converges to
b such that (t,, x, )¢ U.
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The second assertion can be proved arguing in the same manner as in
the proof of Theorem 2.4 in [3].

Corollary 2 Let F:[0, ©0) x 8- X be a continuous function which
satisfies (Fy) and takes bounded and closed sets into bounded sets. If
x:(— 00, b) > X is a maximal solution of (1.1)—(1.2) and the set {x,:0<t<b}
is bounded, then b = + oo.

Proof. Let us assume that b < co. We choose a > b and we put I =
{x;:0<t<b} and U={(t, ¥): 0<t<bh, yel'}. Then U is a closed and

bounded set included in 2 and (¢, x,)e U for 0 <t < b. This is a contradiction
to Proposition 3. O

In the sequel we will assume that the solution x( -, ¢) of problem (1.1)—(1.2)
for all ¢ belonging to some subset E of % is unique and defined on
[0, o). For 7 > 0, we consider the map P: E — 4, defined by P(¢):= x.(-, ¢).
Our results about periodic solutions depend on the continuity of P.

Proposition 4 Suppose F: [0, o) x Q — X is a continuous function which
takes bounded sets into bounded sets and satisfies the condition (F;). If for
each @ €E there exists r,>0 such that {x,(-,¥):0<t <7, yeB, [¢]} is
included in a bounded and closed subset of Q, then P is a continuous map.

Proof. Let us fix peE and let (¢"), be a sequence in E convergent to
@. Clearly we may assume that [[¢" — ¢|4 <r,, for all ne N. Moreover,
the set {¢"(0): ne N} is compact in X. Proceeding as in Theorem 1 we can
prove that the set {x(-, ¢"):neN} is relatively compact in C([0, t]; X). If
(™), is a subsequence of (¢"),, then there exists a subsequence (x(-, ¥"™)), of
(x(-, ¥"), which converges to some function u(-)eC([0, t]; X). Next, we
also represent by u(-) the extension defined by u(6):= ¢(6), for 0 < 0. From
our hypotheses and the axioms of space %, we obtain that x,(-, y™) - u,, as
k — oo, and that u,eQ, for all 0 <s <7t Since {x,(:,¥y™):0<s<1, ke N}
is a bounded subset of £ and F takes bounded sets into bounded sets, using
the Lebesgue’s dominated convergence Theorem for the integration in the sense
of Bochner ([6]), we obtain that u(-) = x(-, @), which shows that Py™ — P,
as k— co. Since ("), was an arbitrary subsequence of (¢"),, this proves that
P is a continuous map.

Essential for our results on periodic solutions it will be the existence of
a bounded, closed and convex set E = % such that P(E) < E. In the next
proposition we present a case where this occurs. In this result we will consider
as phase space #:= C x L'(g) the space of functions ¢: (— o, 0] > X such
that ¢ is continuous on [—r, 0], for some r > 0, Lebesgue-measurable and
g- @ is Lebesgue integrable on (— oo, —r), where g:(— o, —r)> R is a
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positive Lebesgue integrable function. The seminorm in % is defined by

-r

loll:=sup {lle@]: —r<6<0} + f g(0) @) 1do.

We will assume that g satisfies conditions (g — 5) and (g — 6), in the
terminology of [4]. This means that g is locally integrable on (— oo, — r)
and that there exists a nonnegative and locally bounded function G on
(— oo, — 0] such that

g9(€ + 0) < G()g(9),

for all £ <0 and fe(— oo, —r)\ N;, where N, = (— o0, —r) is a set with
Lebesgue measure 0. Therefore, # is a phase space which verifies axioms
(A), (4,) and (B). Further, we will suppose that

g0 —1) o
y(t):= sup + Yo + g(@)do — 0, as t — o0,
o<-r ¢(0)
where t = max {r, t} and y,:= 1, when ¢t <r and y,:= 0, when ¢ > r.
For example, a function g(f) = exp (uf), u > 0, satisfies all the above
conditions, as well as the conditions imposed in the next result, at least for
u large enough.

—t—r

Proposition 5 Let F: [0, o) x > X be a continuous function which
satisfies (F,), a local Lipschitz condition and

for some constants N, N, > 0. If there exist w >0 and Ky >0 for which
the following conditions hold:

a | T@)| <Me™®, >0,

t—r
b) j g(s — t)e* " 9ds < K,,

0

c) MN, e (1 + Ky) < o.

Then there exist R > 0 and © > 0 such that P(Bg[0]) < Bg[0] and the set
{x,(-, ®): peBg[0], 0 <t <t} is bounded in B.

Proof First we will prove that the solution x(-, ¢) is defined on [0, o)
for all pe4%. In fact, if we use the abbreviated notation x(-) instead of
x(-, @) then from (2.1) we obtain
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» t
2.3) Ix@) < Me™* | (0}l +J Me "IN || x| + Ny)ds
0

~ MN ~ t
< Me ™| o| + 24+ MN, | e 2t 9| x,|ds.
@ R 1
(0]

"On the other hand, the definition of seminorm in # yields

—-r

x|l = sup [x(+ 6)l +J g(O) | x(t + 6)| do.

-r<0<0 — 0

If t <r, then

-r

x|l = sup [x(s)[l + sup [o(t+ ) +J 9O o+ 0))do

O<s<t -r<f<-—t -

t

- MN -
(2.9) <Mlol + w2+MN1fe“’sllxsllds+v(t)ll¢||

0

_ MN, - '
Me ol +yO)llell + 2 4 MNle“”f e Y| x|l ds
(63} 0

IA

whereas, when t > r,

"9(0) | x(t + 6)]d0

-t

Ix] < sup ux(s)||+f_ g(0)|1<o(t+e)rde+J

t—r<s<t —

and substituing (2.8) into the above expression we obtain

(2.10)
- MN, ~ L e
x| < Me™@" o] + w2+MN1e“”j e I x,ds + (@) | @l
0

~

t—r - MN -
+j g(s—t)[Me““!lq)lH 2+MN1e°"'J
w

0 0

S

e~ ?679) ||x¢||dé:| ds.

Hence, from (2.9), (2.10) and Fubini’s theorem we infer that

MN,

x| < (Me™ 2™ + p(t) + MKoe ") || + (1 + Ko)

t
+ MN, e (1 + Ko)j e =9 x| ds,
0

for each t > 0. Now, a simple calculation using the Gronwall’s lemma shows
that
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x| < M1 + Kg)e® (e ™ + e @™ o + ()| ol

MN,

t
+v IIQDHJ e” " Iy(s)ds + (14 Ko)(1 + e @
0

where v = MN,e” (1 + K,). Consequently, we can write
[x )l < Cillell + C,

where C is a constant and C,— 0, as t > co. Then Corollary 2 implies that
x(-) is defined on [0, c0). Furthermore, if we choose R > 2C and t > 0 such
that C, < 1/2, we obtain the assertion.

For example, if we choose g(f) =e*®, with u > w then we can take
K, =e " /(u — w) and the condition ¢) is obained if

~ e Hr
rMN1<1 + >< 1/e.
U—

3 Existence of periodic solutions

Let 7 > 0 and suppose that the function F: [0, o) x 2 — X is t-periodic
in t.
In this section, we consider the following condition:

(F,). There exists a closed, bounded and convex subset E = Q such that for
all peE there exists a unique solution x(-, @) of problem (1.1)—(1.2)
defined on [0, c0) such that x,(-, )€ E and the set {x,(-, ¢): 0<t <1,
@€eE} is included in a bounded and closed set in Q.

We will represent by P the map defined on E by Py = x,(-, ¢).

Let x =x(-¢) be the solution of (1.1)-(1.2) with initial condition
Xo = @. We observe that x, = ¢ implies that x is a t-periodic function. In
fact, if we define y(t) = x(t + t), for te R, then for each ¢ > 0,

y(@t)=T( + ©)p0) + Jtﬂ T(t+ t— s)F(s, x,)ds

0

= T(t) l:T(r)(p(O) + Jr T(t — s)F(s, xs)ds]

0

P .
+ J T(t - S)F(S + 1, xs+r)ds
o .

t

= T(t)x(1) + f T(t — s)F(s, yyds,

0
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which yields that y(-) is a solution of equation (1.1) and since y, = x, = ¢,
by the uniqueness of solution, we obtain that y(t) = x(t + 1) = x(t), for all
t > 0. Therefore, in order to obtain a periosic solution it is sufficient to prove
the existence of a fixed point of the map P and for this purpose we will
employ the Sadovski’s fixed point theorem ([8]) in the seminormed space 4.

Let Z be a Banach space and B, = Z. We recall that a continuous
function f: B, — Z is said to be condensing if a( f(B)) < «(B), for each bounded
set B < B, with a(B) > 0. If B, is a closed, bounded and convex set and
f: By — By is condensing then from the Sadovski’s theorem we may assert
that {zeZ: f(z) = z} is non-empty and compact.

Now we are in conditions to establish our main result.

Theorem 2 Assume that T is a compact semigroup and F is a t-periodic
function which satisfies (F,) and takes bounded subsets of [0, o) x E into
bounded subsets of X. Moreover, suppose & satisfies axioms (A), (A,) and (B),
and the following condition:

(3.1) . inf M(t —o)[HK(o) sup |T(@®)| + M(o)] < 1.

<o<t O<t<o
Then the set of @€ E such that the solution x(-, @) is t-periodic is non-empty
and compact.

Proof. Since T is compact then F satisfies condition (F,) and by
Proposition 4, P is a continuous map. Therefore, there exists an induced map
P: E - E which satisfies the condition P$ = P(¢p), for all $cE and every
wed. We will prove that P is condensing. It is clear that for every subset
C of E there exists D = E such that C =D and a(C) = (D). Consequently
we may restrict us to consider a subset D of E with a(D)> 0. If we denote
by D[o, t], 0 < 0 <1, the set defined as

D[Ga T:I = {X( ) §0) l[a,r]: (PGD}
then from Theorem 2.1 in [9] we obtain that

(3.2) «(P(D)) < K(t — o)a(D[o, 7]) + M(z — o)a(D,),

where D, = {x,(-, ¢): peD}.

On the other hand, for every ¢ > 0, the set D[o, 7] is relatively compact
in C([o, t]; X). To prove this assertion we need to show that D[o, 7] is
equicondinuous and each orbit D[o, t](¢) is relatively compact in X, for
o <t <1 Butthe proof of both statements can be carried out with the same
argument already used in the proof of Theorem 1. Of course, the compactness
of semigroup T is now essential because we can write
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D[o, 1] = {T(-)9(0): D} + {w(-, 9): peD}
where
(3.3) w(t, @):= Jt T(t — s)F(s, x,)ds,

and the first set in the right member of the above inclusion is relatively
compact in view of {@(0): peD} is bounded in X and T(t) is a compact
linear map for every te[a, 7].

Combining this fact with (3.2) we see that

(3.4) w(P(D)) < M(t — o)a(D,).

Next we will evaluate oc(lia). Proceeding as above for the interval [0, o]
we infer that

(3.5) a(D,) < K(o)a(D[0, ¢]) + M(c)o(D).

We shall now show that

(3.6) a(D[O0, 6]) < H sup | T(t)| (D).

O<t<eo
In fact, if D(0) = {@(0): pe D} then from the axiom (4ii) it follows that
3.7 - a(D(0)) < Ha(D).

Further, if we choose a real number d > 0 such that «(D(0)) <d then,
from the definition of o, we can get a finite cover of D(0) with sets R; < X,
i=1,2,---,n, of diameter less than d. Next, for a subset R of X we will
indicate by R* the set of continuous functions

R* = {T(-)x|0,0y: x€R}.

Then, it is clear that

diam (R¥) < sup |([T(¢)|d

O<t<a
and
D@O0)* < | RF.
i=1

Hence we obtain that

a(D(0)*) < sup [ T(@)| -d.

O0<t<o
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Combining this inequality, (3.7) and the choice of d we obtain

DO)*) < H sup [[T(@)] - «(D).

O<t<a
Since

D([0, 1) = DO)* + {w(-, @) |0,s: €D}

and the second set in the right member is relatively compact in C([0, ]; X)
then from the properties of measure o, we complete the proof of (3.6).
Thus, inequality (3.4), together with (3.5) and (3.6) shows that

a(P(D)) < M(t — o) [K(o)H Sup I T} + M(o)]ou(D),
for all 0 <o <.
Finally, condition (3.1) implies that P is a condensing map.
By the fixed point theorem of Sadovski [8] we conclude that the set
{pecE: P$ = ¢} is non-empty and compact in %. Let ¢ be an element in
E such that P$ = ¢. Then P*(¢p) = ¢ for every ke N and, since

o~ —~~
|P*¢p — Pz = |P*¢p — P |3 =0,

(P*¢), is a Cauchy sequence in #. Hence we infer that there exists Yy eE
such that P*¢ —, as k — oo. Therefore, Py =. Since P is a condensing
map, we may assert that {p€E; Pp = ¢} is non-empty and compact.

Corollary 3 Let #:=C xL'(g) and let F:[0,0)x Z—>X be a
continuous and t-periodic function which satisfies a local Lipschitz condition.
Assume that T is a compact semigroup and that conditions (2.7), a), b) and c)
of Proposition 5 hold. Then there exists a mt-periodic solution of equation (1.1).

Proof. Since F takes bounded sets into bounded sets and T is compact,
then F satisfies (F;). From Corollary 2 we obtain that the solution of
(1.1)—(1.2) is defined on [0, o0). Proposition 5 implies that there exist R > O
and me N so that the set E:= Bg[0] is invariant under the map P¢ = x,,.(-, ¢)
and the set {x,(-, ¢): 0 <t <mrt, peE} is bounded in 4. Furthermore, since
# = C x L'(g), one can choose me N large enough so that the condition (3.1)
with mt in place of t holds. Now, Theorem 2 asserts that there exists a
mt-periodic solution of (1.1)—(1.2) with ¢ €E.

Next, we will apply Corollary 3 to linear equations.
Example. We consider the equation

(3.8) x(t) = Ax(t) + F(t, x,) + f(1),
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where f is continuous and t-periodic; F(t, -) is linear for each ¢ > 0 and, all
the assumptions considered in Corollary 3 hold. Then there exists a t-periodic
solution of (3.8). In fact, we know that there exists a mrt-periodic solution

x(-), for some meN. Let us introduce the set V:= c({X,(-): 0 <t <m1}).

Since {x,(-):0<t¢<mt} is compact in %, then V is also a compact and
convex subset of the Banach space 2. On the other hand, if P denotes the
map Po:= x.(-, @), then P is a continuous and affine map. The last property
is a consequence of the uniqueness of solutions of equation (3.8) with initial
condition (1.2). Consequently, the map P induced by P on # also verifies
these properties, which implies that P(V) = V. Now, the Schauder’s fixed point
Theorem assert that P has a fixed point and, proceeding as in the roof of
Theorem 2, we infer that P has a fixed point, which in turn implies that
equation (3.8) has a 7-periodic solution.
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