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§1. Introduction

The object of this paper is to construct the fundamental solution in the
sense of S. Nakagiri [3], [4] to the linear retarded functional differential
equation "

4]
(1.1) %u(t) = Au(t) + A u(t —r) + J a(s)A,u(t + s)ds + f(t)

in a Banach space X. Here A is the infinitesimal generator of an analytic
semigroup T(t), A, and A4, are closed linear operators with domains containing
that of A, and a(-) is a real valued Holder continuous function defined in
[—r,0]. By definition the fundamental solution W(t) to (1.1) is an operator
valued function satisfying

0
(1.2) ditW(t) =AW@E)+ A Wit —r) + J a(s)A, W(t + s)ds
(1.3) wo)=1, W(s) =0 for se[—r,0).
It will be shown that W(t) also satisfies
(1.4) %W(t) =W@EtA+ Wit —r)A, + J‘O W(t + s)a(s)A,ds

on D(A), which is considered as the adjoint equation to (1.2).

Equations of the type (1.1) were investigated by G. Di Blasio, K. Kunisch
& E. Sinestrari [1], [2] and E. Sinestrari [6]. See also the bibliography of
these papers. In [1] the initial value problem for the equations in a Hilbert
space H was solved in the space of L? functions with values in H. Essential
use was made of the maximal regularity result for equations without delay
terms there, and the corresponding regularity result was also obtained for the
equations with delay terms. In [2] stability results were established for equa-
tions in a Hilbert space. In [6] equations in a general Banach space E were
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investigated without assuming that A is densely defined. The solvability was
established in the space of Holder continuous functions taking values in E
together with maximal regularity results.

The fundamental solution enables us to solve the initial value problem
for the equation (1.1). It will be shown that the mild solution satisfying the
initial condition

(1.5) u@s) =y@s), sel—r0)

expressed by Nakagiri’s formula ((2.8) of [3] or (2.7) of [4]) is actually the
strict solution of (1.1), (1.5) provided that f is a Holder continuous function
with values in X and y is a Holder continuous function in [ —r, 0] with values
in the Banach space D(A) endowed with the graph norm of A4, but with no
maximal regularity result. '

In the proof of the main result we follow J. Priiss’ method of constructing
the resolvent operators for the integrodifferential equations of Volterra type
([5]: Theorem 2) since the equation (1.1) is of this type in each subinterval
[ar,(n+ 1)r], n=0, 1, 2, ....

The contents of this paper were announced in [7].

§2. Assumptions and main results

Let X be a complex Banach space with norm | ||. We assume that
(i) A is a densely defined closed linear operator which generates an
analytic semigroup T(¢) in X.
(ii) A, and A, are closed linear operators with domains D(A4,) and D(4,)
containing the domain D(A4) of A.
(iii)) a(-) is a real valued Holder continuous function defined in the inter-
val [—r, 0], where r is a fixed positive number.
We denote by p the order of Holder continuity of a(-). For the sake
of simplicity we assume that 4 has an everywhere defined bounded inverse.
Let W(t) be the fundamental solution of (1.1). W(¢) is a bounded operator
valued function satisfying (1.2) and (1.3). According to Duhamel’s principle
the problem (1.2), (1.3) is transformed to the integral equation

2.1
T(t) + Jt Tt —s){A,W(s—r)+ J‘O a(t)A,W(s + ’t)dt} ds, t=0
W(t) = 0 -r .

0 t<O
0

With the aid of the change of the variable 7 — 7 — s and noting that W(t)
for t <0 we get
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2.2) W)= T() + ft T(t — s) fs a(t — s)A, W(r)drds

0

in [0, 7], and

(2.3) W)= T(@) + jl T(t —s)A;W(s — r)ds

r

+ Jt T(t — s) js a(t — s)A, W(z)drds

0

in (r, ©). The exchange of the order of integration yields

(2.4) W) =T + J t Jt Tt — s)a(t — s)cisA2 W(t)dr

in (0, r], and

(2.5) W)= T() + ft T(t —s)A,W(s — r)ds

r

+ Jw—r ft+r T(t — s)a(t — s)dsA, W(r)dr
V] T

+ ft ft T(t — s)a(t — s)dsA, W(z)dz

in (0, 00). It will turn out that AW(t) has singularities at t =nr, n=0, 1, 2,
.., and

|AW(@)| < C,/(t — nr), nr<t<(n+ r.

Hence, the integrals in the right sides of (1.2), (2.1), ..., (2.5) should be under-
stood in the improper sense:

(0] nr—t 0
f a(s)A,W(t + s)ds = lim (J + J )a(s)A2 W(t + s)ds
—r e~ +0 ~r nr—t+e
in (mr,(n+ Dr], n=0,1, 2, ...,

&> +0

W)= T(@) + lim ft T(t — s) J‘s a(t — s)A,W(r)dr

= T(t) + lim jt Jt T(t — s)a(r — s)dsA, W (7)dz

e—~>+0

in (0, r],
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W) = T() + lim [(f jw)r + f t )T(t — S)A, W(s — r)ds

&> +0 J=1 Jjr+e nr+e

n—1 ((+)r Jr s
+ > j T(t —s) (j + J )a(r — 5)A, W(t)dtds
Jj=0 Jjr s—r jr+e

+ ft T(t — S)Gm + J )a(’c —5)A, W(T)deS]

n—1 [(G+L)r t
= T(t) + lim l:( Y f + f )T(t — 5)A, W(s — r)ds
e~>+0 J=1 Jjr+e nr+e

n—=2 ("(j+l)r t—r Ttr
+ (Z J + J > J T(t — s)a(t — s)dsA, W(z)dz
Jj=0 Jjr+e (n—1)r+e T

+ (jm + ft > jt T(t — s)a(t — s)dsA, W(‘r)dt]

in (nmr,(n+ r], n=1, 2, ..., and similarly for (2.1).
In what follows we make D(A) a Banach space endowing it with the
graph norm of A.

Theorem 1. The fundamental solution W(t) to (1.1) exists and is unique.

also satisfies (1.4) on D(A).

It

The functions AW(t) and dW(t)/dt are strongly

continuous except at t =nr, n=20, 1, 2, ..., and the following inequalities hold:
for i=0,1, 2 with Ag=A and n=0, 1, 2, ...

(2.6)
2.7)
(2.8)

“Az W(t)” < Cn/(t - nr) ’
l4;W@H A~ < C,

in (nr,(n + )r),

(2.9)

<C

n

v
J A;W(t)dz
t R

Jor nr<t<t <(n+ Dr,

(2.10)
@2.11)
2.12)

W) = WOl < Gt — 8 — nr)™™,
I4W () — WD) < Gt — ) — )™,
A (W) — WEDAT < C,, (8 — (¢ — mr)7™,

Jor nr <t <t <(m+ 1)r and 0 < k < p, where C, and C,, are constants depen-
dent on n and n, K respectively but not on t and t'.
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Theorem 2. If y is a Hoélder continuous function in [ —r, 0] with values
in D(A) and f is a Holder continuous function in [0, T with values in X, then

(2.13) u(t) = W)y(0) + fo U,(s)y(s)ds + f t Wt — s)f(s)ds ,
-r 0

where

(2.14) UG)=W(it—s—rA, + JS W(t — s + 1)a(r)A,dr,

is a unique solution of (1.1) in [0, T] satisfying the initial condition
(2.15) u(s) = y(s), se[—r0].
The formula (2.14) is due to S. Nakagiri (cf. (2.8) of [3] or (2.7) of [4]).

§3. Proof of Theorem 1

For the sake of simplicity we assume that T(¢) is uniformly bounded and
the following inequalities hold in (0, co):

(3.1) ITOI <M, ATl <M/jt,  [A2T@) < M/e*.
The following lemma is easily shown.
Lemma 3.1. For 0<t<t <o
3.2) IT) — TOI < M log (t'/1),
(3:3) |AT({') — AT@)| < M(t — t)/(t't).
It is elementary to see that
(34 log (1 + a) < a*/a

for a>0, 0 <a< 1. Hence, from (3.2) it follows that

65) i) - T < ()

t

for 0<t<t <ow and O0<a< 1. Noting that (¢ —)/t’ < ((t' —t)/t')* for
O<t<t <o and 0 <k <1, we see from (3.3) that

(3.6) IAT() — AT@)| < M@ — o)t <" .

Set

37 lal, = max la@)|, lal,= sup 2=

P ’
se[-r,0] s;cel-r,0Ls#r  |S — T|
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(3.8) B(t) = f tAT(t—s)a(-—s)ds= lim 'AT(t—s)a(—s)ds.

0 e—>+0 J¢

Lemma 3.2. B(t) is uniformly bounded, and Hoélder continuous in (0, r]:
(3.9) IB({)—B@)| <C.( —o)t™™, O<t<t'<r, O<k<p.
Proof. 1t follows from (3.1), (3.7) and

(3.10) B(t) = -[t ATt — s)(a(—s) — a(—1t))ds + (T(t) — Da(—1)

1]

that
B@)I < Mla|,t?/p + (M + 1)]all,

Hence, B(t) is uniformly bounded:

(3.11) IBll, = sup [B(@)I < M|al,r*/p + (M + 1)]all, < .

o<t<r

Using (3.10) we have

t

(3.12) B()— B(t) = J | AT(t — s)(a(—s) — a(—t'))ds

+ (T() — T — t))(a(—1) — a(—1"))
+ ft (AT — s) — AT(t — s))(a(—s) — a(—1))ds
(o)

+ (T(') — T@)a(—1") + (T(®) — D(a(—1') — a(—1))
=I+IT+ I +IV+ V.,
With the aid of (3.1), (3.5), (3.6), (3.7) we get for O <k < p

-

Il < J M(t — s)7 al,(t' — syds = Mlal,(t —t¥/p,
t

I < 2Mlal, (" — v)*,

t
(TII}} < J M(t — t)(t — )™ al,(t — s)ds
0

= Mial, (¢ — o f (¢ — sp<tds = Mlal, (¢ — it (p — K,
0

1/t —t\*
ITV] SMllallw—( ) ,
K t
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IVI <M + Djal,(t' —t)°,
from which (3.9) follows.

3.1. Construction of fundamental solution in [0, r]
Following J. Priiss [5] we set
(3.13) V() = A(W() — T(t)

in [0,r]. The integral equation to be satisfied by V(¢) is

(3.14) V(E) = V(D) + J B(t — 1)A, A" V(2)dr ,

0

where

(3.15) Vo(t) = Jt B(t — t)A, T(t)dz

0
= J t (B(t — 1) — B())A, T(t)dt + Bt)A, A" (T@) — I).
(0]

In view of (3.1), (3.9), (3.11)

Vo < L C.t (t — )| A, A7 Mz e + | B@)|| |4, A7HI(M + 1)

< CM| 4, A7HIB(1 — &, %) + (M + DBl 4,471 .

Hence, V,(t) is strongly continuous and uniformly bounded. The integral
equation (3.14) can be solved by successive approximation and the solution
is strongly continuous and uniformly bounded:

(3.16) sup ||[V(@)| < oo .

o<t<r
According to Theorem 2 of [5] W(t) satisfies the equation (1.2) and the initial
condition W(0) =1. We put W(s) =0 for se [—r,0]. The inequalities (2.6),
(2.7), (2.8) for n =0 are immediate consequences of

(3.17) AW({) = AT(@) + V(), AWMRA™ = T() + V()A™,
(1.2), (3.1), (3.7), (3.16) and

jo a(s)A, W(t + s)ds = JO (a(s) — a(—1)A, T(t + s)ds

-t

+ a(—D)A, A (T@® - 1) + JO a(s) A, A"LV(t + s)ds .

-t
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ForO<t<t' <r

t

J't/ AW(t)dt = T(t') — T() + J ’ V(7)dz,

t

from which (2.9) for n =0 follows. In order to establish (2.10), (2.11), (2.12)
we first estimate

t

(3.18) Vo(t') — Vu(t) = f ,B(t’-t)AzT(t)d‘c

+ f t (B(t' — 7) — B(t — 7) — B(t') + B(t))A4,T(z)dz
0

+ (B(t') — Bt))A, A (T(®) - I).
By Lemma 3.2 we have for O<k<u<p
IB(t" — ©) — B(t — ) — B(t') + B@)|l < |B(t' — ©) — B(t — 7)|| + || B(t") — B(®)|
<Ct -t -1+ C,(t' — )yt
<2C, (" —tHt—1)7*,

IB(t" — 7) — B(t — 7) — B(t') + BO)Il < |B(t' — 1) — B(t')|l + |B(t — ©) — B

<Ctit' — )"+ Curt(t— 1)
<2C,7*t —1)7*.

Hence

(3.19) |B(t" — ) — B(t — ©) — B(t') + B()||

< {2C,(t" — t)“(t — D) HP{2C, Tt — T)H} BT
= 2C,(t' — t)(t — T) PTh e

From (3.1), (3.4), (3.11), (3.18), (3.19), Lemma 3.2 it follows that

t

1Vo(t') — Vo(®) SJ IBlloll A2 A7 | M7 dr

t
t

+ J 2C,(t' — B(t — ) Pth | A, A7 | Mo tde
0

+ Clt’ — Ot A, A7H(M + 1)
< M||B| 4,47 |1log ('/1)



Retarded FDE in Banach Space 157

t
+ 2MC,|A, A7 — o) J (t — 1) "t e
0

+ (M + DC || A, A7 — eyt ™
< {M|Blloll4, A7 I/x + 2MC, | A, A7 B — p, p — ¥)
+ (M + DC A, A7 —oye™.
Hence, we get
Vo) — Vo(t)l] < comst. (t' — t)t™™,
from which the following inequality easily follows:
(3.20) V(') — V()| < const. (¢ — t)t7™.

The inequalities (2.10), (2.11), (2.12) for n = 0 are immediate consequences of
(3.5), (3.6), (3.17), (3.20).

3.2. Construction of fundamental solution in (nr, (n + 1)r], n >0

Suppose that the fundamental solution W(t) is constructed in the interval
[0, nr] and the estimates (2.6), ..., (2.12) are established for O, ..., n—1 in
place of n. In view of (2.10), (2.11)

AW(jr —0)= lim AW()

t—jr—0

exists for j=1, ..., n in the uniform operator topology. In the interval
[nr, (n + 1)r] the integral equation to be satisfied by

(3.21) V() = AW(D) — f " T — 94, W(s — nds)
) wr

(3.22) V() = Vo) + jt B(t — 1)4,A" ' V(0)de
where

nr

(3.23) Vo(t) = AT(H) + A J T(t — s)A, W(s — r)ds

r

nr

+ J‘t—r Tt —r — 1)B(r)A,W(7)dt + J B(t — 1)A,W(r)dr

0 t—r

+ jt B(t — 14, Jt T(t — s)A, W(s — r)dsdr .

nr nr
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We estimate each term of the right hand side of (3.23).

nr

jr

T(t — 5)A, W(s — r)ds = f A jw) T(t — s)A, W(s — r)ds .

=1

(3.24) 4 f

r

In view of (3.1), Lemma 3.1 and the induction hypothesis we have for j=1,
e, n—2

(3.25) ” A f(w T(t — s)A, W(s — r)ds

jr

G+i)r
J‘ (ATt — s) — AT(t — jr) A, W(s — r)ds
Jr

G+1)r

+ AT(t — jr) J‘ A, W(s — r)ds

r

SJ’(J’+1)r1\4 s — jr . CJ_1 d +MCJ-.:1
i @t —s)(t — jr)s — jr t— jr
t — jr t—(j+r t—jr

MC._ _
< i1 {10 " ,] +1]},
(n—jr n—j—1

and for j=n—1

(3.26) H A JW Tt — s)A, W(s — r)ds
(

n—1)r

J(n—uz)r (AT(t — 5) — AT(t — (n — 1)r))A, W(s — r)ds
(n—1)r

(n—1/2)r
4 AT(t — (n— 1)) A W(s —r)ds

(n—1)r

+ JW ATt — s) (A, W(s —r)— A, W(nr —r — 0))ds
(

n—1/2)r

+ (Tt —(n—1/2)r) — Tt — nr))A, W(mr —r — 0) I.

(t——s)(t——(n—l)r)s—(n—1)rds+t—(n—1)r

<

j(n—uz)r M(s — (n — Dr) Ci—, MC,_,
(

n—1)r
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nr M 2M
+ j ———Cpp i (or — 8y(s — (n — Yr)™* ds + TC,,_Z
(

n—1/2)r L —
MC,_, t—(n— Dr MC,_,
<
S =D B i m_ir ==
nr 2 2M
+ MC,_, J (mr — sy Hs—(n— D) ds=+—C,_,
(n—1)r r r

< M{C,_,log 2 + 3C,_ + 2C,_, Bk — 1, )}/r .

Combining (3.24), (3.25), (3.26) we get

| nr
(3.27) ]' A J T(t — 5)A, W(s — r)ds
=2 MC;_ n—j
< J-1 (lo + 1)
P2y Py

+ M{C,_,1log2+3C,_, +2C,_, B(x,1 — x)}/r.

We write the third term on the right of (3.23) as

(3.28) J‘t—r Tt —t—r)B(r)A, W(t)dr
0
_ <ni2 J(j+1)r . J‘t-’ ) Tt —1t—r)B(r)A,W(z)dr .
i=0 Jjr (n—1)r

For j=0, ..., n—2

(3.29)

J‘(i+1)r T(t — © — r)B(r)A, W(r)dt

jr

fWﬂYTa_r_w—av-Jw—mBMAﬂWﬂﬁ
(G+L)r

+ T(t — jr —r)B(r) J A, W(r)dr

r

i

Jr

G+br t—jr—r
sj Miog "= =1 5oy Sae + MBI,
Jjr -t

C
’L‘—_

(by the change of the variable © = (t — jr — r)o + jr)
r/(t—jr—r) 1
=MWW@f log

o l—o

do
“ + MIBOIG
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< M|B(@)|Cico + 1),

where
1
1
(3.30) Co = J log d_a .
o l1—0c o
Similarly,
t—r
(3.31) J T(t —t—r)B(r)A,W(t)dr
(n—1)r

Jt_r (Tt —t—r)— T({t — nr)B(r)A,W(r)dz
(n—1)r

+ T(t — nr)B(r) o A, W(t)dt
n—1)r

tr t —nr C
< Mlog———— _||B _ 1
_L_l)r Ogt_r_rll (r)IIT__(n_ 0

< M|B(r)[Cy-1(co + 1)

By virtue of (3.28), (3.29), (3.31) we obtain

(3.32) ‘

J’t—r Tt —t—r)B(r)A,W(t)dr

0

n—1
< M||B(@)li(co + 1) _ZO G-
=
The fourth term of the right member of (3.23) is estimated as

(3.33) ‘

JW B(t — 1)A, W(1)dt

-r

J‘nr (B(t — 7) — B(r))A,W(t)dt + B(r) jnr A, W(t)dz

-r

nr B Cn—l
< C@r—t “(t — R e o B -
< f = £ N = ) e+ [BOIG

t
<C.Coy f (t — 7 %@ — t + I de + |BOIC,,
t

-r

= (C!CB(l — K, K) + ”B(r)”)cn—l .

Let 6 =(t + nr)/2 for nr <t <(n+ r.

_dz + M|BO)IC, -,
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(3.34)
“ A Jt T(t —s)A, W(s — r)ds

.

Jt AT(t — s)(A, W(s—r)— A, W(t — r))ds
+(T((r —nr)/2) — DA, W(t — 1)

+ Ja (AT(t —s) — AT(t — nr)) A, W(s — r)ds

nr

+ AT(t — nr) J A, W(s —r)ds

M C,.-
< J ———Cpy (T — 8)(s — nr) " lds + (M + 1)—=2
T—0 T —nr

7 M(S - nr) Cn~1 + MCn__1

+
(T —38)(t —nr)s —nr T — nr

2 1
+(2M+ )C—1 MC,, L og 2
T —nr T — nr t—nr

<MC,_,, J (t — sy (s — nr)""ds
={2MC,_; B(k,1 — k) + CM + 1 + M log 2)C,_, }/(t — nr) = C, . /(t — nr).

Since A, W(s —r) is Holder continuous in (nr, (n + 1)r]

(3.35)

d T T
7 Tt —s)A W(s—ryds=A,Wr—r)+ A j T(t — s)A W(s — r)ds

nr

By (3.1), (3.2) and the induction hypothesis
(3.36)
' J T(t —s)A; W(s — r)ds

nr

j (T(t—5)—T(t —nr))A, W(s —r)ds + T(t — nr) J A, W(s —r)ds

—nr C
fMl tom "1d+MC

T—S §—
<MC,_y¢co + MC,_;,
where ¢, is the constant defined by (3.30). Hence J T(t — s)A, W(s —r)ds is
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uniformly bounded in (nr,(n + 1)r], and converges to 0 as t—nr at any
element of D(A) in view of (2.8). Consequently,

lim T(t —s) A W(s—r)ds=0
in the strong operator topology. Thus, integrating (3.35) from nr to t

(3.37) J 4 J T(x — s)A, W(s — r)dsdc = Jt T(t — )4, W(s — r)ds

nr

—Jt AW —r)drt.

nr

With the aid of (2.9), (3.36), (3.37) we get

(3.38) 1 < (Mco +M + 1)C,_, .

t T
f A J‘ T(t —s)A, W(s — r)dsdt

By virtue of (3.9), (3.34), (3.38) the final term of (3.23) is estimated as

(3.39) H jt B(t — 1)4, jr T(t — s)AW(s — r)dsdz

t T
+ B(t — nr) f A, f T(t — s)A; W(s — r)dsdz

Jt (B(t — 1) — B(t — nr))A, jt T(t — s)A, W(s — r)dsdz

nr nr

< J C.(t — nr)“(t — 1)""|IA2A'1||C,’,,K(r — nr) e

+ Bt — nn)[| |4, A7 [(Mco + M + 1)C,
< GGl A, ATHIB(1 — 1, 1) + || Bllo | A2 A7 (Mo + M + 1)C, ;.

Combining (3.23), (3.1), (3.27), (3.32), (3.33), (3.39) we see that V,(t), and hence
V(t) is uniformly bounded in [nr, (n + 1)r].
The inequality (2.6) follows from (3.34) and

t

(3.40) AW(H) = A J T(t — s)A, W(s — r)ds + V(t).

nr

In view of (3.1), the induction hypothesis, and the uniform boundedness of
V(t) and
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(3.41) AW@A*=JWATO—QAAW@—A—WW%—MA”&

+ (Tt —nr)— DA, Wt —1A+ V(@E)A™!
we immediately obtain (2.8). In view of (3.38) and (3.40) -
t t T t
J AW(r)dt = f A J T(t — s)A, W(s — r)dsdt + j V(r)dr

is uniformly bounded in [nr, (n + 1)r]. This implies (2.9).

t
Since a(-) is Holder continuous, A 'B(t) = J T(t — s)a(—s)ds is differen-
tiable and Y

(3.42) %Aﬂﬂg:ﬂ—n+3m.

Noting B(0) = 0 and using (3.42) we can show without difficulty
t

(3.43) %A—l V)=V + j a(t — )A, W(z)dr .
t—r B

With the aid of (3.13), (3.35) and (3.43) it is not difficult to show that W(r)
is differentiable in (nr, (n + 1)r) and (1.2) holds. The inequality (2.7) is a simple
consequence of (1.2), (2.6), (2.9), (3.7) and

nr—

fo a(s)A, W(t + s)ds = J t (a(s) — a(—r) A, W(t + s)ds

-r -r

nr—t
+ a(—r) J A, W(t + s)ds

+ JO (a(s) — a(nr — 1)) A, W(t + s)ds

(0]
+ a(nr — t) J A, W(t + s)ds .
nr—t

It is not difficult to show W(nr — 0) = W(nr + 0). Hence, W(z) is strongly
continuous at t = nr.

3.3. Holder continuity of V' (¢) in (nr,(n + 1)r), n >0

In order to establish (2.10), (2.11), (2.12) we first show the Holder conti-
nuity of V(t). Let nr <t <t'<(n+ 1)r. By (3.5) and (3.27)
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n

' Tt —s)A, W(s — r)ds

(3.44) ” A f " Tt — s)A, W(s — r)ds — A f

r r

(Tt —nr)—T(t —nr)) A Jnr T(nr — s)A, W(s — r)ds

r

< comst. (t' — t)*(t — nr)™*

for 0 <a < 1. As for the third term on the right of (3.23)

(3.45)
Jt r Tt —r —1t)B(r)A,W(r)dt — ft ' Tt —r—1)B(r)A,W(t)dr
0 0
= Jt’—r Tt —r —1t)B(r)A,W(r)dr — J”_r T(t —r — 1)B(r)A,W(z)dz
(n—1)r (n—1)r
+ (Tt — nr)y — T(t — nr)) Y T((n — r — 1)B(r)A, W(t)dz

0

_ j I — v — 0B A, WD

-r

+J.H (Tt —r—v—TEt—r—1)— Tt — nr)
(

n—1)r
+ T(t — nr))B(r)A,W(z)dt + (T(t' — nr) — T(t — nr))B(r) o A, W(z)dr
(n—1)r
+ (T’ — nr) — T(t — nr)) m T({(n — )r — t)B(r)A, W(r)dz
0

=TI+ +1I+1V.
By (2.6), (3.1), (3.4)

v-r C,_ 1/t —t)\*
3.46 I| < M|B@)| ——"t —~ .
(3.46) || < | B - l)rdr < M| B@®)|C,-, a<t — nr)

t—r

By (3.5)
Tt —r—1)— Tt —r—1)— T — nr) + T(t — nr)|
<T@ —r—19)—T@t—r—71)| + |IT@ — nr) — T(t — nr)|
M( t—t >°‘ M<t’—t>°‘ 2M( t'—t )“
<= + = <
o \t—r—r= o \t — nr o \t—r—rt

for (n — )r <t <t —r. Similarly
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Tt —r—1)—T@t —r—1)— Tt —nr)+ T(t — nr)|
<T@t —r—1v) =T —nr)|+ |Tt —r —1)— T(t — nr)|

SM(’/_(”_I)")“_FA’I_(T_("_1)">a32M(7"("_1)">a-
o t —r—r7 o t—r—rt o t—r—r1

Combining these two inequalities we get

(3.47) Tt —r—1)— Tt —r—1)— Tt — nr) + T(t — nr)||
<2M@E — 0@t —r— 1) — (n — DHr)* 3Py

for «€(0,1), Be(0,1). With the aid of (3.47), (2.6) we get

(3.48) |

t—r 2M
11 < j — (' =0t —r — 1) — (n — Dry** P B(r)| G
(n—1)r a T — (n — 1)7‘
2M t—r
T w IBr)ICy—n (¢ — ) J( 1) t—r—7"%—(@m— Dry! P ds

= (2M/a)|B(r)||C,—1 B(1 — &, a(1 — B))(t' — t)*(t — nr)™ .
By (3.5), (2.9), (3.32)

1 ' «
(349) ) < MnB(r)nc,._l;(f - ni) ,
) ol 11—t
(3.50) [TV < M*||B(r)|l(co + 1) ;) Cj& ey I

Combining (3.45), (3.46), (3.48), (3.49), (3.50) we conclude

Jt,_r Tt —r — 1)B(r)A, W(t)dt — ft—r T(t —r — 1)B(r)A, W(t)dt

0 0

(3.51)

< const. (' — t)*(t — nr)™®

for any « € (0, 1).
Let(n—)r<t—r<t —r<rt<nr. By Lemma 3.2

IB(t"— 1) — B(t — 9l < C,(t' — t)'c — ™"
and
IB(t" —7) — B(t — 7)|| < |B(t' — 1) — B(r)l| + |B(r) — B(t — )|
SCUr—t+t -1 *+Clr—t+t—1) "

S2C,(r—t+ Yt —1)7".
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Hence,
(3.52) |B(t' — 1) — B(t — 1)l <2C,(t' —t)(t — 1) "(r —t + 7)™

for 0 <k <u < p. Using (2.6) and the inequality we get

(3.53) ‘ J (B(t' — 1) — B(t — 1))A, W(1)dt
t'—r
<|" 200 —or — 0 — 4 g
I P T—(mn— Dr
<2G,Coa (0 — O f (nr — )Mz — (n — Dy lde
(n—L)r
=2C,Cp (' — OBl — p, p — 61",
t'—r t' — nr
(3:34) H f B(t — 14, W(2)dt | < |B|Cymy log — .
t—r —

Combination of (3.53), (3.54) and (3.4) yields

nr

Jnr B(t' — t1)A,W(r)dt — J B(t — 1)A,W(r)dr

t—r

(3.55)

'—r
t'—

’ Bt — 1)4A,W(z)dt

—p t—r

Jm (B(t' — 1) — B(t — 7)) A, W(r)dt — J

< const. (t' — t)(t — nr)7".
Analogously to (3.19)

(3.56)
IB(t' — 7) — B(t — 1) — B(t' — nr) + B(t — nr)|| < 2C, (¢’ — 0)*(t — 1) ™*(x — nr)*™*

fornr<t<t<t' <(m+ rand 0 <k < pu<p. Hence with the aid of (3.34),
(3.9), (3.38), (3.4), (3.56)

(3.57) l

J‘t’ B(t' — 1)A4, fr T(t — 8)A, W(s — r)dsdz

nr nr

— Jt Bt —1)A, Jt T(t — s)A, W(s — r)dsdz

nr nr

< 1 jt’ B(t' — 1)A4, Jt T(t — s)A, W(s — r)dsdz

+ Jt (B(t' — t) — B(t — t) — B(t' — nr) + B(t — nr))

nr
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X A, J\ T(t — s)A, W(s — r)dsdz

nr

+ (B(t' — nr) — B(t — nr)) J.t A, fr T(t — s)A; W(s — r)dsdr
< Jt’ IBlloll 42 A7 G, (z — nr)~Hde

+ J 2C, 1t —ty(t — 1) M(r — nry* %A, A7 C,..(t — nr) ldt

+ C.(t' — t)(t — nr)*||A, A7 |(Mco + M + 1)C,,
< const. (t' — t)*(t — nr)™*.
Combining (3.6), (3.23), (3.44), (3.51), (3.55), (3.57) we conclude
| Vo(t') — Vo(t)ll < const. (' — t)“(t — nr)™™*.
Hence,
(3.58) V(') — V()| < const. (t' — )(t — nr)™*

for r<t<t' <(m+ r and 0 <k < p.

34. Proof of (2.10), (2.11), (2.12) for n > 0

We first show (2.11) for nr <t <t' <(n+ l)r. Set © = (t + nr)/2.
(3.59)
A J‘t’ Tt —s)A W(s—r)ds— A Jt Tt —s)A, W(s — r)ds

nr nr

=A J‘t’ Tt —s)A,W(s—r)ds+ A Jt T(t' —s)A,W(s — r)ds

T nr

—A Jr Tt —s) A, W(s—r)ds— A J‘z T(t — s)A, W(s — r)ds
= Jtl AT — ) (AW —1r)— A WE —r))ds+ (Tt —1)— DA, W({E —7)

— ft ATt — ) (A W(s —r)— AWt —r)ds — (Tt — 1) — DA, W(t — )

+ jt (AT(t' — s) — AT(t' — nr))A, W(s — r)ds
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+ AT(t' — nr) J A, W(s —r)ds
— J‘ (AT(t — s) — AT(t — nr))A, W(s — r)ds

— AT(t — nr)f AlW(S— rds .

With the aid of (3.1), (3.5), (3.6) and the induction hypothesis
(3.60)

ft, AT — s)(A  W(s—r)— A W(t' —r))ds

T

~ f AT(t — 5)(A; W(s — 1) — A, W(t — r))ds

JI’ AT — sy (A W(s —r) — A W({t' — r))ds

+ (Tt — 1) —TE — ) (A Wt —r)— A, W({t' — 1)

+ Jt (AT —s) — ATt — s)(A W(s—r)— A, W(t —r))ds

T

<MC

n—1,k

.
f (' — s Hs —nr)™'ds + 2MC,_; (t' — t)*(t — nr) <71
t

t
+ MC,_, , f (t" — 0@t — sy (s —nr)y " ds

< MC,_y (t' — )@t — )™ Vi + 2MC,_y (t' — t)(t — nr) ™"

t

2
+ MC,_; (t' —t)* j (t — s (s — nr)""dst —

nr

nr
= {MC,_, (1/x +2) + 2MC,_, ,B(p — x, 1 — )} (t' — t)*(t — nr)™* 7",
where 0 <k < u < p, and
@3.61) ITE —1)—DAWE —r)— (Tt — 1) — DA, W(E -7
<T@t — v —DAWE —r)— A, W2 —1)
+ (T —7) = Tk — )NA, W —r1)]
<M+ 1)Cpy (' —t)(t — nr) ™1 + 2MC,_, (¢ — )t —nr) ™" Yk
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Since
|AT(@ —s) — ATt — nr) — ATt — s) + AT(t — nr)|

S — nr S — nr S — nr
Moo —m Mi—ye—m>-Mi—5c=m

IA

t'—t t—t t' —t
@t —s)(t—ys) + M(t’ — nr)(t — nr) = 2M(t’ —s)(t—s)’

for nr < s <1, we have
NAT({t —s) — AT’ —nr) — ATt — s) + AT(t — nr)|

(t' — (s —nr)t™™
Rl P sy

Hence, making use of the induction hypothesis
(3.62)
‘ f (AT — s) — AT(t' — nr))A W(s — r)ds

— J‘t (AT(t —s) — ATt — nr)) A, W(s — r)ds

i ¢ — s —n)'™  Cpy ,
= jnr 2M(tl - S)K(t - S)(t - nr)l"" S — nr ds

) 1+ 4 t—nr\l«
< K+ k—1
<2MC,_,(t' — t)(t — nr) (t — nr) 1 — K( 2 )

= 22HINMC, (' — £(t — nr) (L — K) .

Jr (AT(t' — s) — AT({t' —nr) — AT(t — s) + ATt — nr))A, W(s — r)ds

By (3.6) and the induction hypothesis we get

(3.63) ” AT(t' — nr) Jt A, W(s —ryds — AT(t — nr) jt A, W(s —r)ds

= “ (AT’ — nr) — AT(t — nr)) Jt A, W(s — ryds

<MC,_,(t' —ty(t —nr)™* 1,

With the aid of (3.59), (3.60), (3.61), (3.62), (3.63) we otain
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nr nr

(3.64) H A J‘t’ Tt —s)A,W(s—r)ds — A jt Tt — s)A, W(s — r)ds

< const. (t' — t)“(t — nr)™*71.

Combining (3.21), (3.58), (3.64) we conclude (2.11).
Noting

which is easier to show than (3.64), we immediately obtain (2.10). Applying
(3.1), (3.5), (3.6), (3.58) and the induction hypothesis to the right side of

Jw Tt —s)A,W(s —r)ds — Jt T — s)A, W(s — r)ds

nr

nr

< const. (t' — t)*(t — nr)™*, O<ax<l,

AW({E)A™ — AW()A™?

= JW ATt — s)A,;(W(s —r) — W(t' — r))A 'ds

+ J AT(t — ) A, (W(t —r) — W(t' — 1)) A" ds

+ f t (AT(t' — s) — AT(t — s)) A (W(s — 1) — W(t — r)) A" 'ds

+ (Tt —nr)— Tt —nr) A, W({E —r)A™?
+ (Tt —nr) — DA, (W({E' — 1) — Wit —r)A™L+ V() — V()A?

which is an immediate consequence of (3.41), we obtain (2.12).

3.5. Proof of (1.4)

Letting Z(¢t) be an operator valued function satisfying

0
(3.65) %Z(t) =Z(0A+ Z(t — A, + j Z(t + s)a(s)A,ds ,

(3.66) Z(Q) =17, Z(s)=0 for se[—r, 0),
we will show that
(3.67) Z(t)=W({).

Z(t) 1s determined as the solution of the integral equation
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(3.68) Zy=T(@) + Jt Z(7) Jr a(t — 5)A, T(t — s)dsdr

in [0, r], and

t

(3.69) Z(t)=T() + j Z(s —r)A; T(t — s)ds

r

+ Jt_r Z(7) ft+r a(t — 5)A, T(t — s)dsdz

+ jt Z(7) Jt a(t — s)A, T(t — s)dsdr

in (r, 00). Set

3.70) G(t) = jt a(—s)A, T(t — s)ds

0
= Jt (a(—s) — a(—1)A, T(t — s)yds + a(—t) A, A" (T(@t) - I).
0

By virtue of (3.1), (3.7)
3.71) IGOI < Mlal, |4, A7 t%/p + (M + D)llall,ll4, 47" .
Hence, Z(t) is the solution of

(3.72) Z(t) = T(®) + f t Z(t)G(t — 1)dt

o

in [0, 7], and

(3.73) Z)=T(@) + Jt Z(s—nrA, T — s)ds

r

nr

+ J‘t—r Z(t) G T(t — 1t —r)dt + J‘ Z(1)G(t — 1)dr

0 t—r

+ Jt Z(7)G(t — 1)dt

nr

in [ar,(n + 1)r], n>0.
The equation (3.72) is solved by successive approximation. Since G(0) = 0
and ‘

dG(t)/dt = a(— 1A, + G(t) A
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on D(A), we easily see that

(3.74) %Z(t) =Z()A + IO Z(t + s)a(s)dsA,

-t
0
=Z(MA + f Z(t + s)a(s)dsA,
on D(A). Here we used that Z(t) =0 for t <0. Let x e D(A4) and te(0,r].
In view of (1.2), (1.3), (3.74)

(3.75) ft %(Z(t — o)W(o)x)do = Jt {—JO Z(t — o + s)a(s)dsA, W(o)x

(o) -r
+ Z(t — o) fo a(s)A,W(o + s)xds} do .

By the exchange of the order of integration and the change of the variable
c6—>0+S

(3.76)
ft JO Z(t — o + s)a(s)dsA, W(o)xdo = Jo ft_s Z(t — o)a(s)A,W(o + s)xdods .
0J-r —rJ-s

t t—s

Noting that Z(t) = W(t) =0 for t <0 we may write J in place of J in
[}

the right side of (3.76). Again changing the order of integration we see that
the right side of (3.76) is equal to

bt ]

Jt Z(t — o) J‘O a(s)A, W(o + s)xdsdo .

0
Combining this with (3.75) we get

: .
j i(Z(t — o)W(o)x)do =0,
o 0o
which implies Z(t)x = W(t)x for x € D(A) and t € [0,r]. Thus (3.67) holds in
[0, r1.

Suppose that (3.67) is shown to hold in [0, nr]. Then, all Z except the
last one may be replaced by W in the right hand side of (3.73). Since

t

Jt Z(s—r)A,T(t — s)ds = J Z(s—r)—Z(t —r)A, Tt — s)ds

nr nr

+Z(t —r) A, A (Tt —nr) = 1),
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and by (2.10)
1Zs—r—ZEt—nl =W —r)— Wt -1l < C 1t — ) —nr)™,

the integral of the second term of the right side of (3.73) exists and is strongly

continuous in [nr, (n + 1)r]. Hence, the integral equation (3.73) can be solved

by successive approximation, and it is easy to show that (3.65) holds on D(A).
By virtue of (1.2), (3.65) for x € D(A)

(3.77) j t ai(za — &)W (0)x)do
o 00

= f t {—Z(t — 0 — 1A, W(e)x — j ’ Z(t — o + s)a(s) A, W(o)xds

+Z(t —0)A W —r)x + Z(t — o) fo a(s)A,W(c + s)xds} do

in (nr,(n + 1)r]. Since Z(t) = W) =0 for t <0

ft

(3.78) jt Z(t—0)A W(© —r)xdo = | Z({t— 0)A,W(o — r)xdo
0

Jr

(ft—r

= Z(t— o0 —r)A,W(o)xdo

JO

(t

=| Z(t — o0 —r)A, W(o)xdo,

(3.79)
f Z(t — o) f a(s)A,W(o + s)xdsdo =

0

fo [t
Z(t — o)a(s)A, W(o + s)xdods
v-rJo

fO [t+s

= Z(t — o + s)a(s)A, W(o)xdods

o TF JS
fOo ('t :

e Z(t — o + s)a(s)A, W(o)xdads

= t Jo Z(t — o + s)a(s)A, W(o)xdsdo .

JO J—r

By (3.77), (3.78), (3.79) we get

Jt i(Z(t — o)W(o)x)do = 0.
o 0o

Thus (3.67) holds in [nr, (n + 1)r].
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3.6. Uniqueness of fundamental solution

The uniqueness of the fundamental solution can be proved by the argu-
ment of the previous subsection.

§4. Proof of Theorem 2

Suppose that Ay(s) and f(¢f) are Holder continuous functions of orders o
and f respectively, and set

| Ay(s) — Ay(@)ll

4.1) Iyllo = max [|Ay(s)l,  |yla= sup 7 ,
' se[~r,0] s,te[-r,0] |S - T'
s#tT
/@) — f@
42) I/l = max 1f@1, 1= sup MOZSOL
t€10,T] SHGE It — 7|
t#1

We estimate each term in the right hand side of

4.3) Au(t) = AW(£)y(0) + A j W(t — s — r)A, y(s)ds

0 s t
+ A J f W(t — s + 1)a(t)dtA,y(s)ds + A J W(t — s)f(s)ds .

In view of (2.8)
(4.4) 1AW ()y(O)| < C,lIl4y(O)

in [nr,(n+ 1)r). For O<nr<t<(n+ )r

45)
A fo Wt —s—r)A,y(s)ds = ft e AWt — s —r)A(y(s) — y(t — (n + D)r)ds
ft
+ AW(s)dsA,y(t — (n + r)
ro ‘
+ AW(t — s — r)A,(y(s) — y(0))ds
Jt—(n+1)r
+ " AW (s)dsA,y(0).

The norm of the third term in the right side of (4.5) does not exceed
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0 Ca-
J‘ E__s—— 143 A7 | 1ylo(—s)*ds
t—(n+1)r
, 0
< Coyll4 A7 Iylaj ) (=) ds = G,y |4, A7H |y L((n + Dr — £ /o
t—(n r

Estimating other terms similarly we obtain

(4.6) ” A jo W(t — s —r)A,y(s)ds

< Gl 41 AT Iyl(t — nrf/o+ C, |41 y(t — (n + 17|
+ Cooa 141 A7 IYl((n + 1) — %0 + Cy | 4, YO -

Let O<mr <t<(n+ r.
J f W(t — s + t)a(t)dt A, y(s)ds

(j‘t (n+1)rJ\ J J‘nr t+s J‘ J’ )
t—(n+1)r t—(n+1)r Jnr—t+s

AW(t — s + tya(t)dtA,y(s)ds =1 + II + 111 .

If n=0, II vanishes. In view of (2.6), (2.9), (3.7), (4.1)

4.7 I = ” Jt e js AW(t — s + 1)(a(t) — a(—r))dt A, y(s)ds

t—(n+1)r °t
N j j AW (@)dra(—r) A, y(s)ds
t—s—r

-r

t—(n+1)r s C
< n o 4
_J—r J_,t~s+1—nr|alp(T+r) dt|| A, y(s)llds

+ Gla(=n)I1 4247 [ Iyl — nr)

: t—(n+1L)r
< Gilal, 142 A7 1yl J f (t + ry tduds

+ Cila(=n)l 4247 |1yl — nr)
< GllA; AT Iyllo(lal ¢ — nr)P/p(p + 1) + la(=7)))(t — nr).

Similarly
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48 || =

J*O Jnr—t+s AW(t — s + t)(a(r) — a(—r))dzA, y(s)ds
t—m+r J —r

0 nr
+f J' AW (R)dva(—1) A, y(s)ds
t—(n+1l)r Jt—s—r

< Gy 142 A7 Iyl o {lal,((m + D7 — 2°/p(p + 1)
+la(=n}((n+ Dr — 1),

4.9) || =

0 s
J J AWt — s + 1)(a(r) — a(nr — t + s))dtA,y(s)ds
t—(n+1)r J nr—t+s

0 t
+ j J AW (t)dra(nr — t + s5)A, y(s)ds
t—(n+1)r Jnr

< Gl A, A7 ylwtlal, (¢ — nrY/p + llall,} ((n + Dr — o).
Writing the final term of (4.3) as

=1 [t—jr

A Ji W(t — s)f(s)ds = A(J‘t—nr + nz )W(t — 8)f(s)ds
0 0 J=0 Ji—(+1)r

t

= ft_nr AWt — s)(f(s) — f(t — nr))ds + f AW (s)dsf(t — nr)
0 nr
£ AW 90 — i~ s
n—1 (G+Lr
+ AW (s)dsf(t — jr)

=0 jr

we can show

4.10) ”ALMFnM%SQmN—WW+2quB

+3 GlIfC—inl.

From (4.3), (44), (4.6), (4.7), (4.8), (4.9), (4.10) it follows that Au(t) is bounded
in [0, T]. It is not difficult to show that Au(t) is strongly continuous. The
remaining part of the proof of the theorem is routine, and may be omitted.
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