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Introduction.

Absolute stability was originally defined by Ura using a prolongation, [10].
Auslander and Seibert showed that a compact subset M of a locally compact metric
space is absolutely stable if and only if there is a continuous Liapunov function for
M, [1]. From this paper, if not earlier, until the present the appropriateness of a
stability concept is judged by whether it can be characterized in terms of Liapunov
functions.

Using a prolongation Hajek extended the concept of absolute stability to non-
compact sets, [4]. His results that are of interest here are:

Theorem A. Let M be a subset of a phase space X that is Hausdorff, para-
compact, and locally compact. Then M is closed and absolutely stable if and only if M
= Nv;Y0) for suitable Liapunov functions v,: X—[0, 1].

Theorem B. Let M be a subset of a phase space X that is Hausdorff, para-
compact, and locally compact. Then a closed G, set M is absolutely stable if and only
if M=uv~'(0) for some Liapunov function v: X—[0, 1]. In particular, a closed subset
M of a locally compact metric space X is absolutely stable if and only if M=uv~*(0) for
some Liapunov function v: X—[0, 1].

In [7] the author characterized the absolute stability (in Hajek’s sense) of a
closed subset M of a locally compact metric space in terms of the open positively
invariant neighborhoods of M. Specifically, such a set M is absolutely stable if and
only if M possesses a family F of neighborhoods satisfying:

(i) If Ue F, then U is open and positively invariant.

(ii)) NF=M.

(iii) If U e F, then there is a V ¢ F such that VC U.

(iv) If U, V e F are such that UCV, then there is a W e F such that vcwc
wcV.

Notice that in all of these results the phase space is assumed to be locally
compact. This restriction prevents these results from being applied to dynamical or
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semidynamical systems that do not have locally compact phase spaces such as those
determined by Volterra integral equations ([8]), by functional differential equations
([2], [5]), or by differential equations without uniqueness ([9]).

We will give a definition that is equivalent to Hajek’s definition whenever the
phase space is locally compact and metric. With this definition of absolute stability
we will show that a closed proper subset M of a connected Hausdorff space is abso-
lutely stable if and only if there is a Liapunov function for M. We then conclude
the paper with a characterization of asymptotic stability for such closed sets M.

Notation and Terminology.

A dynamical system on a topological space X is a continuous mapping = of X
X R onto X satisfying the following axioms (where xnt=r=(x, t)):

(1) xn0=x for each x € X,

(2) (xrt)ms=xn(t-+s) foreach x e X and ¢, s € R.
If, in the definition of dynamical system, R is replaced by R*, the result is called a
semidynamical system. If M CX and NCR*, then MzN will denote the set {xzt:
xeM,teN}. A subset M of X is called positively invariant if MzR* = M.

A Liapunov function for a closed subset M of X is a continuous mapping v of
a neighborhood W of M into R* such that v='(0)= M and v(xzt)<<v(x) for each x ¢
Wand te R*.

Absolute Stability.

Definition 1. A closed nonempty subset M of a Hausdorff space X, on which a
semidynamical system =« is defined, is said to be absolutely stable with respect to r if
there exists a set % of open, positively invariant neighborhoods of M such that

(1) if U, VeF with UV, then either UCV or VC U,

(i) NF=M,

(iii) for each U e &, the set {V e & : VC U} is uncountable.

If M is compact and X is connected, locally compact, and metric, then this defi
nition is equivalent to the usual definition of absolute stability, [6].

Lemma 2. Let X be a connected Hausdorff space that satisfies the first axiom o,
countability and let N be a closed, nonempty proper subset of X. Let G be a set o,
open subsets of X such that

(i) N=nNgG,

(ii) if U, Ve GwithU£V, then UCV or VCU.

Then there exists a countable subset {U;} of G such that U,,,CU,, N=NU,, and for
each V ¢ G there is an i such that U,C V.

Proof. Since X is connected and N is closed, N is not also open. Hence, dN+
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¢. Let x € ON and let {V;} be a countable fundamental system of open neighbor-
hoods of x. We will define inductively the desired subset {U,} of G in such a way
that V,Z U, for each i. Since each V; is a neighborhood of x e 39N we must have
V,— N=+¢ for each i. Moreover, for each i there must be an element W, of G such
that V,Z W,. Otherwise N= N GOV, which is impossible because V,—N=+g.

Set U,= W, and suppose that for some positive integer k& we have determined
elements U,, - - -, U,_, of G such that U,CU,_, for i=2,3, ---, k—1 and V,Z U,
fori=1,2, ---,k—1. Since U,_, is a neighborhood of the closed, nonopen set N,
properties (i) and (ii) assure us that there is a U € G such that UC U, _,. By property
(ii) we have UC W,, W, U, or W,=U. In the first case set U, = U and in the latter
two cases set U,=W,. Evidently we have determined an element U, of G such that
U,cU,_,and V,Z U,. Therefore, we can determine inductively a countable subset
{U;} of G such that U,C U,_, and V,Z U, for every i.

Since each U, is an element of G we have that NC U, for each i. Suppose there
isaye NU,—N. Since ye UG and y ¢ N= NG thereisa Ve G such that y ¢ V.
Since y € U, e G for every i we conclude from property (ii) that VC U, for every i.
Since {V;} is a fundamental system of neighborhoods of x e NC ¥, there is a j such
that V;C V. This is impossible because V;Z U,. Hence, we must have N=U,.

Now let V denote any element of G. By property (ii) we have U,CV, VcU,,
or V=U, for each i. If VC U, or ¥=U, for each i then N= N U,DV, which is
impossible because V is a neighborhood of N. Therefore, there is an i such that U,
C V. This completes the proof.

Lemma 3. Let G be as in Lemma 2 and satisfy
(iii) for each U e G the set {V e G: VC U} is uncountable.
Then there is a W e G such that both of the sets {Ve G: VC W} and {VeG: WCV}

are uncountable.

Proof. Let {U,} be a subset of G as determined in Lemma 1. Since each U, e
G, it suffices to show that for some i the set {V' € G: U,CV'} is uncountable. Sup-
pose the contrary. Then the set G,={V e & : U,CV} is countable. From Lemma
2 we have that if We G, then We {V e G: U,CV} for some i. It follows that G=
UG,. This is impossible because G is uncountable. The desired result follows.

Theorem 4. Let M be a closed, nonempty proper subset of a connected Hausdorff
space that satisfies the first axiom of countability. Then M is absolutely stable with
respect to a semidynamical system = on X if and only if there is a Liapunov function
for M.

Proof. Let v be a Liapunov function for M. Set

F ={v=([0, r)): r is in the range of v and v-'({0, r))== X}.
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We will show that % satisfies the three properties in Definition 1. It is clear that
v~ ([0, r)) is positively invariant and that

Nv=([0, r)=M.

Moreover, since v is continuous, we also have that v-'([0, r)) is an open neighbor-
hood of M and that

(1) v=([0, r))cv ([0 r))cv (0, rD=V"'([0, rDC ([0, 5))

whenever r<s. If v=([0, r))== X, then v='([0, r)) is not both open and closed since
X is connected. Therefore by (1), v=*([0, r))#=v~'([0, s)) whenever r<s. Collecting
together these properties of the elements of &# we conclude that & satisfies the three
properties in Definition 1. Therefore, M is absolutely stable.

Now assume that M is absolutely stable. Let & be a set of open positively
invariant neighborhoods of M that satisfies properties (i)—(iii) of Definition 1. For
each dyadic rational r, we will construct a set U(r) e & such that U(r)C U(s) when-
ever r<s. We first obtain from & a set of neighborhoods {U(2-"): n a positive
integer} such that UQ2-"-)C U(2") and the set {4 e F: UQ""HYCACUQR ")} is
- uncountable. This can be done by induction in the following manner. Let {N,} be
a countable subset of & such that N N,= M (Lemma 2). Set U(2-")=N,. Suppose
U(2-™) has been defined. Since U(2""), N, ., € &, either U2"") NN,,;=N,,, or
U2 NN,.,=UQ2"". Set G={VeZ:VCU2 ™ NN,,}. ByLemma 3 there
isa B e G such that {W e & : WC B} and {W e & : BC WC U(27")} are uncountable.
Set U(2-"~)=B. Now extend this system to one with the desired properties. To
illustrate this extension we will construct U(3/8). Set C={We F: U(l/H)CcWC
U(1/2)}, G={W e C; {U e C, UC W} is uncountable}, and N=U(1/4). By Lemma
3 thereis a D e G such that {VV'e G: VCD} and {V'e G: DCV} are uncountable.
Set U(3/8)=D. Now define v: U(1)->R* by v(x)=inf{r: x e U(r)}. Evidently
v(x)=0if and only if x e M. If x ¢ U(r) and ¢ € R*, then xzt € U(r) since U(r) is
positively invariant. It easily follows that v(xz?)<<v(x). The continuity of v is
proved as in the proof of Urysohm’s lemma. Thus, we have constructed a Liapunov
function for M. This completes the proof.

Combining the previous theorem and Theorem B we obtain the following result.

Corollary. Let X be locally compact, connected and metric. Then a closed subset

M of X is. absolutely stable if and only if M is absolutely stable accordmg to Hajek’s
definition ([3, Definition 12]).

In the proof of Theorem 4 we have actually proved more than is stated in
Theorem 4. We have proved:

Theorem 5. Let M be a closed subset of a Hausdorff space that satisfies the first
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axiom of countability. Let M be absolutely stable with respect to a semidynamical
system w on X and let & be a set of open positively invariatn neighborhoods of M satis-
fying properties (i)-(iii) of Definition 1. Then there is a Liapunov function v for M such
that v=([0, 1)) € F for every dyadic rational r.

Asymptotic Stability.

Definition 6. A closed subset M of a Hausdorff space X, on which a semi-
dynamical system = is defined, is said to be asymptotically stable with respect to z if
there exists a set & of open, positively invariant neighborhoods of M such that

(i) NF=M,

(ii) if U, Ve % with UV, then either UCV or VC U,

(iii) for each U e &, the set {V € #: VC U} is uncountable,

(iv) for each x e U& and each U e &, xxt is eventually in U.

Theorem 7. Let M be a closed subset of a Hausdor[f space that satisfies the first
axiom of countability. If M is asymptotically stable with respect to a semidynamical
system © on X, then there is a Liapunov function v for M such that

(i) v(xnt)—0 as t—oo for every x in the domain of v,

(ii) v(xzt)<<v(x) for every x in the domain of v and every t >0.

Proof. Let & be a set of open positively invariant neighborhoods of M satis-
fying properties (i)-(iv) of Definition 6. Clearly M is absolutely stable. By Theorem
5 there is a Liapunov function w for M mapping a neighborhood U of M into the
interval [0, 1] such that w='([0, r)) e % for each dyadic rational . Define v: U—R*
by

v(x)= J: e~ *w(xns)ds.

Evidently v is continuous since w is continuous. For each x e U and dyadic rational
r there is a ¢’ such that xzt € w='([0, r)) for all t >#/. Then

v(xrt) :j:o e~ *w(xn(t+s))ds

<r Jw e *ds=r.

0

It follows that v(xnt)—0 as t—oo. This proves (i). A standard argument that can
be found on page 145 of [3] establishes (ii).

Elementary examples show that the existence of a Liapunov function satisfying
property (ii) in Theorem 7 is not sufficient to assure the asymptotic stability of M.
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However, the existence of a Liapunov function satisfying the first property does
assure that M is asymptotically stable.

Theorem 8. Let M be a closed subset of a Hausdorff space. If there is a
Liapunov function v for M such that v(xrt)}—0 as t—oo for every x in the domain of
v, then M is asymptotically stable.

The proof of this Theorem is nearly identical to the first half of the proof of
Theorem 4 and will be omitted.
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