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On the Parallelizability of Regions of
Asymptotic Stability
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It is well known that if a compact invariant subset M of a locally compact
metric space X is globally asymptotically stable, then the dynamical system restricted
to X— M is parallelizable. In this paper we will generalize this result to dynamical
systems whose phase spaces are merely metric. In the process of doing this we
introduce the concept of local uniform asymptotic stability and show that if a com-
pact invariant subset M of a metric space X is locally uniformly asymptotically stable,
then the orbit space of the dynamical system restricted to X — M is also metric.

A dynamical system on a topological space X is a continuous mapping = : X
X R— X such that (where xnt=n(x, t))

(1) xn0=x for every x e X,

(2) (xat)as=xn(t+s) for every xe X and s, t € R.

For ACX and BC R, AzB will denote the set {xzt: xe 4, te B}. In the special
cases B=R or B=R* we will write C(4) and C*(A) instead of ArR and AzxR* re-
spectively. A subset A of X is invariant if C(4)=A. The dynamical system z is
called

(i) (dispersive, if for every x, y e X there exist neighborhoods U of x and V of
v such that (Uz[T, o))" V=¢ for some T ¢ R,

(ii) parallelizable, if there is a global section S for x, i.c., a subset S of X such
that for every x e X, there is a unique ¢, € R for which xzf, e S and the
mapping x— 7, is continuous.

A compact subset M of X is called stable if for any neighborhood U of M there is a
neighborhood V of M such that C*(V)C U. A stable subset M of X is called

(i) asymptotically stable if for any neighborhood U of M and any x ¢ X, there
is a T e R such that xz[7, «)C U,

(ii) locally uniformly asymptotically stable if for any xe X— M, there is a
neighborhood ¥V of x such that for any neighborhood U of M there exists
T e R such that Vz[T, «)CU.

A continuous function L : X—R* is called a Liapunov function for a subset M of X
if

(i) L(x)=0if and only if x e M,
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(i1) L(xrnt)<<L(x) for every x e X— M and 0< ¢,

(iii) ZL(xmt)—0 as t— ocofor every x e X.

If X is a metric space with metric d and ¢>0, then B(x, ¢) will denote the set
{re X:d(x, y)<e}. If MCX, then B(M, &) will denote the setU {d(x, ¢)|x ¢ M}.

Throughout this paper M will denote a compact subset of a metric space X
which is globally asymptotically stable with respect to a dynamical system z. The
metric on X will be denoted by d and we will assume that d(x, y)<1 for every x, y
e X.

We begin by constructing a Liapunov function for M. The following lemma is
easily proved.

Lemma 1. Let xe X—M. 1If U is any neighborhood of M, then there are a
neighborhood V of x and a T>0 such that Vz[T, co)C U. Hence r restricted to
X — M is dispersive.

With this lemma the proof of the following theorem is essentially identical with
that of Theorem 10 in [1].

Theorem 2. Let X be a metric space. A compact subset M of X is globally
asymptotically stable if and only if there is a Liapunov function for M.

With a locally compact phase space a dynamical system r is dispersive if and
only if # is parallelizable, [2]. For arbitrary phase spaces this is not necessarily the
case. The following example is a slight modification of one found in [6, page 44].
Let 7, be the planar dynamical system determined by the system of differential equa-
tions in polar coordinates,

dr do

W =f(r, 0), W—- 0
where f is a continuously differentiable function such that f(n=*, n~)=0 for every
positive integer 7, f(0, 0)=0, and f(r, §) <0 otherwise. Let X denote theplane with
the half lines {(r, 6): 0=n"", r>n""} deleted and let = denote r, restricted to X.
Then r restricted to X—{(0, 0)} is dispersive, but not parallelizable. Note that the
trajectories of z are rays or portions of rays emanating from the origin. The motion
along these trajectories is toward the origin. Hence, the origin is asymptotically
stable, but = restricted to X—{(0, 0)} is not parallelizable.

The following lemma can be verified directly.

Lemma 3. Let L : X—R* be a Liapunov function for M. If x e X— M, then
(1) L Y(L(x)) is a section for x restricted to C(L™'(L(x))),

(ii) C(L~Y(L(x))) is an open subset of X,

(i)  C(L-Y(L(x)C C(L-Y(L(»))) whenever 0= L(y) < L(x).
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Lemma 4. Let M be compact and globally locally uniformly asymptotically
stable, let x e X— M, and let U be an invariant neighborhood of x. Then there is a
closed invariant neighborhood V of x such that VC UU M.

Proof. If AC X is closed and BC R is compact, then AzxB is closed, [4, page
98]. Let U, be a neighborhood of x such that for every neighborhood W of M,
there is a T so that U,x[T, ««)C W. Without loss of generality, we may suppose
that U, is closed, U,C U, and U,N M=¢. Then U,x[—¢, t] is closed for every
t>0. Let {x;} and {#;} be sequences in U, and R, respectively, such that x,zt,—y
for some y e X. Since M is locally asymptotically stable there is an open neighbor-
hood W, of y and a T>>0 such that Wz[T, o0)C B(M, 1/2d(M, U,)). Hence, —T
<t, for all i sufficiently large. - If {z,} has an accumulation point, then y e U,zR
since U,z[—¢, t] is closed for every ¢>0. Suppose #,—>o. Due to our choice of
U,, it is easy to show that x;zz,—>M. It follows that U,zR=(U,zR)UMC UU M.

Set Y=X—M. Evidently Y is an open invariant subset of X. Define an
equivalence relation C on Y by xCy if and only if x € C(y). The topology of Y/C
will be the induced topology. It is known (e.g., see Lemma 1 of [5]) that the natural
mapping e of ¥ onto Y/C is an open mapping.

Recalling that L-1(2) is a section for = restricted to C(L~*(2)) and that C(L~'(1))
is an open subset of X for each 2 in the range of a Liapunov function L for an
asymptotically stable set M, (Lemma 3), the following lemma can be verified directly.

Lemma 5. Let UC X— M be an open subset of X, L a Liapunov function for a
globally asymptotically stable compact set M, and 2 a number in the range of L. The
C(UN L~*(2)) is an open subset of X.

Theorem 6. If X is a metric space and M is a compact subset of X which is
globally uniformly asymptotically stable, then (X— M)/C is metrizable.

Proof. We will first show that (X— M)/C is regular. Set Y=X—M. Let 4
be a closed subset of Y/C and let e(x) e Y/C—A. Then e '(4) is a closed invariant
subset of Y and e le(x)=C(x)CY—A. By Lemma 4 there is a closed invariant
neighborhood V, in X, of x such that VC(X—e '(4))UM. Set U,=(int V) Y and
U,=(X—V)NY. Then U, and U, are disjoint, invariant, open neighborhoods in ¥
of x and e '(4) respectively. Hence, e(U,) and e(U,) are disjoint open neighbor-
hoods of e(x) and A respectively. Thus, Y/C is regular. The Nagata-Smirnov
metrization theorem, [3, page 194], states that a topological space is metrizable if and
only if it is regular and has a basis that can be decomposed into an at most countable
collection of neighborhood-finite families. Let L be a Liapunov function for M.
Without loss of generality we may suppose that the interval [0, 1] is contained in the
range of L. Then for each positive integer », the set L~'(n"") is a metric space in
the relative topology. Therefore there is an at most countable collection {U, ,} of
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neighborhood finite families such that for each n, {U, ;} forms a basis for the topol-
ogy on L (n~'). Note that e(\_J;_, L™'(n""))=e(Y¥). Since Y/C has the induced
topology and e is an open mapping, Lemma 4 yields that for each n, {e(U, )} is an
at most countable collection of neighborhood finite families such that ( ) {e(U,,,)}
forms a basis for the topology on Y/C. Hence, Y/C is metrizable.

The following Theorem is now an immediate consequence of Lemma 1, Theorem
6, and Theorem 7 of [5] which states “Let = be a dynamical system on a Tichonov
space X, and assume that X/C is paracompact. Then r is parallelizable if and only
if it is completely unstable.”

Theorem 7. Let X be a metric space. If a compact subset M of X is globally
locally uniformly asymptotically stable with respect to a dynamical system r, then w
restricted to X — M is parallelizable.
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