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§0. Introduction and preliminary

This is a continuation of the papers [17] and [18] with the same title. Let $D$ be
the domain in $C^{2}$ :

$D=¥{(z, u)¥in C^{2}|¥mathrm{I}¥mathrm{m}z-|u|^{2}>0¥}$ .

$H=$ $¥left¥{¥begin{array}{lll}0 & 0 & i¥¥0 & -2 & 0¥¥-i & 0 & 0¥end{array}¥right¥}$ ,

then the domain is expressible as

$D=¥{v¥in P^{2}(C)|v^{*}Hv>0¥}$ ,

through $P$ is given, in terms of $(z, u)$, by

$u=u_{0}$

where $u_{0}$ is a constant.
The complex analytic automorphism group Aut (D) of $D$ is identified with the

guotient group of the subgroup of $GL(3, C)$ :

{$X¥in GL$(3, $C$) $|X^{*}HX=kH$ for some $k>0$}
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by the multiplicative group $C^{¥times}$ of $C$. For the sake of simplicity we express an
element of Aut (D) by a suitable matrix belonging to the corresponding rest class.
Under this convention, an element $X$ ofAut (D) keeps the point $P$ fixed in a geodesic
sense (for the definition, see [17]) if and only if $X$ is of the form

$[¥mu, a, r]=$ $¥left¥{¥begin{array}{lll}1 & 2i¥mu¥overline{a} & r+i|a|^{2}¥¥0 & ¥mu & a¥¥0 & 0 & 1¥end{array}¥right¥}$

where $¥mu.b¥in C$, $|¥mu|=1$ and $r¥in R$ ([17]; Proposition 3.1). We denote by $G$ the sub-
group of Aut (D) consisting of elements $X$ which leave $P$ fixed.

In our preceding paper [17], we treated a special kind of discrete subgroup of
$G$ which is generated by two unitary reflections (Definition 1.8) of order 4. In this
paper, we list up all the discrete subgroups $¥{¥Gamma¥}$ of $G$ of locally finite volume (Theo-
rem 1.6) and find all the groups $¥{¥Gamma¥}^{¥prime}¥subset¥{¥Gamma¥}$ which are generated by unitary reflec-
tions (Theorem 1.9). Next, for each, $¥Gamma¥in¥{¥Gamma¥}$ , we construct the nonsingular model
of the quotientspace added by the point $P$ : $D/¥Gamma¥cup¥{P¥}$ (Theorem 2.1, 3.1, 4.1) and
pick up all the subgroups belonging to $¥{¥Gamma¥}$ such that the space $D/¥Gamma¥cup¥{P¥}$ is non-
singular (Corollary 2.4, 3.4, 4.4). Combining Corollary 2.4, 3.4, 4.4 and Theorem
1.9, we have the following theorem.

Theorem $0.1^{1)}$. Let $¥Gamma$ be a discrete subgroup of $G$ of locallyfinite volume Then
$D/¥Gamma¥cup¥{P¥}$ is nonsingular if and only if $¥Gamma$ is generated by unitary reflections.

Then, for each $¥Gamma¥in¥{¥Gamma¥}^{¥prime}$ , we choose a system of parameters $x,y$ around $P$ of
the space $D/¥Gamma¥cup¥{P¥}$ so that the mapping $D¥rightarrow D/¥Gamma¥cup¥{P¥}$ is expressible globally $¥mathrm{b}¥mathrm{v}¥vee$ the
use of well known functions (Proposition 2.7, 4.8). Finally, we construct a com-

pletely integrable system of differential equations $(E_{¥Gamma})$ , for each $¥Gamma¥in¥{¥Gamma¥}^{¥prime}$ , of the form

$¥left¥{¥begin{array}{l}¥frac{¥partial^{2}¥xi}{¥partial x^{2}}=p_{11}^{1}(x,y)¥frac{¥partial¥xi}{¥partial x}+p_{11}^{2}(x,y)¥frac{¥partial¥xi}{¥partial y}+p_{11}^{0}(x,y)¥xi¥¥¥frac{¥partial^{2}¥xi}{¥partial x¥partial y}=-p_{22}^{2}(x,y)¥frac{¥partial¥xi}{¥partial x}-p_{11}^{1}(x,y)¥frac{¥partial¥xi}{¥partial y}+p_{12}^{0}(x,y)¥xi¥¥¥frac{¥partial^{2}¥xi}{¥partial y^{2}}=p_{22}^{1}(x,y)¥frac{¥partial¥xi}{¥partial x}+p_{22}^{2}(x,y)¥frac{¥partial¥xi}{¥partial y}+p_{22}^{0}(x,y)¥xi¥end{array}¥right.$

with regular singularity at the origin such that the group of linear fractional
transformations derived from the local monodromy of $(E_{¥Gamma})$ (which is called the
projective monodromy group of $(E_{¥Gamma}))$ coincides with $¥Gamma$ (Theorem 2.8, 3.6, 4.9). We
also prove that the system $(E_{¥Gamma})$ is Fuchsian, i.e., it is defined in $P^{2}(C)$ and regular
singular at every point. The monodromy representation of the system $(E_{¥Gamma})$ is given

1) Compare this theorem with [18]; Corollary 1.2.
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as follows. Let $Z_{¥Gamma}$ be the singular locus of the system $(E_{¥Gamma})$ in the finite plane $C^{2}$ in
$P^{2}(C)$ and $l$ be a line in $C^{2}$ such that $f$ intersects normally with $Z_{¥Gamma}$ and that the
intersection number of $l$ and $Z_{¥Gamma}$ is minimal. The number of $¥{q_{j}¥}:=l¥cap Z_{¥Gamma}$, which is
the minimal degree of the defining equation of $Z_{¥Gamma}$ , is equal to the number of
generating unitary reflections $¥{h_{j}¥}$ of $¥Gamma$ given in Theorem 1.9. Then, by a suitable
permutation of $q_{j}$ if necessary, we can find the roops $¥alpha_{¥mathrm{j}}$ around $q_{j}$ in $f$ (which form
a system of generators of the fundamental group $¥pi_{1}(C^{2}-Z_{¥Gamma})$ of $C^{2}-Z_{¥Gamma}$) so that the
monodromy representation $¥pi_{1}(C^{2}-Z_{¥Gamma})¥rightarrow¥Gamma$ may be given by $¥alpha_{j}¥rightarrow h_{j}$ .

In concluding this section, we shall briefly review the procedure of calculating
the coefficients of $(E_{¥Gamma})$ . Since the system $(E_{¥Gamma})$ is assumed to be completely integr-
able, we can express all the coefficients of $(E_{¥Gamma})$ by the four coefficients $p_{11}^{1},p_{11}^{2},p_{22}^{1}$ and

$p_{22}^{2}$ as follows:

$p_{11}^{0}=-¥frac{¥partial p_{11}^{1}}{¥partial x}-¥frac{¥partial p_{11}^{2}}{¥partial y}+2(p_{11}^{1})^{2}-2p_{22}^{2}p_{11}^{2}$,

$p_{12}^{0}=¥frac{¥partial p_{22}^{2}}{¥partial x}+¥frac{¥partial p_{11}^{1}}{¥partial y}+p_{22}^{1}p_{11}^{2}-p_{11}^{1}p_{22}^{2}$,

$p_{22}^{0}=-¥frac{¥partial p_{22}^{2}}{¥partial y}-¥frac{¥partial p_{22}^{1}}{¥partial x}+2(p_{22}^{2})^{2}-2p_{11}^{1}p_{22}^{1}$.

The four coefficients of the system $(E_{¥Gamma})$ are calculated, as in [17], by the Schwarzian
derivatives $S_{ij}^{a}(z, ¥mathrm{x},¥mathrm{y})$ of $(z, u)$ with respect to the variables $(x,y)$ :

$p_{11}^{1}(x,y)=S_{11}^{1}(z, u; x,y):=¥frac{¥partial^{2}z}{¥partial x^{2}}¥frac{¥partial x}{¥partial z}+¥frac{¥partial^{2}u}{¥partial x^{2}}¥frac{¥partial x}{¥partial u}+2¥frac{1}{¥xi_{0}}¥frac{¥partial¥xi_{0}}{¥partial x}$ ,

$p_{22}^{2}(x,y)=S_{22}^{2}(z, u; x,y):=¥frac{¥partial^{2}z}{¥partial y^{2}}¥frac{¥partial y}{¥partial z}+¥frac{¥partial^{2}u}{¥partial y^{2}}¥frac{¥partial y}{¥partial u}+2¥frac{1}{¥xi_{0}}¥frac{¥partial¥xi_{0}}{¥partial y}$ ,

$p_{22}^{1}(x,y)=S_{22}^{1}(z, u; x,y):=¥frac{¥partial^{2}z}{¥partial y^{2}}¥frac{¥partial x}{¥partial z}+¥frac{¥partial^{2}u}{¥partial y^{2}}¥frac{¥partial x}{¥partial u}$ ,

$p_{11}^{2}(x,y)=S_{11}^{2}(z, u; x,y):=¥frac{¥partial^{2}z}{¥partial x^{2}}¥frac{¥partial y}{¥partial z}+¥frac{¥partial^{2}u}{¥partial x^{2}}¥frac{¥partial y}{¥partial u}$

where $¥xi_{0}=¥{¥det(¥partial(z, u)/¥partial(x,y))¥}^{-1/3}$ and $(x,y)$ is the local coordinate of the space
$D/¥Gamma¥cup¥{P¥}$ around $P$ obtained above.

As for the notation and terminology, we follow [17] and [18].

Table of contents
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§1. Discrete subgroups of G of locally finite vofume.
§2. Subgroups of type II.
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§3. Subgroups of type IV.
§4. Subgroups of type III and type VI.

§1 Discrete subgroups of G of locally ffiite volume

Definition $(¥mathrm{c}.¥mathrm{f}. [17], ¥S 1)$. A subgroup $¥Gamma$ of $G$ is said to be of locally finite
volume (at $P$) if and only if $¥Gamma D(N)/¥Gamma$ has finite volume (with respect to the Aut $(D)-$

invariant measure of $D$) for sufficiently large $N>0$, where

$D(N)=¥{(z, u)¥in C^{2}|¥mathrm{I}¥mathrm{m}z-|u|^{2}>N¥}¥subset D$ .

In this section, we shall study discrete subgroups of locally finite volume of
$G=¥{[¥mu, a, r]¥}$ . Notice that $C=¥{[1,0, r]¥}$ is the center of $G$ and

$[¥mu_{1}, a_{1}, r_{1}][¥mu_{2}, a_{2}, r_{2}]=[¥mu_{1}¥mu_{2}, a_{1}+¥mu_{1}a_{2}, r_{1}+r_{2}-2¥mathrm{I}¥mathrm{m}¥mu_{1}¥overline{a}_{1}a_{2}]$ .

Let $G_{1}$ be the normal subgroup of $G$ consisting of all the elements of the form

$[a, r]:=[1, a, r]$ .

Then we have the following proposition due to Hemperly [4].

Proposition 1.1.
(i) If $¥Gamma$ is a discrete subgroup of $G$ of locally finite volume then $¥Gamma_{1}=¥Gamma¥cap G_{1}$

is also $o$]. locallyfinite volume and the index $[¥Gamma:¥Gamma_{1}]$ is finite.
(ii) For each discrete subgroup $¥Gamma_{1}$ of $G_{1}$ of locally finite volume, there exist $a$

lattice $L(=¥Gamma_{1}/¥Gamma_{1}¥cap C)$ of a complex plane, a positive number

$q:=¥min_{[0,r]¥in¥Gamma_{1}}|r|$

and a mapping

$r(.):L¥rightarrow R/qZ$

such that $[a, r]$ is an element of $¥Gamma_{1}$ if and only if $a¥in L$ and

$r¥equiv r(a)$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$ .

Since the lattice $L$, the positive number $q$ and the mapping $r(.)$ characterize
the group $¥Gamma_{1}$ , we shall call the triple $¥{L, q, r(.)¥}$ the characteristic of the group $¥Gamma_{1}$ .

First we shall study subgroups of $G_{1}$ . Let $¥Gamma_{1}$ be the subgroup of $G_{1}$ with
characteristic $¥{L, q, r(.)¥}$ . Put

$w=e^{(2¥pi i/q)z}$,

$D_{u}=¥{w¥in C|0<|w|<e^{-2¥pi|u|^{2}/q}¥}¥times¥{u¥}$,
$¥overline{D}_{u}=¥{w¥in C|0¥leq|w|<e^{-2¥pi|u|^{2}/q}¥}¥times¥{u¥}$
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and for $¥eta¥in L$ ,

$g(u, ¥eta)=¥exp¥frac{2¥pi i}{q}(2i¥overline{¥eta}u+r(¥eta)+i|¥eta|^{2})$ .

For two points $(w, u)¥in¥overline{D}_{u}$ and $(w^{¥prime}, u+¥eta)¥in¥overline{D}_{u+¥eta}$, we define the equivalence $(w, ¥mathrm{w})$

$¥sim(w^{¥prime}, u+¥eta)$ by

$¥eta¥in L$, $w^{¥prime}=g(u, ¥eta)w$

and denote by $[w, u]$ the rest class of $(w, ¥mathrm{w})$ with respect to the equivalence relation
The following proposition is also due to Hemperly [4].$¥sim$ .

Proposition 1.2. The quotient space $D/¥Gamma_{1}$ is biholomorphically equivalent to
$(¥bigcup_{u¥in C}D_{u})/¥sim$ and the nonsingular model $¥overline{D/¥Gamma}_{1}$ of $D/¥Gamma_{1}¥cup¥{P¥}$ is identified with
$(¥bigcup_{u¥in C}¥overline{D_{u}})/¥sim=(¥bigcup_{u¥in C}D_{u})/¥sim¥cup E$, wAere $E$ is the elliptic curve $¥{[0, u]¥}¥cong C/L$ .

Corollary 1.3 ([4]; Lemma 2.1). Let $¥xi(¥Gamma_{1})$ be the line bundle over $E$ with the
transition functions $¥{g(u, ¥eta)|¥eta¥in L¥}$ . Then $¥overline{D/¥Gamma_{1}}$ is identified with a tublar neighborhood
of the zero section $(¥cong E)oJ$

. the line bundle $¥xi(¥Gamma_{1})$ .

Let $L=Z¥eta_{1}+Z¥eta_{2}(¥mathrm{I}¥mathrm{m}¥overline{¥eta}_{1}¥eta_{2}>0)$. The equality

$[¥eta_{1},0][¥eta_{2},0][¥eta_{1},0]^{-1}[¥eta_{2},0]^{-1}=[0, -4¥mathrm{I}¥mathrm{m}¥overline{¥eta}_{1}¥eta_{2}]$

implies that

$p:=¥frac{4¥mathrm{I}¥mathrm{m}¥overline{¥eta}_{1}¥eta_{2}}{q}$

is a positive integer. Note that $p$ depends only on $L$ and $q$ and is independent of the
choice of $¥mathrm{Z}$-basis, $¥eta_{1}$ , $¥eta_{2}$ of $L$ .

Proposition 1.4. Let $¥Gamma_{1}$ be a subgroup of $G_{1}$ with characteristic $¥{L, q, r(.)¥}$ and
$g(u)$ be a nonzero section of the line bundle $¥xi^{-1}(¥Gamma_{1})$ . Then

(i) the degree of $g(u)$ is equal to $p$ ,
$(¥mathrm{i})^{¥prime}$ the self-intersection number $E^{2}$ of $Ein¥overline{D/¥Gamma}_{1}$ is equal $-p$,

(ii) if $¥{a_{j}¥}$ , $¥{b_{j}¥}$ be the zeros and poles of $g(u)$ respectively in the fundamental
parafleogram of $L=Z¥eta_{1}+Z¥eta_{2}$ ,

$¥sum_{j}a_{j}-¥sum_{j}b_{j}¥equiv¥frac{p}{2}(¥eta_{1}+¥eta_{2})+¥frac{r(¥eta_{2})}{q}¥eta_{1}-¥frac{r(¥eta_{1})}{q}¥eta_{2}$
$¥mathrm{m}¥mathrm{o}¥mathrm{d}$ $L$ .

Lemma 1.5. Let $¥theta(u)$ be a thetafunction with respect to the lattice $L=Z¥eta_{1}+Z¥eta_{2}$

which satisfies
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$¥theta(u+¥eta)=a(¥eta)e^{¥pi h(¥eta)(u+¥eta/2)}¥theta(u)$ for every $¥eta¥in L$ .

Then

(i) $d=¥#¥{a_{j}¥}-¥#¥{b_{j}¥}=¥frac{1}{2i}(h(¥eta_{1})¥eta_{2}-h(¥eta_{2})¥eta_{1})$,

(ii) $¥sum a_{j}-¥sum b_{j}¥equiv¥frac{d}{2}(¥eta_{1}+¥eta_{2})+¥frac{1}{2¥pi i}(¥eta_{1}¥log a(¥eta_{2})-¥eta_{2}¥log a(¥eta_{1}))$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$ $L$,

where $¥{a_{j}¥}$ and $¥{b_{j}¥}$ are the zeros and poles of $¥theta(u)$ respectively in the fundamental
paralleogram of $L$ .

Proof. (i) is known (e.g. see [12]). To prove (ii), we have only to calculate
the following:

$I=¥frac{1}{2¥pi i}¥sum_{j=1}^{4}¥int_{¥iota_{j}}u.¥frac{¥theta^{¥prime}(u)}{¥theta(u)}$du.

Since the relation

$¥frac{¥theta^{¥prime}(u+¥eta)}{¥theta(u+¥eta)}=¥pi h(¥eta)+¥frac{¥theta^{¥prime}(u)}{¥theta(u)}$

implies

$_{l¥mathrm{s}}u¥frac{¥theta^{¥prime}(u)}{¥theta(u)}du=-_{l_{1}}(u+¥eta_{2})¥frac{¥theta^{¥prime}(u+¥eta_{2})}{¥theta(u+¥eta_{2})}$ du

$=-¥pi h(¥eta_{2})¥int_{¥iota_{1}}(u+¥eta_{2})du-¥eta_{2}_{¥iota_{1}}¥frac{¥theta^{¥prime}(u)}{¥theta(u)}du-_{¥iota_{1}}u¥frac{¥theta^{¥prime}(u)}{¥theta(u)}$ du,

if we notice that

$¥int_{¥iota_{1}}¥frac{¥theta^{¥prime}(u)}{¥theta(u)}du¥equiv¥log¥frac{¥theta(¥eta_{1})}{¥theta(0)}¥equiv¥pi h(¥eta_{1})¥frac{¥eta_{1}}{2}+¥log a(¥eta_{1})$
$¥mathrm{m}¥mathrm{o}¥mathrm{d} ¥mathit{2}¥pi i$ ,

I is easily calculated. Q.E.D.

Proof ofProposition 1.4. Let $g(u)$ be a nonzero section of $¥xi^{-1}(¥Gamma_{1})$ . Then by
the definition of $¥xi(¥Gamma_{1})$ , $g(u)$ satisfies

$g(u+¥eta)=g(u, ¥eta)^{-1}g(u)$ for every $¥eta¥in L$ .
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Since

$g(u, ¥eta)^{-1}=e^{-(2¥pi i/q)r(¥eta)}e^{¥pi(4¥overline{¥eta}/q)(u+¥eta/2)}$ ,

if we put $a(¥eta)=e^{-(2¥pi i/q)r(¥eta)}$ , $h(¥eta)=¥frac{4¥overline{¥eta}}{q}$ and $¥theta(u)=g(u)$, we can apply Lemma 1.5.

Hence

$d=¥frac{1}{2i}(¥frac{4¥overline{¥eta}_{1}}{q}¥eta_{2}-¥frac{4¥overline{¥eta}_{2}}{q}¥eta_{1})=¥frac{4¥mathrm{I}¥mathrm{m}¥overline{¥eta}_{1}¥eta_{2}}{q}=p$

which proves (i). (i) yields $(i)^{¥prime}$, because, $¥xi(¥Gamma_{1})$ is the normal bundle of $E$ in $¥overline{D/¥Gamma_{1}}$

(Corollary 1.3) and $E^{2}$ is equal to the degree of a nonzero section of $¥xi(¥Gamma_{1})$ . The
assertion (ii) is an immediate consequence of Lemma 1.5, (ii). Q.E.D.

The mapping $r(.)$ is completely determined by the values $r(¥eta_{1})$ and $r(¥eta_{2})$ , because,
the equality

$[a, r(a)][a^{¥prime}, r(a^{¥prime})]=[a+a^{¥prime}, r(a)+r(a^{¥prime})-2¥mathrm{I}¥mathrm{m}¥overline{a}a^{¥prime}]$

implies

$r(a+a^{¥prime})¥equiv r(a)+r(a^{¥prime})+2¥mathrm{I}¥mathrm{m}¥overline{a}a^{¥prime}$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$

and so

$r(n¥eta_{1}+m¥eta_{2})¥equiv nr(¥eta_{1})+mr(¥eta_{2})+2nm¥mathrm{I}¥mathrm{m}¥overline{¥eta}_{1}¥eta_{2}$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$ .

For the element $ I(¥alpha)¥in$ Aut (D) of the form

$I(¥alpha)=$ $¥left¥{¥begin{array}{lll}|¥alpha|^{2} & & ¥¥ & ¥alpha & 1¥end{array}¥right¥}$ , $¥alpha¥in C^{¥times}$ ,

we have

$I(¥alpha)[a, r]I^{-1}(¥alpha)=[¥alpha a, |¥alpha|^{2}r]$ .

This proves that if $¥Gamma_{1}$ has the characteristic $¥{L, q, r(.)¥}$, then the characteristic of
$I(¥alpha)¥Gamma_{1}(¥alpha)^{-1}$ is $¥{¥alpha L, |¥alpha|^{2}q, |¥alpha|^{2}r(.)¥}$ , and the number $p$ leaves invariant under this
operation. Thus every discrete subgroup $¥Gamma_{1}$ of $G_{1}$ of locally finite volume is conju-
gate (in Aut $(D)$) to the group with characteristic $¥{L=Z+¥tau Z, q, r(.)¥}$ for some
$¥tau(¥mathrm{I}¥mathrm{m}¥tau>0)$, which we shall denote by $¥Gamma_{1}(¥tau;p, r_{1}, r_{f})$ where $r_{1}¥equiv r(1)$, $r_{¥tau}¥equiv r(¥tau)¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$

and $¥mathrm{p}=4¥mathrm{I}¥mathrm{m}$ $¥tau/q$ .

Next, we shall study subgroups of $G$ .
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Theorem 1.6. Every discrete subgroup of $G$ of focaffy.finite volume which is not
contained in $G_{1}$ is conjugate in Aut (D) to one of the following groups:

Type $¥Pi$ $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)=¥sum_{¥nu=1}^{2}¥Gamma_{1}(¥tau;p, r_{1}, r_{¥tau})[-1,0, r]^{¥nu}$

where $r_{1}=¥frac{¥epsilon_{1}q}{2}$ , $r_{¥tau}=¥frac{¥epsilon_{2}q}{2}$ , $q=¥frac{¥epsilon q}{2}$ , $q=¥frac{4¥mathrm{I}¥mathrm{m}¥tau}{p}$ and $¥epsilon_{1}$ , $¥epsilon_{2}$ , $¥epsilon¥equiv 0,1$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}2$ .

Type $¥mathrm{I}¥mathrm{V}$ $¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}; ¥epsilon)=¥sum_{¥nu=1}^{4}¥Gamma_{1}(i;p, r^{¥prime}, r^{¥prime})[i, 0, r]^{¥nu}$

where $r^{¥prime}=¥frac{¥epsilon^{¥prime}q}{2}$ , $r=¥frac{¥epsilon q}{4}$ , $q=¥frac{4}{p}$ and $¥epsilon^{¥prime}¥equiv 0,1$ $¥mathrm{m}¥mathrm{o}¥mathrm{d} 2$ , $¥epsilon¥equiv 0,1$ , 3 $¥mathrm{m}¥mathrm{o}¥mathrm{d}4$ .

Type $¥Pi ¥mathrm{I}$ $¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(p;¥epsilon)=¥sum_{¥nu=1}^{3}¥Gamma_{1}(¥zeta;p, 1/¥sqrt{3}, -1/¥sqrt{3})[¥zeta^{2},0, r]^{¥nu}$

where $¥zeta=e^{2¥pi i/6}$, $r=¥frac{¥epsilon q}{3}$ , $q=¥frac{2¥sqrt{3}}{p}$ and $¥epsilon¥equiv 0,1$ , 2 $¥mathrm{m}¥mathrm{o}¥mathrm{d}3$ .

Type $¥mathrm{V}¥mathrm{I}$ $¥Gamma_{¥mathrm{V}¥mathrm{I}}(p;¥epsilon)=¥sum_{¥nu=1}^{6}¥Gamma_{1}(¥zeta;p, ¥sqrt{3}, ¥sqrt{3})[¥zeta, 0, r]^{¥nu}$

where $r=¥frac{¥epsilon q}{6}$ , $q=¥frac{2¥sqrt{3}}{p}$ and $¥epsilon¥equiv 0,1$ , $¥cdots$ , 5 $¥mathrm{m}¥mathrm{o}¥mathrm{d}6$ .

Proof. Let $¥Gamma$ be a discrete subgroup of $G$ of locally finite volume and put
$¥Gamma_{1}=G_{1}¥cap¥Gamma$ . If $¥Gamma_{1}¥neq¥Gamma$ , there exists an element $[¥mu, b, r]¥in¥Gamma-¥Gamma_{1}$ such that $¥Gamma$ has
the following coset decomposition:

$¥sum_{¥nu=1}^{n}¥Gamma_{1}[¥mu, b, r]^{¥nu}$ , $¥mu^{n}=1$

for some $n>1$ . Indeed, we have only to choose an element of $¥Gamma$ whose order in
$¥Gamma/¥Gamma_{1}$ is maximal. Since we have

$[x, 0]$ $[¥mu, b, r][x, 0]^{-1}$

$=$ $[¥mu, b+(1-¥mu)x. ¥mathrm{r}-2 (¥overline{x}b-¥mu¥overline{b}x-¥mu|x|^{2})]$ ,

if we take conjugate of $¥Gamma$ by the element $[x, 0]=[¥frac{b}{¥mu-1},0]$ , we can assume that

$b=0$. Moreover, taking conjugate by a suitable element $I(¥alpha)$ , we can also assume
that the characteristic of $¥Gamma_{1}$ is $¥{L=Z+Z¥tau, q, r(.)¥}$. On the other hand, the equality

$[¥mu, 0, r][a, r^{¥prime}][¥mu, 0, r]^{-1}[a, r^{¥prime}]^{-1}=[(¥mu-1)a, 2|a|^{2}¥mathrm{I}¥mathrm{m}¥overline{¥mu}]$ , $[a, r^{¥prime}]¥in¥Gamma$
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yields $¥mu L¥subset L$ . This shows that the parameters $n$ , $¥mu$ , $¥tau$ in the expression of $¥Gamma$ :

$¥sum_{¥nu=1}^{n}¥Gamma_{1}(¥tau;p, r_{1}, r_{¥tau})[¥mu, 0, r]^{¥nu}$

have four possibilities:

(i) $n=2$, $¥mu=-1$ for arbitrary $¥tau$ ,

(ii) $n=4$, $¥mu=¥tau=i$,
(iii) $n=3$ , $¥mu=¥zeta^{2}$, $¥tau=¥zeta$,

and
(iv) $n=6$, $¥mu=¥tau=¥zeta$ .

Since the above expression represents the group $¥Gamma$ with the normal subgroup $¥Gamma_{1}$ ,
we must have

[$¥mu$ ,$ $0,$ [¥mathrm{a}, r(a)][¥mu, 0, r]^{-1}=[¥mu a, r(a)]¥in¥Gamma_{1}$ for each $[a, r(a)]¥in¥Gamma_{1}$,

and

$[¥mu, 0, r]^{n}=[0, nr]¥in¥Gamma_{1}$ .

Hence we have $r(¥mu a)¥equiv r(a)$ and $nr¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d}$
$q$ . The first equality implies, for each

cases, the followings:

(i) $2r_{1},2r_{¥tau}¥equiv 0$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$ .

(ii) $r_{1}¥equiv r_{i}$ and $2r_{1}¥equiv 0$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$ .

(iv) $r_{1}¥equiv r_{¥zeta}¥equiv¥sqrt{3}$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$ . In fact, we have $r(1)¥equiv r(¥zeta)¥equiv r(¥zeta^{2})$ and

$r(¥zeta^{2})=r(¥zeta-1)$

$¥equiv r(¥zeta)-r(1)+2¥mathrm{I}¥mathrm{m}¥zeta$ .

(iii) $r_{1}¥equiv-r_{¥zeta}¥equiv 1/¥sqrt{3}$ $¥mathrm{m}¥mathrm{o}¥mathrm{d}$

$q$ , because we have $r(1)¥equiv r(¥zeta^{2})¥equiv r(¥zeta^{4})¥equiv-r(¥zeta)$.
These complete the proof. Q.E.D.

In the groups which we have list upped in Theorem 1.6, there are several pairs
which are conjugate to each other.

Proposition 1.7. (i) The group $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ is conjugate to $¥Gamma_{¥mathrm{I}¥mathrm{I}}(-1/¥tau;p$,
$¥epsilon_{2}$ , $¥epsilon_{1}$ ; $¥epsilon$), $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}+p, ¥epsilon_{2}; _{6}+¥epsilon_{2})$ and $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}+p;¥epsilon+¥epsilon_{1})$ .

(ii) The group $¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}; ¥epsilon)$ is conjugate to $¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}+p;¥epsilon+2¥epsilon^{¥prime}+3p)$. Here, the
additions in (i) are $¥mathrm{m}¥mathrm{o}¥mathrm{d}2$ , and the additions for $¥epsilon^{¥prime}$ and $¥epsilon$ in (ii) are $¥mathrm{m}¥mathrm{o}¥mathrm{d}$ $2$ and $¥mathrm{m}¥mathrm{o}¥mathrm{d}4$,
respectively.

Proof, (i) By definition, we have
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1 $¥mathrm{I}¥mathrm{I}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$

$=¥sum_{¥nu=1}^{2}¥{[n+m¥tau,$ $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}(n¥epsilon_{1}+m¥epsilon_{2}+pnm+2f)];n$ , $m$, $f¥in Z¥}[-1,0,$ $¥frac{2¥mathrm{I}¥mathrm{m}}{p}¥epsilon]^{¥nu}$ .

The equalities

$I(-1/¥tau)[n+m¥tau,¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}(n¥epsilon_{1}+m¥epsilon_{2}+pnm+2l)]I(-1/¥tau)^{-1}$

$=[-¥frac{1}{¥tau}$n?m, $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{|¥tau|^{2}p}(n¥epsilon_{1}+m¥epsilon_{2}+p¥tau¥iota m+2f)]$

$=[(-m)+(-¥frac{1}{¥tau})n,$ $¥frac{2¥mathrm{I}¥mathrm{m}(-1/¥tau)}{p}((-m)_{6_{2}}+n¥epsilon_{1}+p(-m)n$

$+2(f+m¥epsilon+pmn))]$

and

$I(-1/¥tau)[-1,0,$ $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}¥epsilon]I(-1/¥tau)^{-1}=[-1,0$ , $¥frac{2¥mathrm{I}¥mathrm{m}(-1/¥tau)}{p}¥epsilon]$

prove the conjugacy of $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ and $¥Gamma_{¥mathrm{I}¥mathrm{I}}(-1/¥tau;p, ¥epsilon_{2}, ¥epsilon_{1} ; ¥epsilon)$ . The formulae

$[x, ¥mathrm{O}][a, r][x, 0]^{-1}=$ [$a$,$ $r?4$ ¥overline{x}a$],
$[x, 0][¥mu, 0, r][x, 0 ]^{-1}=[¥mu, (1-¥mu)x, ¥mathrm{r}+2¥mathrm{I}¥mathrm{m} ¥mu|x|^{2}]$

lead to

$[¥tau/2,0][n+m¥tau$, $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}(n¥epsilon_{1}+m¥epsilon_{2}+pnm+2f)][¥tau/2,0]^{-1}$

$=[n+m¥tau,$ $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}(n(¥epsilon_{1}+p)+m¥epsilon_{2}+pnm+2f)]$ ,

and

$[¥tau/2,0]$ $[-1,0,$ $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}¥epsilon][¥tau/2,0]^{-1}$

$=[-1,$ $¥tau$ , $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}¥epsilon]$

$=[¥tau,$ $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}(¥epsilon_{2}+2f)][-1,0$, $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{2}(¥epsilon-¥epsilon_{2}+2f)]$

which yield the conjugacy of $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ and $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}+p, ¥epsilon_{2}, ¥epsilon+¥epsilon_{2})$ . If we
put $x=-1/2$ instead of $x=¥tau/2$ in the above formulae, we can analogously prove the
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conjugacy of $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ and $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}+p;¥epsilon+¥epsilon_{1})$.
(ii) Recall that

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}; _{¥epsilon})=¥sum_{¥nu=1}^{4}¥{[n+mi,$ $¥frac{2}{p}((n+m)¥epsilon^{¥prime}+pnm+2f)];n$ , $m$, $f¥in Z¥}[i,$ $0$, $¥frac{¥epsilon}{p}]^{¥nu}$.

Making use of the above formulae by putting $x=¥frac{i-1}{2}$, we have,

$[¥frac{i-1}{2},0][n+mi$, $¥frac{2}{p}((n+m)¥epsilon^{¥prime}+pnm+2f)][¥frac{i-1}{2},0]^{-1}$

$=[n+mi,$ $¥frac{2}{p}((n+m)(¥epsilon^{¥prime}+p)+pnm+2l)]$

and

$[¥frac{i-1}{2},0][i$, 0, $¥frac{¥epsilon}{p}][¥frac{i-1}{2},0]^{-1}$

$=[i,$ $i$, $¥frac{¥epsilon}{p}+1]$

$=[i,$ $¥frac{2}{p}(¥epsilon^{¥prime}+p+2f)][i$, 0, $¥frac{1}{p}(¥epsilon-p-2¥epsilon^{¥prime}-4f)]$

which show that $¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}; ¥epsilon)$ and $¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}+p;¥epsilon-p-2¥epsilon^{¥prime})$ are conjugate to each other.
Q.E.D.

Definition 1.8. An element of $G$ is called a unitary reflection with center $u=u_{0}$

if it has the form

$h(¥mu, u_{0})=[¥mu, u_{0}(1-¥mu), 2|u_{0}|^{2}¥mathrm{I}¥mathrm{m}¥mu]$ ,

where $¥mu$ is a root of unity.
Notice that $h(¥mu, u_{0})$ keeps the line $¥{u=u_{0}¥}$ passing through $P$ fixed, and that the

order of $h(¥mu, u_{0})$ is equal to the order of $¥mu$ in $C^{¥times}$ . The following formula

(1.1) $h(¥mu_{1}, u_{1})h(¥mu_{2}, u_{2})h(¥mu_{1}, u_{1})^{-1}=h(¥mu_{2}, u_{1}+¥mu_{1}(u_{2}-u_{1}))$

is frequently used later. We are interested in the subgroups of $G$ generated by
unitary reflections.

Theorem 1.9. Every discrete subgroup of $G$ of locally finite volume which is
generated by unitary reflections is conjugate in Aut (D) to one of the following groups:
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Type $¥Pi$ $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0; 0)=¥langle h(-1,0), h(-1,1/2), h(-1, ¥tau/2)¥rangle$

$¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0; 0)=¥langle h(-1,0)$, $h(-1,1/2)$, $h(-1, ¥tau/2)$ , $h(-1,$ $¥frac{1+¥tau}{2})¥rangle$

Type $¥mathrm{I}¥mathrm{V}$ $¥Gamma_{¥mathrm{I}¥mathrm{V}}(1, 0; 0)=¥langle h(i, 0), h(-1,1/2)¥rangle$

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(2, 0; 0)=¥langle h(i, 0)$, $h(-1,1/2)$ , $h(-1,$ $¥frac{1+i}{2})¥rangle$

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(2, 1; 0)=¥langle h(i, 0)$, $h(i,$ $¥frac{1+i}{2})¥rangle$

$¥Gamma_{¥mathrm{I}¥mathrm{v}}(4, 0; 0)=¥langle h(i, 0)$, $h(i,$ $¥frac{1+i}{2})$ , $ h(-1,1/2)¥rangle$

Type $¥mathrm{m}$ $¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)=¥langle h(¥zeta^{2},0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$

$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(3;0)=¥langle h(¥zeta^{2},0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$

Type $¥mathrm{V}¥mathrm{I}$ $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0)=¥langle h(¥zeta, 0), h(¥zeta, 1)¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)=¥langle h(-1,0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;3)=¥langle h(-1,$ $¥frac{1}{2})$ , $h(-1, ¥zeta)$, $ h(¥zeta^{2},0)¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5)=¥langle h(-1,$ $¥frac{1}{2})$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(2;0)=¥langle h(¥zeta, 0)$ , $h(-1,$ $¥frac{1}{2})¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(2;4)=¥langle h(-1,0)$ , $h(-1,$ $¥frac{1}{2})$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(3;0)=¥langle h(¥zeta, 0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(3;3)=¥langle h(-1,$ $¥frac{1}{2})$ , $h(¥zeta^{2},0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(6;0)=¥langle h(¥zeta, 0)$, $h(-1,$ $¥frac{1}{2})$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$ .

Remark 1.10. It is the group $¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,1;0)$ that we treated in [17].

Remark 1.11. If $¥Gamma¥rightarrow¥nu¥Gamma^{¥prime}$ means that $¥Gamma^{¥prime}$ is a normal subgroup of $¥Gamma$ of index
$¥mathrm{v}$ , then we have the following relations.
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$¥Gamma_{¥mathrm{I}¥mathrm{I}}¥Gamma_{¥mathrm{I}¥mathrm{I}}|2(¥tau.2,0,0,¥cdot 0)(¥tau,1,0,00)$

$¥Gamma_{¥mathrm{I}¥mathrm{v}}(2,1;0)$ $¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,0;0)$

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(1,0;0)$ $¥Gamma_{¥mathrm{I}¥mathrm{I}}(i;2,0,0;0)$

It was proved ([17], Proposition 3.3) that the group $¥langle h_{1}, h_{2}¥rangle$ generated by two
unitary reflections $h_{1}$ and $h_{2}$ in $G$ of respective orders $n_{1}$ and $n_{2}$ is descrete if and only
if $n_{j}|4(j=1,2)$ or $n_{j}|6(.¥dot{f}=1,2)$ . This gives the following corollary of Theorem 1.9.

Theorem 1.12. Every discrete subgroup of $G$ which is generated by more than
two unitary reflections is of. locally finite volume except for the group generated bytwo
unitary reflections of order two, which is unique up to conjugacy.

Proof of Theorem 1.9. Type $¥Pi$ . We find all the unitary reflections, which are
of course of order 2, contained in the group $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}, ¥epsilon)$ . Since

$[n+m¥tau$, $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}(n¥epsilon_{1}+m¥epsilon_{2}+pnm+2f)][-1,0$ , $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}¥epsilon]$

$=[-1,$ $ n+m¥tau$, $¥frac{2¥mathrm{I}¥mathrm{m}¥tau}{p}(n¥epsilon_{1}+m¥epsilon_{2}+pnm+¥epsilon+2I)]$ ,
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if we recall that

$h(-1, u)=[-1,¥mathit{2}u, 0]$ ,

the set $R(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ which consists of all the unitary reflections in $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$

is given by

$¥{h$ (?1, $¥frac{n+m¥tau}{2}$) $|n$ , $m¥in Z$, $n¥epsilon_{1}+m¥epsilon_{2}+pnm+¥epsilon¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d} 2¥}$.

Next we study the group $¥langle R(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)¥rangle$ generated by the elements of $R(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ .
On account of the $¥mathrm{e}¥mathrm{q}¥mathrm{u}¥mathrm{a}¥underline{¥mathrm{l}}¥mathrm{i}¥mathrm{t}¥mathrm{y}$

$h(-1, u_{1})h(-1, u_{2})=[2(u_{1}-u_{2}), 2¥mathrm{I}¥mathrm{m}¥overline{u}_{1}u_{2}]$

and Proposition 1.7, we can conclude that

$¥langle R(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)¥rangle¥cap G_{1}/¥langle R(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)¥rangle¥cap C$

( $=¥{a¥in C|[a,$ $r]¥in R(¥tau;p$, $¥epsilon_{1}$ , $¥epsilon_{2}$ ; $¥epsilon)¥cap G_{1}$ for some $r¥in R¥}$)
$=L(=Z+¥tau Z)$

if and only if $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ is conjugate to $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, 0,0; 0)$ . By the relation
(1, 1) and the expression of the elements of $R(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$ obtained above, we have

$¥langle R(¥tau;2p^{¥prime}+1,0,0;0)¥rangle=¥langle h(-1,0)$, $h(-1,$ $¥frac{1}{2})$ , $h(-1,$ $¥frac{¥tau}{2})¥rangle$ ,

$¥langle R(¥tau;2p^{¥prime}, 0, 0; 0)¥rangle=¥langle h(-1,0)$, $h(-1,$ $¥frac{1}{2})$ , $h(-1,$ $¥frac{¥tau}{2})$ , $h(-1,$ $¥frac{1+¥tau}{2})¥rangle$ .

Recall that

$¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0; 0)=¥langle[1,0][¥tau, 0], [0, 4¥mathrm{I}¥mathrm{m} ¥tau], h(-1,0)¥rangle$ ,
$¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0; 0)=¥langle[1,0], [¥tau, 0], [0, 2¥mathrm{I}¥mathrm{m} ¥tau], h(-1,0)¥rangle$

then the equalities

$h$(?1, $¥frac{1}{2}$) $h(-1,0)=[1,0]$ , $h(-1,$ $¥frac{¥tau}{2})h(-1,0)=[¥tau, 0]$ ,

$[¥tau, 0]$ [1, 0] $[¥tau, 0]^{-1}[1,0]^{-1}=[0,4¥mathrm{I}¥mathrm{m}¥tau]$ ,

$h$ (?1, $¥frac{1+¥tau}{2}$) $h(-1,0)[¥tau, 0]^{-1}[1,0]^{-1}=[0,2¥mathrm{I}¥mathrm{m}¥tau]$

prove the assertion.

Type $¥mathrm{I}¥mathrm{V}$ . Notice that
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$h(i, u)=[i, u(1-i), 2|u|^{2}]$ ,

$[n+mi$, $¥frac{2}{p}(¥epsilon^{¥prime}(n+m)+pnm+2f)][i$, 0, $¥frac{¥epsilon}{p}]$

$=[i,$ $n+mi$, $¥frac{1}{p}(2¥epsilon^{¥prime}(n+m)+2pnm+¥epsilon+4f)]$

and

$[n+mi$, $¥frac{2}{p}(¥epsilon^{¥prime}(n+m)+pnm+2f)][i$, 0 $¥frac{¥epsilon}{p}]^{2}$

$=[-1,$ $n+mi$, $¥frac{2}{p}(¥epsilon^{¥prime}(n+m)+pnm+¥epsilon+2l)]$

then the sets $R_{4}(p, ¥epsilon^{¥prime}; ¥epsilon)$ and $R_{2}(p, ¥epsilon^{¥prime}; ¥epsilon)$ which consist of all the unitary reflections
of $¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}; ¥epsilon)$ of order 4 and order 2 are given by

$¥{h(¥pm i$, $¥frac{n-m+i(n+m)}{2}$) $|n$ , $m¥in Z$, $2¥epsilon^{¥prime}(n+m)-p(n+m)^{2}+¥epsilon¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d} 4¥}$

and

$¥{h$ (?1, $¥frac{n+mi}{2}$) $|n$ , $m¥in Z$, $¥epsilon^{¥prime}(n+m)+pnm+¥epsilon¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d} 2¥}$ ,

respectively. Put $ R(p, ¥epsilon^{¥prime}; ¥epsilon)=¥langle R_{4}(p, ¥epsilon^{¥prime}; ¥epsilon), R_{2}(p, ¥epsilon^{¥prime}; ¥epsilon)¥rangle$ . By making use of Proposi-
tion 1.7, we can show that

$R(p, ¥epsilon^{¥prime}; ¥epsilon)¥cap G_{1}/R(p, ¥epsilon^{¥prime}; ¥epsilon)¥cap C=L$

if and only if $¥Gamma_{¥mathrm{I}¥mathrm{v}}(p, ¥epsilon^{¥prime}; ¥epsilon)$ is conjugate to one of the following five groups:
$¥Gamma_{¥mathrm{I}¥mathrm{V}}(4p^{¥prime}+1,0;0)$ , $¥Gamma_{¥mathrm{I}¥mathrm{V}}(4p^{¥prime}+2,0;0)$, $¥Gamma_{¥mathrm{I}¥mathrm{V}}(4p^{¥prime}+2,1;0)$ , $¥Gamma_{¥mathrm{I}¥mathrm{V}}(4p^{¥prime}+3,0;0)$ , $¥Gamma_{¥mathrm{I}¥mathrm{V}}(4p^{¥prime}, 0; 0)$ ,

and that $R(4p^{¥prime}+1,0;0)=R(4p^{¥prime}+3,0;0)$. By the above results and (1, 1) we can
conclude the followings:

$R(4p^{¥prime}+1,0;0)=¥langle h(i, 0)$, $h(-1,$ $¥frac{1}{2})¥rangle$

$R(4p^{¥prime}+2,0;0)=¥langle h(i, 0)$ , $h(-1,$ $¥frac{1}{2})$ , $h(-1,$ $¥frac{1+i}{2})¥rangle$ ,

$R(4p^{¥prime}+2,1;0)=¥langle h(i, 0)$ , $h(i,$ $¥frac{1+i}{2})¥rangle$ ,

$R(4p^{¥prime}, 0; 0)=¥langle h(i, 0)$, $h(-1,$ $¥frac{1}{2})$ , $h(i,$ $¥frac{1+i}{2})¥rangle$.
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The equality $¥Gamma_{¥mathrm{I}¥mathrm{V}}(2, 1; 0)=¥langle h(i, 0)$, $h(i,$ $¥frac{1+i}{2})¥rangle$ is already proved in [17]. Recall

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(1, 0; 0)=¥langle[1,0], [i, 0], [0, 4], h(i, 0)¥rangle$,

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(2, 0; 0)=¥langle[1,0], [i, 0], [0, 2], h(i, 0)¥rangle$,

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(4, 0; 0)=¥langle[1,0], [i, 0], [0, 1], h(i, 0)¥rangle$ .

Then the equalities

$h$ (?1, $¥frac{1}{2}$ )$h(i,0)^{2}=[1,0]$ ,

$h(i, 0)h(-1,$ $¥frac{1}{2})h(i, 0)=[i, 0]$

$[1, 0] ^{-1}[i, 0][1, ¥mathrm{O}][i, 0]^{-1}=[0,4]$ ,

$[i, 0]h$(?1, $¥frac{1}{2}$) $h(-1,$ $¥frac{1+i}{2})=[0,2]$ ,

$h$ ( $i$, $¥frac{1+i}{2}$) $h(i, 0)h(-1,$ $¥frac{1}{2})=[0,1]$

lead to the conclusion.

Type $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ . Since we have

$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(p;¥epsilon)=¥sum_{¥nu=1}^{3}¥{[n+m¥zeta^{2},$ $(n+m-3nm)¥frac{¥sqrt{3}}{3}+¥frac{2¥sqrt{3}}{p}f];n$, $m$ , $f¥in Z¥}$

$¥times[¥zeta^{2},0,$ $¥frac{2¥sqrt{3}}{3p}¥epsilon]^{¥nu}$,

$[n+m¥zeta^{2}$, $(n+m-3nm)¥frac{¥sqrt{3}}{3}+¥frac{2¥sqrt{3}}{p}l][¥zeta^{2},0$, $¥frac{2¥sqrt{3}}{3p}¥epsilon]$

$=[¥zeta^{2},$ $n+m¥zeta^{2}$ , $(n+m-3nm+¥frac{6l}{p}+¥frac{2_{6}}{p})¥frac{¥sqrt{3}}{3}]$

and

$h(¥zeta^{2}, u)=[¥zeta^{2}, u(1-¥zeta^{2}), ¥sqrt{3}|u|^{2}]$ ,

the set $R(p;¥epsilon)$ which consists of every unitary reflection in $¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(p, ¥epsilon)$ is given by

$¥{h$ ($¥zeta^{¥pm 2}$ , $¥frac{2n-m}{3}+¥frac{n+m}{3}¥zeta^{2}$) $;n$ , $m¥in Z$, $¥frac{(n+m)(n+m-1)}{2}p-¥epsilon¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d} 3¥}$ .

If $¥langle R(p;¥epsilon)¥rangle$ denotes the group generated by the elements of $R(p, ¥epsilon)$ , we can prove
that
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$¥langle R(p;¥epsilon)¥rangle¥cap G_{1}/¥langle R(p;¥epsilon)¥rangle¥cap C=L$

if and only if $p¥equiv 0,1¥mathrm{m}¥mathrm{o}¥mathrm{d}$ $3$ and $¥epsilon=0$ . By (1, 1) we conclude that

$¥langle R(3p^{¥prime}+1;0)¥rangle=¥langle h(¥zeta^{2},0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$ ,

$¥langle R(3p^{¥prime}; 0)¥rangle=¥langle h(¥zeta^{2},0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})^{¥backslash }¥rangle$ .

On the other hand, we have

$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)=¥langle[1,$ $¥frac{¥sqrt{3}}{3}]$ , $[¥zeta^{2},$ $¥frac{¥sqrt{3}}{3}]$ , $[0, 2¥sqrt{3}]$ , $ h(¥zeta^{2},0)¥rangle$,

$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(3;0)=¥langle[1,$ $¥frac{¥sqrt{3}}{3}]$ , $[¥zeta^{2},$ $¥frac{¥sqrt{3}}{3}]$ , $[0,$ $¥frac{2}{3}¥sqrt{3}]$ , $ h(¥zeta^{2},0)¥rangle$ .

Thus the following equalities

$h$ ($¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$) $h^{-1}(¥zeta^{2},0)=[1,$ $¥frac{¥sqrt{3}}{3}1$ ,

$[1$ , $¥frac{¥sqrt{3}}{3}]^{-1}h^{-1}$ ($¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$) $h(¥zeta^{2},0)=[¥zeta^{2},$ $¥frac{¥sqrt{3}}{3}]$ ,

$[1$ , $¥frac{¥sqrt{3}}{3}][¥zeta^{2}$ , $¥frac{¥sqrt{3}}{3}]^{-1}[1$ , $¥frac{¥sqrt{3}}{3}]^{-1}[¥zeta^{2}$ , $¥frac{¥sqrt{3}}{3}]=[0,2¥sqrt{3}]$ ,

$h(¥zeta^{2},0)h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})h(¥zeta^{2}$ , $¥frac{¥zeta+¥zeta^{2}}{3})=[0$ , $¥frac{2}{3}¥sqrt{3}]$

yield the desired equalities.

Type $¥mathrm{V}¥mathrm{I}$ . Since we have

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(p;¥epsilon)=¥sum_{¥nu=1}^{6}¥{[n+m¥zeta^{2},$ $(n+m-nm)¥sqrt{3}+¥frac{2¥sqrt{3}}{p}f];n$, $m$ , $¥mathit{1}$

$¥in Z¥}[¥zeta,$ $0$, $¥frac{¥sqrt{3}}{3p}¥epsilon]^{¥nu}$

$=¥{[¥zeta^{¥nu},$ $n+m¥zeta^{2}$ , $(n+m-nm+¥frac{2f}{p}+¥frac{¥nu¥epsilon}{3p})¥sqrt{3}];n$, $m$, $f¥in Z$, $¥nu=1$ , $¥cdots$ , $6¥}$

and

$h(¥zeta, u)=[¥zeta, u(1-¥zeta), ¥sqrt{3}|u|^{2}]$ ,

the sets $R_{6}(p;¥epsilon)$ , $R_{3}(p;¥epsilon)$ and $R_{2}(p;¥epsilon)$ which consist of all the unitary reflections of
respective order 6, 3 and 2 in $¥Gamma_{¥mathrm{V}¥mathrm{I}}(p;¥epsilon)$ are given by
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$¥{h(¥zeta^{¥pm 1}, n+m¥zeta^{2});¥epsilon=0¥}$ ,

$¥{h$ ($¥zeta^{¥pm 2}$ , $¥frac{n+m}{3}+¥frac{2m-n}{3}¥zeta^{2}$) $;¥frac{(n+m)(n+m+3)}{2}p+2¥epsilon¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d} 3¥}$

and

$¥{h$ (?1, $¥frac{n+m¥zeta^{2}}{2}$) $;p(n+m-nm)+k¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d} 2¥}$

respectively. This shows that

$R(p;¥epsilon)¥cap G_{1}/R(p;¥epsilon)¥cap C=L$

if and only if $(p; ¥epsilon)=(6p^{¥prime}+1;0)$ , $(6p^{¥prime}+2;0)$ , $(6p^{¥prime}+3;0)$, $(6p^{¥prime}; 0)$, $(6p^{¥prime}+1;5)$,
$(6p^{¥prime}+1;2)$ , $(6p^{¥prime}+2;4)$ , $(6p^{¥prime}+3;3)$ , $(6p^{¥prime}+1;3)$ , $(6p^{¥prime}+5;0)$, $(6p^{¥prime}+4;0)$, $(6p^{¥prime}+5;1)$,
$(6p^{¥prime}+5;4)$ , $(6p^{¥prime}+4;2)$, $(6p^{¥prime}+5;3)$ and $(6p^{¥prime}; 3)$ , where $R(p;¥epsilon)=¥langle R_{6}(p;¥epsilon)$, $R_{3}(p;¥epsilon)$ ,
$ R_{2}(p;¥epsilon)¥rangle$ . Moreover we have $R(6p^{¥prime}+5;0)=R(6p^{¥prime}+1;0)$, $R(6p^{¥prime}+4;0)=R(6p^{¥prime}+2$ ;
0), $R(6p^{¥prime}+5;1)=R(6p^{¥prime}+1;5)$ , $R(6p^{¥prime}+5;4)=R(6p^{¥prime}+1;2)$ , $R(6p^{}+4;2)=R(6p^{¥prime}+2$ ;
4), $R(6p^{¥prime}+5;3)=R(6p^{¥prime}+1;3)$ and $R(6p^{¥prime}; 3)=¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(3,0)$ . The equation $(¥mathrm{I}, 1)$ leads
to

$ R(6p^{¥prime}+1;0)=¥langle h(¥zeta, 0), h(¥zeta, 1)¥rangle$

$R(6p^{¥prime}+2;0)=¥langle h(¥zeta, 0)$, $h(-1,$ $¥frac{1}{2})¥rangle$

$R(6p^{¥prime}+3;0)=¥langle h(¥zeta, 0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})¥rangle$

$R(6p^{¥prime}; 0)=¥langle h(¥zeta, 0)$, $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(-1,$ $¥frac{1}{2})¥rangle$

$R(6p^{¥prime}+1;5)=¥langle h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(-1,$ $¥frac{1}{2})¥rangle$

$R(6p^{¥prime}+1;2)=¥langle h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})$ , $ h(-1,0)¥rangle$

$R(6p^{¥prime}+2;4)=¥langle h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(-1,0)$, $h(-1,$ $¥frac{1}{2})¥rangle$

$R(6p^{¥prime}+3;3)=¥langle h(¥zeta^{2},0)$ , $h(¥zeta^{2},$ $¥frac{1+¥zeta}{3})$ , $h(-1,$ $¥frac{1}{2})¥rangle$

$R(6p^{¥prime}+1;3)=¥langle h(¥zeta^{2},0)$ , $h(-1,$ $¥frac{1}{2})$ , $ h(-1, ¥zeta)¥rangle$ .

On the other hand, we have
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$¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;0)=¥langle[1, ¥sqrt{3}], [¥zeta^{2}, ¥sqrt{3}], [0, 2¥sqrt{3}], h(¥zeta, 0)¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(2;0)=¥langle[1,0], [¥zeta^{2},0], [0, ¥sqrt{3}], h(¥zeta, 0)¥rangle$

$¥Gamma_{¥mathrm{v}¥mathrm{r}}(3;0)=¥langle[1, ¥sqrt{3}]$ , $[¥zeta^{2}, ¥sqrt{3}]$ , $[0,$ $¥frac{2}{3}¥sqrt{3}]$ , $ h(¥zeta, 0)¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(6;0)=¥langle[1,0]$ , $[¥zeta^{2},0]$ , $[0,$ $¥frac{¥sqrt{3}}{3}]$ , $ h(¥zeta, 0)¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5)=¥langle[1, ¥sqrt{3}]$ , $[¥zeta^{2}, ¥sqrt{3}]$ , $[0, 2¥sqrt{3}]$ , $[¥zeta,$ $0$, $¥frac{5}{3}¥sqrt{3}]¥rangle$

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)=¥langle[1, ¥sqrt{3}]$, $[¥zeta^{2}, ¥sqrt{3}]$ , $[0, 2¥sqrt{3}]$ , $[¥zeta,$ $0$ , $¥frac{2}{3}¥sqrt{3}]¥rangle$

$¥Gamma_{¥mathrm{v}}¥mathrm{I}(2;4)=¥langle[1, ¥sqrt{3}]$ , $[¥zeta^{2}, ¥sqrt{3}]$ , $[0, ¥sqrt{3}]$ , $[¥zeta,$ $0$ , $¥frac{2}{3}¥sqrt{3}]¥rangle$

$¥Gamma_{¥mathrm{v}}¥mathrm{I}(3;3)=¥langle[1, ¥sqrt{3}]$ , $[¥zeta^{2}, ¥sqrt{3}]$ , $[0,$ $¥frac{2}{3}¥sqrt{3}]$ , $[¥zeta,$ $0$ , $¥frac{¥sqrt{3}}{3}]¥rangle$

$¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;3)=¥langle[1, ¥sqrt{3}], [¥zeta^{2}, ¥sqrt{3}], [0, 2¥sqrt{3}], [¥zeta, 0, ¥sqrt{3}]¥rangle$.

The equalities
$h^{-1}(¥zeta, 1)h(¥zeta, ¥mathrm{O})h(¥zeta, 1)h(¥zeta, 0)^{-1}=[1, ¥sqrt{3}]$ ,

$(h(¥zeta, 1)h(¥zeta, 0))^{2}h(¥zeta, 0)h^{-1}(¥zeta, 1)=[¥zeta^{2}, ¥sqrt{3}]$ ,

$(h(¥zeta, ¥mathrm{O})h(¥zeta, 1))^{3}=[0,2¥sqrt{3}]$

imply $¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;¥mathrm{O})¥subset R(1;0)$ . If we notice that $h(¥zeta, 1)¥in R(3;0)$, these equalities with

($h(¥zeta, 1)h(¥zeta^{2},$ $¥frac{1+¥zeta}{3}))^{3}=[0,$ $¥frac{2}{3}¥sqrt{3}]$

lead to $¥Gamma_{¥mathrm{V}¥mathrm{I}}(3;¥mathrm{O})¥subset R(3;0)$ . We have $¥Gamma_{¥mathrm{V}¥mathrm{I}}(2, ¥mathrm{O})¥subset R(2;0)$ and $¥Gamma_{¥mathrm{V}¥mathrm{I}}(6;¥mathrm{O})¥subset R(6;0)$ ,

since,

$h$(?1, $¥frac{1}{2}$ ) $h^{3}(¥zeta, 0)=[1,0]$ , $h^{2}(¥zeta, 0)h(-1,$ $¥frac{1}{2})h(¥zeta, 0)=[¥zeta^{2},0]$ ,

($h(¥zeta, 0)h(-1,$ $¥frac{1}{2}))^{3}=[0, ¥sqrt{3}]$ ,

$h$ ($¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$) $h(¥zeta, 0)h(-1,$ $¥frac{1}{2})=[0$ , $¥frac{¥sqrt{3}}{3}]$ .

On account of the equality

$¥langle h(¥zeta^{2},0)$ , $h(¥zeta^{3},$ $¥frac{1+¥zeta}{3})¥rangle=¥langle[1$ , $¥frac{¥sqrt{3}}{3}]$ , $[¥zeta^{2},$ $¥frac{¥sqrt{3}}{3}]$ , $[0, 2¥sqrt{3}]$ , $ h(¥zeta^{2},0)¥rangle$
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obtained in the proof of type $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ , taking conjugate by a suitable element, we can
easily show that

$[1, ¥sqrt{3}]$ , $[¥zeta^{2}, ¥sqrt{3}]$ , $[0, 2¥sqrt{3}]¥in¥langle f¥iota$($¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$ ), $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})¥rangle$ .

If we notice that

$¥langle h$ ($¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$ ), $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})¥rangle¥subset R(1;5)¥cap R(1;2)¥cap R(2;4)¥cap R(3;3)$,

then the equalities

$h$ ( $¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$) $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})h(-1$ , $¥frac{1}{2})[1, ¥sqrt{3}]=[¥zeta$, 0, $¥frac{5}{3}¥sqrt{3}]$ ,

$h$ ( $¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$) $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})h(-1,0)=[¥zeta$ , 0, $¥frac{2}{3}¥sqrt{3}]$ ,

$h(-1,0)h(-1,$ $¥frac{1}{2})[1, ¥sqrt{3}]=[0, ¥sqrt{3}]$ ,

$h(¥zeta^{2},0)h^{-1}(¥zeta^{2},$ $¥frac{1+¥zeta}{3})[1, ¥sqrt{3}]=[0$ , $¥frac{2}{3}¥sqrt{3}]$ ,

$h$ ($¥zeta^{2}$ , $¥frac{1+¥zeta}{3}$ ) $h(¥zeta^{2},$ $¥frac{¥zeta+¥zeta^{2}}{3})h(-1$ , $¥frac{1}{2})[1, ¥sqrt{3}]^{-1}[0$, $¥frac{2}{3}¥sqrt{3}]=[¥zeta$, 0, $¥frac{¥sqrt{3}}{3}]$ ,

$¥mathrm{y}¥mathrm{i}¥mathrm{e}1¥mathrm{d}¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5)¥subset R(1;5)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)¥subset R(1;2)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(2;4)¥subset R(2;4)$ $¥mathrm{a}¥mathrm{n}¥mathrm{d}¥Gamma_{¥mathrm{V}¥mathrm{I}}(3;3)¥subset R(3;3)$ .
Finally, we have $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;3)¥subset R(1;3)$, because we have

$h$ (?1, $¥frac{¥zeta}{2}$ ) $h(¥zeta^{2},0)h(-1,$ $¥frac{1}{2})h^{-1}(¥zeta^{2},0)=[1, ¥sqrt{3}]$ ,

$[1, ¥sqrt{3}]h^{-1}(¥zeta^{2},0)h(-1$ , $¥frac{¥zeta}{2})h(¥zeta^{2},0)h(-1$ , $¥frac{1}{2})h(-1$ , $¥frac{¥zeta}{2})h(-1$ , $¥frac{1}{2})=[0,2¥sqrt{3}]$ ,

$[0, 2¥sqrt{3}]h$(?1, $¥frac{¥zeta}{2}$ ) $h(-1,$ $¥frac{1}{2})=[¥zeta^{2}, ¥sqrt{3}]$ ,

$h$ (?1, $¥frac{1}{2}$ ) $[1, ¥sqrt{3}]h^{2}(¥zeta^{2},0)=[¥zeta, 0, ¥sqrt{3}]$ .

This completes the proof of Theorem 1.9.

§2. Subgroup of Type II

In this section, we shall investigate the subgroup of Type $II$ :
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$¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2} _{;} _{¥epsilon})=¥sum_{¥nu=1}^{2}¥Gamma_{1}(¥tau;p, r_{1}, r_{¥tau})A^{¥nu}$

where $A=[-1,0, r]$ . We shall first study the nonsingular model of the quotient
space $D/¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)¥cup¥{P¥}$ . Let $¥pi:M¥rightarrow V$ be a resolution of a 2-dimentional
analytic space $V$ with a unique singular point $P¥in V$. If $N=¥pi^{-1}(P)$ consists of non-
singularly embedded rational curves which intersect transversely and such that no
three intersect at a point, it is customary to represent $N$ by its dual weighted graph
as follows. Let $¥{N_{j}¥}$ be the irreducible components of $N$. These $N_{j}$ are the
vertices of the graph. An edge connecting two vertices $N_{j}$ and $N_{k}$ corresponds to
a point of intersection of $N_{j}$ and $N_{k}$ . Their intersection number is always $+1$ , by
the assumption. To each vertex $N_{j}$ of the graph, we associate the self-intersection
number $N_{j}^{2}$ . We shall represent the resolution $¥pi:M¥rightarrow V$ by the weighted graph
thus obtained, which will be called the graph of nonsingular model $M$ of $¥nabla$.

Theorem 2.1. For each $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;p, ¥epsilon_{1}, ¥epsilon_{2}; ¥epsilon)$, the quotient space $D/¥Gamma¥cup¥{P¥}$ has
a singular point at most at $P$ and has the nonsingular model $S$, of which graph is given
by the following table.

Here $F$ denotes the rational curve $ F=E/¥langle A¥rangle$ and $p^{¥prime}$ stands for nonnegative integer.
Since $everv$ subgroup ofType $¥mathrm{I}¥mathrm{I}$ is conjugate to one of the above groups by Proposition
1.7, we omitted the graphs of the remaining groups.

Proof. Since $¥Gamma_{1}=¥Gamma_{1}(¥tau;p, r_{1}, r_{2})$ is a normal subgroup of $¥Gamma$ , $¥mathrm{A}=[-1,0, r]$

operates naturally on $¥overline{D/¥Gamma_{1}}$ as follows:



22 M. YOSHIDA and S. HATTORI

$A:[w, u]¥mapsto[e^{2¥pi i(r/q)}w, -u]$ .

In order to construct $S$, we shall resolve the singularities of $(¥overline{D/¥Gamma}_{1})/¥langle A¥rangle$ , where $¥langle A¥rangle$

denotes the cyclic group generated by the operator $A$ . The fixed points of $A$ on the
elliptic curve $E=¥{[0, u]¥in¥overline{D/¥Gamma_{1}}¥}$ are $¥{[0, ¥omega_{j}]¥}_{j=0,1,2,3}$ where $¥omega_{0}=0$, $¥omega_{1}=1/2$ , $¥omega_{2}=(1+¥tau)/2$

and $¥omega_{3}=¥tau/2$ .

Lemma 2.2. There exist a neighborhood $U_{j}$ of $[0, ¥omega_{j}]$ in $¥overline{D/¥Gamma_{1}}$ and a local
parameter $(s, t)$ around $[0, ¥omega_{j}]$ such that $A$ operates on $U_{j}$ as follows:

$(¥mathrm{s}, t)¥mapsto(s¥exp 2¥pi i¥{¥frac{r}{q}+¥frac{r(2¥omega_{j})}{q}¥},$ $-t)$ .

Proof. Let $t=u-¥omega_{j}$ . Since we have

$A[w, t+¥omega_{j}]=[e^{2¥pi ir/q}/v, -t-¥omega_{j}]$

$=[e^{2¥pi ir/q}g(-t-¥omega_{j}, 2¥omega_{j})w, -t+¥omega_{j}]$ ,

and

$g(-t-¥omega_{j}, 2¥omega_{j})=¥exp¥frac{2¥pi i}{q}¥{2i(2¥overline{¥omega}_{j})(-t-¥omega_{j})+r(2¥omega_{j})+i|2¥omega_{j}|^{2}¥}$

$=¥exp¥frac{8¥pi¥overline{¥omega}_{j}t}{q}.¥exp 2¥pi i¥frac{r(2¥omega_{j})}{q}$,

we have only to put $s=w¥exp¥frac{4¥pi¥overline{¥omega}_{j}t}{q}$ . Q.E.D.

Corollary 2.3.
(i) If $r+r(2¥omega_{j})¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d}q$ , then $ U_{j}/¥langle A¥rangle$ is a nonsingular surface parametrized

by $(s, t^{2})$ .
(ii) If $r+r(2¥omega_{j})¥equiv q/2¥mathrm{m}¥mathrm{o}¥mathrm{d}q$, then $ U_{j}/¥langle A¥rangle$ , with the unique singular point

$[0, ¥omega_{j}]$ , has a resolution which has the graph $¥mathrm{o}$ consisting of a single curve C. The
?2

nonsingular model of $ U_{j}/¥langle A¥rangle$ is parametrized by $(s/t, t^{2})$ and $(t/s, s^{2})$, and the curve $C$

is represented by $t^{2}=0$ .

Proof. Easy. See for instance [8] and [17]. Q.E.D.

Recall that

$¥frac{r}{q}=¥frac{¥epsilon}{2}$ , $¥frac{r(2¥omega_{0})}{q}=0$ , $¥frac{r(2¥omega_{1})}{q}=¥frac{¥epsilon_{1}}{2}$ , $¥frac{r(2¥omega_{3})}{q}=¥frac{¥epsilon_{2}}{2}$

and



Local Theory of Fuchsian Systems 23

$¥frac{r(2¥omega_{2})}{q}=¥frac{r(1+¥tau)}{q}$

$¥equiv¥frac{1}{q}(r(1)+r(¥tau)+2¥mathrm{I}¥mathrm{m}¥tau)¥mathrm{m}¥mathrm{o}¥mathrm{d}1$

$=¥frac{1}{2}(¥epsilon_{1}+¥epsilon_{2}+p)¥mathrm{m}¥mathrm{o}¥mathrm{d}1$

and resolve the singularities of $(¥overline{D/¥Gamma_{1}})/¥langle A¥rangle$ . Then, if we notice that $ F=E/¥langle A¥rangle$ is
nonsingularly embedded, we obtain the nonsingular model $S$ of $D/¥Gamma¥cup¥{P¥}$ stated in
the theorem. It remains to calculate the self-intersection number of $F$. Let $K$ be the
canonical line bundle of $S$. By the adjunction formular (see e.g. [7]), we have

$F^{2}=-K.F-2$,

where $K.F$ is the intersection number of $K$ and $F$. If $g(u)$ is a section of the line
bundle $¥xi^{-1}(¥Gamma_{1})$, then $¥omega=g(u)g(-u)(dw¥wedge du)^{¥mathrm{O}¥times 2}$ is $¥Gamma$-invariant, i.e., $¥omega$ is a meromor-
phic section of $K^{¥mathrm{O}¥times 2}$ . Since $2K.F=K^{¥mathrm{O}¥times 2}.F$ is equal to the degree of the divisor of
$¥omega$ on $F$, we shall find out zeros and poles of $¥omega$ on F. $g(u)g(-u)$ has $p$ zeros on $F$ by
Proposition 1.4. By Corollary 2.3, we conclude the followings:

(i) If $r+r(2¥omega_{j})¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d}q$, then $(dw¥wedge du)^{¥mathrm{O}¥times 2}$ has a simple pole at $[0, ¥omega_{j}]¥in F$.
Indeed, we have

$(ds¥wedge dt)^{¥otimes 2}=¥frac{1}{4y}(dx¥wedge dy)^{¥otimes 2}$ ,

where $(x, y)=(s, t^{2})$ is the local parameter at $[0, ¥omega_{j}]$ in $S$.

(ii) If $r+r(2¥omega_{j})¥equiv q/2¥mathrm{m}¥mathrm{o}¥mathrm{d}q$, then $(dw¥wedge du)^{¥mathrm{O}¥times 2}$ is holomorphic and nowhere
vanishing in the neighborhood of $[0, ¥omega_{j}]¥in F$. In fact, for $(x, y)=(s/t, t^{2})$, we have

$(ds¥wedge dt)^{¥otimes 2}=¥frac{1}{4}(dx¥wedge dy)^{¥mathrm{O}¥times 2}$ .

The completion of the proof is now immediate. Q.E.D.

A nonsingularly embedded rational curve of self-intersection number ? $1$ can
be blow down to a point. Thus we have

Corollary 2.4. For a group $¥Gamma$ of type $¥Pi$, $D/¥Gamma¥cup¥{P¥}$ is nonsingular if and only
if $¥Gamma$ is conjugate to $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0)$ or $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0;0)$ for some $¥tau$ .

Remark 2.5. These two groups are generated by unitary reflections and have
the following relation.

$¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0; 0)=¥langle¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0), [0, 2¥mathrm{I}¥mathrm{m} ¥tau]¥rangle$ .



24 M. YOSHIDA and S. HATTORI

Next, for $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0.0;0)$ , we shall express the natural map $D¥mapsto D/¥Gamma¥cup¥{P¥}$

in terms of coordinates.

Lemma 2.6. The even entire function $g(u)=¥theta_{3}(¥tau;u)e^{(¥pi/2¥mathrm{I}¥mathrm{m}¥tau)u}2$ is a section of the
line bundle $¥xi^{-1}(¥Gamma_{1}(¥tau;1,0,0))$ with zeros only at $¥mathrm{u}¥equiv¥omega_{2}¥mathrm{m}¥mathrm{o}¥mathrm{d}$ $¥mathrm{L}$ , where $¥theta_{3}(¥tau;u)$ is the
even theta function defined by

$¥theta_{3}(¥tau;u):=¥sum_{n=-¥infty}^{¥infty}¥exp¥pi i(¥tau n^{2}+2nu)$ .

Proof. By the definition of $¥xi,g(u)$ is a section of $¥xi^{-1}$ if and only if

$g(u+1)=¥exp(¥frac{2¥pi}{4¥mathrm{I}¥mathrm{m}¥tau}(2u+1))g(u)$,

$g(u+¥tau)=¥exp(¥frac{2¥pi}{4¥mathrm{I}¥mathrm{m}¥tau}¥overline{¥tau}(2_{¥mathcal{U}}+¥tau))g(u)$.

On the other hand, it is known that $¥theta_{3}$ has zeros only at $¥mathrm{u}¥equiv¥omega_{2}¥mathrm{m}¥mathrm{o}¥mathrm{d}¥mathrm{L}$ and satisfies

$¥theta_{3}(¥tau;u+1)=¥theta_{3}(¥tau;u)$ ,

$¥theta_{3}(¥tau;u+¥tau)=e^{-¥pi i(2u+¥tau)}¥theta_{3}(¥tau;u)$ .

Now the verification of $g(u)$ being a section of $¥xi^{-1}$ is a straightforward calculation.
Q.E.D.

Proposition 2.7. 7%ere exists a system of localparameters $x$ , $y$ of $S_{0}=D/¥Gamma¥cup¥{P¥}$

around $P$ such that the natural map $D¥rightarrow S_{0}$ is expressed by

$x=g(u)¥exp(¥frac{¥pi i}{2¥mathrm{I}¥mathrm{m}¥tau}z)$ ,

$y=(g(u)¥exp(¥frac{¥pi i}{2¥mathrm{I}¥mathrm{m}¥tau}z)^{¥backslash })^{2}f(u)$ ,

where $f(u)=(e_{1}-e_{2})/(¥wp(u)-e_{2})$ and $¥wp(u)=¥wp(¥tau;u)$ is Weierstrass’ $¥wp$ function and
$e_{j}=¥wp(¥omega_{j})$ .

Proof. Since the proof is almost the same to that of [17]; Theorem 2, we
shall skech the outline of the proof. Let $S$ be the nonsingular model of $D/¥Gamma¥cup¥{P¥}$

constructed in Theorem 2.1 including the exceptional curve $F$ and $C$ with $FC=1$ ,
$F^{2}=-1$ . $C^{2}=-2$. We define the map $¥phi:¥overline{D/¥Gamma_{1}}¥rightarrow P^{1}¥times C$ by

$[w, u]¥mapsto(¥sigma, ¥tau)=(f(u),g(u)w)$ .

On account of Lemma 2.6, we see that $¥phi$ is well defined and A-invariant. Again
by Lemma 2.6, in a sufficiently small neighborhood of $[0, ¥omega_{2}]¥in¥overline{D/¥Gamma_{1}}$, $¥phi$ is biholomor-
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phically equivalent to the map

$(s, t)¥mapsto(¥frac{1}{¥sigma}$ , $¥tau)=(t^{2}, ts)$ .

Thus by blowing up the range twice at $(¥sigma, ¥tau)=(¥infty, 0)$ as in [17]; Lemma 7.2, we
obtain $S$. This shows that $¥emptyset$ can be regarded as a rational map $¥mathrm{o}¥mathrm{f}¥overline{D/¥Gamma_{1}}$ to $S$. The
completion of the proof is now immediate. Q.E.D.

Let $L_{0}=¥{u=0¥}$, $L_{1}=¥{u=¥omega_{1}¥}$ , $L_{3}=¥{u=¥omega_{3}¥}$ be the centers of the generating
unitary reflections of $¥Gamma$ . The same symbol $L_{j}$ will denote the images of the line
$¥{u=¥omega_{j}¥}$ by the natural maps $D¥rightarrow D/¥Gamma_{1}$ and $ D¥rightarrow D/¥Gamma$ . Then the natural map $D¥rightarrow S_{0}$

can be visualized by the following figure.

$D-$

$¥overline{D/¥Gamma_{1}}$

blow down $|$

In figures hereafter, a line segment with two hooks denotes a nonsingular rational
curve, and a numeral beside a curve denotes the self-intersection number of the
curve.

Finally, for two groups $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0)$ and $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0; 0)$, we construct the
Fuchsian systems of differential equations.
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Theorem 2.8. The two systems $(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0)})$ and $(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0;0)})$ with the co-

efficien $ts$

$p_{11}^{1}=(¥frac{1}{3}+k)¥frac{x}{y-x^{2}}+(¥frac{2}{3}+k)¥frac{cx}{y+cx^{2}}$ ,

$p_{22}^{2}=-¥frac{1}{6y}+(¥frac{1}{3}+¥frac{k}{2})¥frac{1}{y-x^{2}}-(¥frac{1}{6}+¥frac{k}{2})¥frac{1}{y+¥mathrm{C}X^{2}}$,

$p_{22}^{1}=¥underline{1+k}¥underline{x}¥underline{k}¥underline{x}-$

4 $y(y-x^{2})$ 4 $y(y+cx^{2})$
’

$p_{11}^{2}=2k¥frac{y}{y-x^{2}}+2(1+k)¥frac{cy}{y+cx^{2}}$

and

$p_{11}^{1}=-¥frac{1}{6x}+(¥frac{1}{6}+¥frac{fc}{2})¥frac{1}{y-x}+(¥frac{1}{3}+¥frac{k}{2})¥frac{c}{y+cx}$,

$p_{22}^{2}=-¥frac{1}{6y}+(¥frac{1}{3}+¥frac{k}{2})¥frac{1}{y-x}-(¥frac{1}{6}+¥frac{k}{2})¥frac{1}{y+cx}$ ,

$p_{22}^{1}=-¥frac{1}{2}(1+k+¥frac{k}{c})¥frac{1}{y}+¥frac{1+k}{2}¥frac{1}{y-x}+¥frac{k}{2c}¥frac{1}{y+cx}$,

$p_{11}^{2}=¥frac{1}{2}(1+k+¥frac{k}{c})¥frac{c}{x}+¥frac{k}{2}¥frac{1}{y-x}-¥frac{1+k}{2}¥frac{c^{2}}{y+cx}$

are completely integrable Fuchsian systerms of differential equations which have the
$p$rojective monodromy groups $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0)$ and $¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0;0)$ respectively.
Their singular points are only on $¥{y=0¥}¥cup¥{y=x^{2}¥}¥cup¥{y=-cx^{2}¥}¥cup H$ and $¥{x=0¥}¥cup¥{y$

$=0¥}¥cup¥{y=x¥}¥cup¥{y=-cx¥}¥cup H$ respectively, where $H$ denotes the line at infinity in
$P^{2}(C)$ . Here

$c=c(¥tau)=¥frac{e_{1}-e_{2}}{e_{2}-e_{3}}$ ,

$k=k(¥tau)=¥frac{1}{e_{1}-e_{3}}(¥frac{¥pi}{¥mathrm{I}¥mathrm{m}¥tau}-e_{1}-2¥eta_{1})$,

$e_{j}=e_{j}(¥tau)=¥wp(¥tau;¥omega_{j})$ , $¥eta_{j}=¥eta_{j}(¥tau)=¥zeta(¥tau;¥omega_{j})$

and $¥zeta$ is the zeta function {the integral of $f$-function).

Proof. We shall first calculate the four coefficients for $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0)$ .
By Proposition 2.7, one can easily check that [17]; Lemma 8.6 remains valid in this
case.

Lemma 2.9 ([17], Lemma 8.6).



Local Theory of Fuchsian Systems 27

$p_{11}^{1}=¥frac{1}{x}-x(¥frac{g^{¥prime}}{g})^{¥prime}(¥frac{¥partial u}{¥partial x})^{2}+¥frac{2}{3}¥frac{f^{¥prime¥prime¥prime}}{f}¥frac{¥partial u}{¥partial x}$ ,

$p_{22}^{2}=x(¥frac{g^{¥prime}}{g})^{¥prime}¥frac{¥partial u}{¥partial x}¥frac{¥partial u}{¥partial y}-¥frac{1}{3}¥frac{f^{¥prime¥prime¥prime}}{f}¥frac{¥partial u}{¥partial y}$,

$p_{22}^{1}=-x(¥frac{g^{¥prime}}{g})^{¥prime}(¥frac{¥partial u}{¥partial y})^{2}$ ,

$p_{11}^{2}=-¥frac{2y}{x^{2}}-2y(¥frac{g^{¥prime}}{g})^{¥prime}(¥frac{¥partial u}{¥partial x})^{2}+x^{2}f^{¥prime}¥frac{¥partial^{2}u}{¥partial x^{2}}$ ,

where

$g(u)=¥theta_{3}(¥tau;u)¥exp(¥frac{¥pi u^{2}}{2¥mathrm{I}¥mathrm{m}¥tau})$

$f(u)=(e_{1}-e_{2})/(¥wp-e_{2})$ .

Here a dash denotes the differentiation with respect to $u$ .

Lemma 2.10.

(1) $¥frac{¥partial u}{¥partial x}=2(e_{1}-e_{2})¥frac{x}{y}¥frac{1}{¥wp},$ ,

(2) $¥frac{¥partial u}{¥partial y}=-(e_{1}-e_{2})¥frac{x^{2}}{y^{2}}¥frac{1}{¥wp},$,

(3) $f^{¥prime}=-¥frac{1}{e_{1}-e_{2}}¥frac{y^{2}}{x^{4}}¥wp’$ ,

(4) $(¥wp’)^{2}=-4(e_{1}-e_{2})^{2}(e_{2}-e_{3})¥frac{x^{2}}{y^{3}}(y-x^{2})(y+cX^{2})$ ,

(5) $¥frac{¥wp¥prime¥prime}{(¥wp)^{2}},=¥frac{y}{2}(-¥frac{1}{e_{1}-e_{2}}¥frac{1}{y-x^{2}}+¥frac{1}{e_{1}-e_{2}}¥frac{1}{x}+¥frac{1}{e_{2}-e_{3}}¥frac{1}{y+cx^{2}})$,

(6) $¥frac{¥partial^{2}u}{¥partial x^{2}}=2(e_{1}-e_{2})¥frac{x^{2}}{y}(_{¥frac{1}{y-x^{2}}-}¥frac{c}{y+cx^{2}})¥frac{1}{¥wp},$ ,

(7) $¥frac{f^{¥prime¥prime}}{f^{¥prime}}=¥frac{1}{2}¥frac{y}{e_{1}-e_{2}}(-¥frac{1}{y-x^{2}}-3¥frac{1}{x^{2}}+¥frac{c}{y+cx^{2}})¥wp’$ ,

(8) $(¥frac{g^{¥prime}}{g})^{¥prime}=-¥frac{1}{4(e_{1}-e_{2})^{2}}¥frac{y^{2}}{x^{2}}(¥frac{1}{x^{2}}+¥frac{1+k}{y-x^{2}}+¥frac{kc}{y+cx^{2}})(¥wp’)^{2}$ .

Proof. By proposition 2.7, we have

$¥wp-e_{2}=(e_{1}-e_{2})¥frac{x^{2}}{y}$ .



28 M. YOSHiDA and S. HATTORI

Thus the equalities (1), (2) and (3) are obvious. The algebraic relation of $¥wp$ and
$¥wp$’ : $(¥wp’)^{2}=4(¥wp-e_{1})(¥wp-e_{2})(¥wp-e_{3})$ yields (4) and (5). (6) and (7) are easy consequences
of (1), (3) and (5). To prove the last equality (8), apply the well known formulae

$(¥log ¥theta_{3}(u))^{¥prime¥prime}=-¥wp(u+¥omega_{2})-¥eta_{1}/¥omega_{1}$ ,

and

$¥wp(u+¥omega_{2})=¥wp(u)-¥frac{1}{2}(_{¥frac{¥wp¥prime¥prime(u)}{¥wp(u)-e_{2}}}-¥frac{(¥wp¥prime(u))^{2}}{(¥wp(u)-e_{2})^{2}})$ .

Then we have

$(g^{¥prime}/g)^{¥prime}=(¥log¥theta_{3}(u))^{¥prime¥prime}+¥pi/¥mathrm{I}¥mathrm{m}¥tau$

$=(¥wp’)^{2}(-¥frac{1}{2(¥wp-e_{2})^{2}}+¥frac{1}{2(¥wp-e_{2})}¥frac{¥wp¥prime¥prime}{(¥wp¥prime)^{2}}+¥frac{(-¥wp+e_{1})+(-e_{1}-2¥eta_{1}+¥pi/¥mathrm{I}¥mathrm{m}¥tau)}{(¥wp)^{2}},)$.

By (4) and (5), this is equal to

$-¥frac{y^{2}(¥wp¥prime)^{2}}{4(e_{1}-e_{2})^{2}x^{2}}(¥frac{1}{X^{2}}+¥frac{1}{y-x^{2}}+¥frac{(e_{1}-e_{3})ky}{(e_{2}-e_{3})(y-x^{2})(y+cx^{2})})$ .

Thus if we notice that

$¥frac{(e_{1}-e_{3})y}{(e_{2}-e_{3})(y-x^{2})(y+cx^{2})}=¥frac{1}{y-x^{2}}+¥frac{c}{y+cx^{2}}$ ,

we have (8). Q.E.D.

By Lemma 2.9 and Lemma 2. 11, we obtain the desired coefficients.
Next, we shall calculate the four coefficients for $¥Gamma^{¥prime}=¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0;0)$ . Remark

2.5 implies the equality

$ D/¥Gamma^{¥prime}=(D/¥Gamma)/¥langle[0,2¥mathrm{I}¥mathrm{m}¥tau]¥rangle$ .

Since the element $[0, 2¥mathrm{I}¥mathrm{m} ¥tau]$ operates on $D$ as $(z, u)¥mapsto(z+2¥mathrm{I}¥mathrm{m}¥tau, u)$ , using the
expression of $x,y$ in Proposition 2.8, we see that $[0, 2¥mathrm{I}¥mathrm{m} ¥tau]$ operates on $ D/¥Gamma$ as
$(x, y)¥mapsto(-x,y)$ . Thus we can choose the local parameter $(x^{¥prime},y^{¥prime})$ of $D/¥Gamma^{¥prime}¥cup¥{P¥}$ at
$P$ so that $(x^{¥prime},y^{¥prime})=(x^{2},y)$ . On the other hand, we have the following formula.

Lemma 2.11 ([18]; (2.2)). If $x^{¥prime}=x^{n}$ and $y^{¥prime}=y^{m}$ , then we have

$S_{11}^{1}(z, u;x^{¥prime},y^{¥prime})=-¥frac{1}{3}¥frac{n-1}{n}¥frac{1}{x}$, $+S_{11}^{1}(z, u; x,y)¥frac{1}{nx^{n-1}}$ ,

$S_{22}^{2}(z, u;x^{¥prime},y^{¥prime})=-¥frac{1}{3}¥frac{m-1}{m}¥frac{1}{y}$, $+S_{22}^{2}(z, u; x,y)¥frac{1}{my^{m-1}}$ ,
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$S_{22}^{1}(z, u;x^{¥prime},y^{¥prime})=S_{22}^{1}(z, u; x,y)¥frac{nx^{n-1}}{m^{2}y^{2m-2}}$ ,

$S_{11}^{2}(z, u;x^{¥prime},y^{¥prime})=S_{11}^{2}(z, u;x, y)¥frac{my}{n^{2}x^{2n-2}}$.

If we put $n=2$ and $m=0$ in Lemma 2. 11, then the coefficients of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0;0)})$

are calculated by those of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0)})$ obtained above.
It remains to prove that the two systems thus obtained are Fuchsian. For the

system $(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;2,0,0;0)})$ , at any point of $P^{2}(C)$ other than the origin 0, we can easily
check the hypotheses of [17]; Proposition 8.1, 8.2 and Corollary 8.3 and prove that
it is regular singular. Moreover, we can prove that the system is regular singular at
0, thus Fuchsian, by making analogous consideration to the proof of [17]; Theorem
3. This and the argument above imply that $(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥tau;1,0,0;0)})$ is also Fuchsian. Q.E.D.

§3. Subgroup of Type $¥mathrm{I}¥mathrm{V}$

In this section, we shall study the subgroups of Type $¥mathrm{I}¥mathrm{V}$ :

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(p, ¥epsilon^{¥prime}; ¥epsilon)=¥sum_{¥nu=1}^{4}¥Gamma_{1}(i;p, r^{¥prime}, r^{¥prime})¥mathrm{A}^{¥nu}$

where $A=[i, 0, r]$ .

Theorem 3.1. The]bffowing is the table of. every subgroup $¥Gamma$ , up to $con¥sim¥dot{f}ugacy_{¥backslash }$

of Type $¥mathrm{I}¥mathrm{V}$ and its graph of nonsingular model $S$ of the space $D/¥Gamma¥cup¥{P¥}$ .
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Here $F$ denotes the rational curve $ E/¥langle A¥rangle$ and $p^{¥prime}$ stands for nonnegative integer.

Proof.
$¥cdot$

$A=[i, 0, r]$ operates on $¥overline{D,/¥Gamma_{1}}$ as follows:

$A:[w, u]¥mapsto[e^{2¥pi ir/q}w, iu]$ .

The fixed points of $¥langle A¥rangle$ in $E=¥{[0, u]¥}¥subset D/¥Gamma_{1}$ are $[0, ¥omega_{0}]$ , $[0, ¥omega_{2}]$ of order 4 and $[0, ¥omega_{1}]$ ,
$[0, ¥omega_{3}]$ of order 2, where $¥omega_{0}=0$ , $¥omega_{1}=1/2$, $¥omega_{2}=(1+i)/2$ and $¥omega_{3}=i/2$ . Since $A$ maps a
neighborhood of $[0, ¥omega_{1}]$ in $¥overline{D/¥Gamma}_{1}$ biholomorphically to that of $[0, ¥omega_{3}]$ , we shall study
local behavior of $¥langle A¥rangle$ in the neighborhood of $[0, ¥omega_{j}]$ $(j=0,1, 2)$ .

Lemma 3.2. There exist a neighborhood $U_{j}$ of $[0, ¥omega_{j}]$ in $¥overline{D/¥Gamma_{1}}$ and a local
parameter $(s, t)$ around $[0, ¥omega_{j}]$ such that $A$ operates on $U_{j}$ as follows:

$A$ : $(s, t)¥mapsto$ ($i^{¥epsilon}s$, it) in $U_{0}$ ,
$A^{2}$ : $(s, t)¥mapsto((-1)^{(¥epsilon+¥epsilon^{¥prime})}s, -t)$ in $U_{1}$ ,
$A$ : $(s, t)¥mapsto$ ($i^{(¥epsilon+2¥epsilon^{¥prime}-p)}s$, it) in $U_{2}$ .

Proof. If we notice that $r/q=¥epsilon/4$,

$g(-¥omega_{1},1)=¥exp((2¥pi i/q)(2i(-1/2)+r(1)+1))=¥exp(2¥pi i/2)¥epsilon^{¥prime}$

and

$g(i¥omega_{2},1)=¥exp((2¥pi i/q)(2i.i¥omega_{2}+r(1)+i))=¥exp(2¥pi i/4)(2¥epsilon^{¥prime}-p)$,

then the proof is analogous to that of Lemma 2.2. Q.E.D.

Lemma 3.3. Let $¥mathfrak{A}_{¥nu}(¥nu=0,1,2,3)$ be the transformation group on $X=C^{2}$ gen-
erated by an operation

$(s, t)¥mapsto$ ($i^{¥nu}s$ , it),

$¥rho$ be the natural map $X¥rightarrow V_{¥nu}=X/¥mathfrak{A}_{¥nu}$ and

$¥pi:M_{¥nu}¥rightarrow V_{¥nu}$

be the minimal resolution. ( $V_{¥nu}$ has a unique singularity at the origin 0 if $¥nu¥neq 0$ and we
regard $M_{¥nu}=V_{¥nu}$ if $¥nu=0.$) For $Y=¥{(0, t)¥}¥subset X$, we define $¥tilde{¥mathrm{Y}}$ to be the closure of.
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$¥pi^{-1}¥circ¥rho(Y-¥{0¥})$ in $M_{¥nu}$ , which is a nonsingular curve in $M_{¥nu}$ , and $d_{¥nu}$ the degree of zero of
$¥pi^{*}(ds¥wedge dt)$ on $¥tilde{Y}$. Then we have the following table of the graph of $M_{¥nu}$ and the
number $d_{¥nu}$ .

Proof. Easy. Q.E.D.

Now we are ready to prove Theorem 3. 1. Resolve the singularity of $(¥overline{D/¥Gamma_{1}})/¥langle A¥rangle$

by using Lemmas 3.2 and 3.3 then we have the nonsingular model $S$. The self-inter-
section number of $ F=E/¥langle ¥mathrm{A}¥rangle$ is obtained by calculating the degree of zeros on $F$ of
the form

$¥prod_{¥nu=1}^{4}g(i^{¥nu}u)(dw¥wedge du)^{¥mathrm{O}¥times 4}$ ,

where $g(u)$ is a nonzero section of the line bundle $¥xi^{-1}(¥Gamma_{1})$ . Since the proof is
similar to that of Theorem 2. 1, we omit the details. Q.E.D.

Corollary 3.4. For a group $¥Gamma$ of Type $¥mathrm{I}¥mathrm{V}$ , the space $D/¥Gamma¥cup¥{P¥}$ is nonsingular if
and only $iJ$

.
$¥Gamma$ is conjugate to one of the following four groups: $¥Gamma_{¥mathrm{I}¥mathrm{V}}$(4, 0; 0),

$¥Gamma_{¥mathrm{I}¥mathrm{v}}$ (2, 0; 0), $¥Gamma_{¥mathrm{I}}¥mathrm{v}(2,1; 0)$ , $¥Gamma_{¥mathrm{I}¥mathrm{v}}(1,0; 0)$ .

Remark 3.5. Four groups above are generated by unitary reflections and have
the following relations:

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(4, 0; 0)=¥langle¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,1;0), [-- 1, 1, 0]¥rangle$ ,
$¥Gamma_{¥mathrm{I}¥mathrm{V}}(1, 0; 0)=¥langle¥Gamma_{¥mathrm{I}¥mathrm{I}}(i;1,0,0;0), [i, 0. 0]¥rangle$,

$¥Gamma_{¥mathrm{I}¥mathrm{V}}(2, 0; 0)=¥langle¥Gamma_{¥mathrm{I}¥mathrm{V}}(1,0;0), [0, 2]¥rangle$ .

Since we have already constructed the system $(E_{¥Gamma})$ with the projective mono-
dromy group $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,1;0)$ in [17], we shall construct three systems with the pro-
jective monodromy groups $¥Gamma_{¥mathrm{I}¥mathrm{v}}$ (4, 0; 0), $¥Gamma_{¥mathrm{I}¥mathrm{V}}(1,0;0)$ and $¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,0; 0)$ .

Theorem 3.6. For each $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{V}}(4,0;0)$ , $¥Gamma_{¥mathrm{I}¥mathrm{V}}(1,0; 0)$ , $¥Gamma_{¥mathrm{I}¥mathrm{v}}(2,0; 0)$ , there exists $a$

Fuchsian system $(E_{¥Gamma})$ which has the projective monodromy group $¥Gamma$ . The singular
locus $Z_{¥Gamma}$ in the finite plane and the four coefficients of $(E_{¥Gamma})$ are given in the following
Jab$fe$ .
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$|_{¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,0,0)}^{¥Gamma}.¥cdot¥cdot¥left¥{¥begin{array}{l}¥mathrm{D}¥mathrm{e}fi ¥mathrm{n}¥mathrm{i}¥mathrm{n}¥mathrm{g}¥¥¥mathrm{e}¥mathrm{q}¥mathrm{u}¥mathrm{a}¥mathrm{t}¥mathrm{i}¥mathrm{o}¥mathrm{n}¥mathrm{o}¥mathrm{f}¥¥Z_{¥Gamma}¥¥xy(y-x)=0¥¥y(y-x^{4})=0¥¥xy(y-x^{2})=0¥¥-¥end{array}¥right¥}|$
$¥frac{x}{2y(y-x)}--¥frac{y}{6x(x^{2}-y)}-¥frac{x}{16y(x^{4}-y)}¥frac{x}{8y(x^{2}-y)}¥frac{X^{3}}{3(x^{4}-y)}¥mathrm{F}¥frac{1}{6x}p_{11}^{1}p_{22}^{1}p_{22}^{2}p_{11}^{2}¥frac{5y}{4x(y-x)}¥mathrm{o}¥mathrm{u}¥mathrm{r}¥mathrm{c}¥mathrm{o}¥mathrm{e}¥mathrm{f}¥mathrm{f}¥mathrm{i}¥mathrm{c}¥mathrm{i}¥mathrm{e}¥mathrm{n}¥mathrm{t}¥mathrm{s}¥mathrm{o}¥mathrm{f}(E_{¥Gamma})¥frac{x^{2}y}{x^{4}-y}¥frac{2y-3x^{2}}{12(x^{2}-y)}¥frac{2y-3x^{4}}{4(x^{4}-y)}¥frac{y}{4(x^{2}-y)}¥frac{x}{4y(y-x)}$

Proof, (i) Construction of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{V}^{(4,0,0)}}})$ . It was proved ([17]; Theorem 2)
that the local coordinate $(x,y)$ of $D/¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,1;¥mathrm{O})¥cup¥{P¥}$ at $P$ is given by

$x=¥theta(u)e^{¥pi iz}$,

$y=(¥theta(u)e^{¥pi iz})^{2}¥frac{-e_{1}^{2}}{¥wp 2(i,u)-e_{1}^{2}}$.

where $¥theta(u)=¥theta_{0}(i;u)¥theta_{0}(i;iu)$ . On the other hand, $[- 1, 1, 0]$ operates on $D$ as
follows.

$(z, u)¥mapsto(z-2iu+i, -u+1)$ .

If we use the relations $¥theta(-u)=¥theta(u)$ and $¥theta(u+1)=-e^{¥pi(2u+1)}¥theta(u)$ , we see that
1; 1, 0] operates on $D/¥Gamma_{¥mathrm{I}¥mathrm{v}}(2,1;¥mathrm{O})¥cup¥{P¥}$ as

$(x,y)¥mapsto(-x,y)$.

Thus, by Remark 3.5 and Lemma 2.11, we can calculate the coefficients of
$(E_{¥Gamma_{¥mathrm{I}¥mathrm{V}^{(4,0;0)}}})$ by those of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,1;0)})$ which are already known ([17]; Theorem 3).

(ii) Construction of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{v}}(1,0;0)})$ .
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Lemma 3.7. $g(u)=¥theta_{3}(i;u)e^{¥pi u/2}2$ is $i$-invariant, $i.e.$ , $g(iu)=g(u)$ .

Proof. Let $H^{0}(E, ¥Omega(¥xi^{-1}))$ be the linear space of holomorphic sections of the
line bundle $¥xi^{-1}(¥Gamma_{1}(i;1,0,0))$ . By Lemma 2.7, we have $g(u)¥in H^{0}(E, ¥Omega(¥xi^{-1}))$ . More-
over, the equality $g(iu, i¥eta)=g(u, ¥eta)$ implies $¥tilde{g}(u):=g(iu)¥in H^{0}(E, ¥Omega(¥xi^{1}))$ . On the
other hand, we have $¥dim H^{0}(E, ¥Omega(¥xi^{-1}))=1$ by Proposition 1.4. Since $¥tilde{g}(0)=g(0)$ ,
these imply $¥tilde{g}(u)=g(u)$ . Q.E.D.

Let $(x, y)$ be the local parameter of $S_{0}=D/¥Gamma_{¥mathrm{I}¥mathrm{I}}(i;1,0,0;¥mathrm{O})¥cup¥{P¥}$ obtained in
Proposition 2.7. If we notice that $¥wp(i;iu)=-¥wp(i, u)$ and $e_{2}(i)=0$ , then Proposition
2.7 and Lemma 3.7 imply that $[/, 0, 0]¥in¥Gamma_{¥mathrm{I}¥mathrm{V}}(1,0;0)$ operates on $S_{0}$ as

$(x, y)¥mapsto(x, -y)$ .

Thus again by Remark 3.5 and Lemma 2. 11, we obtain the coefficients of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{V}^{(1,0;0)}}})$

from those of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(i;1,0,0;0)})$ in Theorem 2.8. If we notice that $¥eta_{3}(i)=-i¥eta_{1}(i)$ then
by Legendre’s relation, we have $¥eta_{1}(i)=¥pi/2$ . This yields the desired results,

(iii) Construction of $(E_{¥Gamma_{¥mathrm{I}¥mathrm{V}^{(2,0;0)}}})$ . In (ii), we showed that

$x^{¥prime}=g(u)e^{¥pi iz/2}$

$y^{¥prime}=(g(u)e^{¥pi iz/2})^{4}¥frac{e_{1}^{2}}{¥wp 2(i,u)}$.

is a system of local parameters of $D/¥Gamma_{¥mathrm{I}¥mathrm{V}}(1,0;¥mathrm{O})¥cup¥{P¥}$ at $P$ . Thus the element
$[0, 2]¥in¥Gamma_{¥mathrm{I}¥mathrm{V}}(2,0;0)$ operates on $D/¥Gamma_{¥mathrm{I}¥mathrm{V}}(1,0;¥mathrm{O})¥cup¥{P¥}$ as

$(X^{¥prime},y^{¥prime})¥mapsto(-x^{¥prime}, y^{¥prime})$ .

Therefore, Remark 3.5 and Lemma 2. 11 lead to the conclusion.
Three systems thus obtained are Fuchsian since, we know that $(E_{¥Gamma_{¥mathrm{I}¥mathrm{V}^{(2,1;0)}}})$ and

$(E_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(i,1,0;0;0)})$ are Fuchsian. Q.E.D.

§4. Subgroups of Type $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ and Type $¥mathrm{V}¥mathrm{I}$

In this section, we shall study the subgroups of Type $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ :

$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(p;¥epsilon)=¥sum_{¥nu=1}^{3}¥Gamma_{¥mathrm{I},¥mathrm{I}¥mathrm{I}¥mathrm{I}}A^{2¥nu}$ ,

and Type $¥mathrm{V}¥mathrm{I}$ :

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(p;¥epsilon)=¥sum_{¥nu=1}^{6}¥Gamma_{¥mathrm{I},¥mathrm{V}¥mathrm{I}}A^{¥nu}$

where $¥Gamma_{¥mathrm{I}_{¥backslash }¥mathrm{I}¥mathrm{I}¥mathrm{I}}=¥Gamma_{¥mathrm{I}.¥mathrm{I}¥mathrm{I}¥mathrm{I}}(p)=¥Gamma_{1}(¥zeta;p, 1/¥sqrt{3}, -1/¥sqrt{3})$, $¥Gamma_{1,¥mathrm{V}¥mathrm{I}}=¥Gamma_{1.¥mathrm{V}¥mathrm{I}}(p)=¥Gamma_{1}(¥zeta;p,$ $¥sqrt{3}$,
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$-¥sqrt{3})$, $¥mathrm{A}=[¥zeta, 0, r]$ , $r=¥epsilon/¥sqrt{3}p$ , and the index $¥epsilon$ in $¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(p, ¥epsilon)$ (resp. $¥Gamma_{¥mathrm{v}}¥mathrm{I}$ ($p$, $¥epsilon$)) takes
the values $¥epsilon=0,1$ , 2 (resp. $¥epsilon=0,1,2,3,4$ , 5).

Theorem 4.1. $TAe$ graph of nonsingular model $S$ of the space $D/¥Gamma¥cup¥{P¥}$, for
each subgroup $¥Gamma$ of. Type $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ and Type $¥mathrm{V}¥mathrm{I}$ , is given by the following table.
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Here $F$ denotes the rational curve $ E/¥langle ¥mathrm{A}^{2}¥rangle$ for the group of Type $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ and $ E/¥langle A¥rangle$ for
the group of Type $¥mathrm{V}¥mathrm{I}$ , and $p^{¥prime}$ stands for nonnegative integer.

Proof. A operates naturally on $¥overline{D/¥Gamma_{1,¥mathrm{V}¥mathrm{I}}}$ as

$A:[w, u]¥mapsto[e^{2¥pi ir/q}w, ¥zeta u]$ .

As is easily seen, every fixed point of $¥langle A¥rangle$ in $E=¥{[0, u]¥}¥subset¥overline{D/¥Gamma}_{1,¥mathrm{V}¥mathrm{I}}$ is $¥langle ¥mathrm{A}¥rangle$-conjugate
to one of the three ffied points: [0, 0] of order 6, [0, 1/2] of order 2 and $[0, (1+¥zeta)/3]$

of order 3. Similarly, $A^{2}$ operates on $¥overline{D/¥Gamma_{1,¥mathrm{I}¥mathrm{I}¥mathrm{I}}}$ and the fixed points of $¥langle A^{2}¥rangle$ in
$E¥subset¥overline{D/¥Gamma}_{1,¥mathrm{I}¥mathrm{I}¥mathrm{I}}$ are [0, 0], $[0, (1+¥zeta)/3]$ and $[0, (¥zeta+¥zeta^{2})/3]$ of order 3. We shall study the
local behavior of $¥langle A¥rangle$ and $¥langle A^{2}¥rangle$ in the neighborhood of each fixed point.

Lemma 4.2. There exist neighborhoods $U_{¥rho}$ of $[0, ¥rho](¥rho=0,1/2, (1+¥zeta)/3)$ in
$¥overline{D/¥Gamma_{1,¥mathrm{V}¥mathrm{I}}}$ and $V_{¥sigma}$ of $[0, ¥sigma](¥sigma=0, (1+¥zeta)/3, (¥zeta+¥zeta^{2})/3)$ in $¥overline{D/¥Gamma_{1,¥mathrm{I}¥mathrm{I}¥mathrm{I}}}$ and a local parameter
$(s, t)$ in each $U_{¥rho}$ and $V_{¥sigma}$ such that $¥langle A¥rangle$ and $¥langle A^{2}¥rangle$ operate on $U_{¥rho}$ and $V_{¥sigma}$ respectively as
foffows:

$A$ : $(s, t)¥mapsto(¥zeta^{¥epsilon}s, ¥zeta t)$ in $U_{0}$ ,
$A^{3}$ : $(s, t)¥mapsto((-1)^{(p+¥epsilon)}s, -t)$ in $U_{1/2}$ ,
$A^{2}$ ; $(s, t)¥mapsto((¥zeta^{2})^{(p+¥epsilon)}s, ¥zeta^{2}t)$ in $U_{(1+¥zeta)/3}$

and

$A^{2}$ : $(s, t)¥mapsto((¥zeta^{2})^{¥mathrm{e}}s, ¥zeta^{2}t)$ in $V_{0}$ and $V_{(1+¥zeta)/3}$,
$A^{2}$ : $(s, t)¥mapsto((¥zeta^{2})^{(¥epsilon-p)}s, ¥zeta^{2}t)$ in $V_{(¥zeta+¥zeta 2)/3}$ .

Proof. Analogous to those of Lemma 2.2 and Lemma 3.2. Q.E.D.

Lemma 4.3. Let $¥mathfrak{A}_{¥nu¥mu}(¥nu=0,1, ¥cdots, 5, ¥mu=1,2)$ be $tf¥tau e$ transformation group
operating on $X=C^{2}$ generated by

$(s, t)¥mapsto(¥zeta^{¥nu}s, ¥zeta^{¥mu}t)$

$¥rho$ be the natural map $X¥rightarrow V_{¥nu¥mu}=X/¥mathfrak{A}_{¥nu¥mu}$ and

$¥pi:M_{¥nu¥mu}¥rightarrow V_{¥nu¥mu}$

be the minimal resolution. ( $V_{¥nu¥mu}$ has a unique singularity at the origin 0 if $¥nu¥neq 0$ and
we regard $M_{¥nu¥mu}=V_{¥nu¥mu}$ if $¥nu=0.$) Put $Y=¥{(0, t)¥}¥subset X$ and $fet¥tilde{Y}_{¥nu¥mu}$ be the closure of
$¥pi^{-1}¥circ¥rho(Y-¥{0¥})$ in $M_{¥nu¥mu}$ , $d_{¥nu¥mu}$ the degree of zero of $¥pi^{*}(ds¥wedge dt)^{¥mathrm{O}¥times 6}$ on $¥tilde{Y}_{¥nu¥mu}$ and $d_{¥nu 2}^{¥prime}$ the degree
of zero of $¥pi^{*}(ds¥wedge dt)^{¥mathrm{O}¥times 3}$ on $¥tilde{Y}_{¥nu 2}$ . Then we have the following table of the graph of
$M_{¥nu¥mu}$ and the numbers $d_{¥nu¥mu}$ and $d_{¥nu 2}^{¥prime}$ .
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Proof. Easy. Q.E.D.

By the lemmas above, we can prove the theorem. Since the proof is similar
to that of Theorem 2. 1, we omit it. $¥mathrm{Q}.¥mathrm{E}$.D.

Corollary 4.4. For a group $¥Gamma$ of Type $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ and Type $¥mathrm{V}¥mathrm{I}$ , the space $D/¥Gamma¥{P¥}$ is
non singular if and only if $¥Gamma$ is equal to the following eleven groups: $¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$,
$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(3;0)$, $¥Gamma_{¥mathrm{v}¥mathrm{r}}(1;0)$ , $¥Gamma_{¥mathrm{v}}¥mathrm{I}(2;0)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(3;0)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(6;0)$ , $¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;3)$ , $¥Gamma_{¥mathrm{v}}¥mathrm{I}(3;3)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5)$ ,
$¥Gamma_{¥mathrm{V}¥mathrm{I}}(2;4)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)$ .

Remark 4.5. The eleven groups in the corollary are generated by unitary
reflections and have the following relations.

$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(3;0)=¥langle¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$ , $[0,$ $¥frac{2}{3}¥sqrt{3}]¥rangle$ ,

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(6;0)=¥langle¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0)$, $[0,$ $¥frac{¥sqrt{3}}{3}]¥rangle$ ,

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(3;0)=¥langle¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;0)$, $[0,$ $¥frac{2}{3}¥sqrt{3}]¥rangle$ ,

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(2;0)=¥langle¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0), [0, ¥sqrt{3}]¥rangle$ ,

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(3;3)=¥langle¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;3)$, $[0,$ $¥frac{2}{3}¥sqrt{3}]¥rangle$,

$¥Gamma_{¥mathrm{V}¥mathrm{I}}(2;4)=¥langle¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5), [0, ¥sqrt{3}]¥rangle$ .

We shall express the natural map $D¥rightarrow D/¥Gamma¥cup¥{P¥}$ in terms of coordinates
(Proposition 4.8) for the groups $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0)$ , $¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;2)$ , $¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;3)$ and
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$¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5)$ . Note that these are the groups situated at the bottom of the tree in
Remark 1. 11.

Lemma 4.6. Let $¥wp(u)=¥wp(¥zeta^{2}: u)$ be Weierstrass’ $f$-function with respect to the
lattice $L=Z+¥zeta^{2}Z$. Then we have

$¥wp(¥zeta u)=-¥zeta¥wp(u)$ ,

$¥wp’(¥zeta u)=-¥wp’(u)$ ,

$¥mathrm{d}¥mathrm{i}¥mathrm{v}$ $(¥wp)=-2(0)+(¥frac{1+¥zeta}{3})+(¥frac{¥zeta+¥zeta^{2}}{3})$ ,

$¥mathrm{d}¥mathrm{i}¥mathrm{v}$ $(¥wp’)=-3(0)+(¥frac{1}{2})+(¥frac{¥zeta}{2})+(¥frac{¥zeta^{2}}{2})$ ,

where $¥mathrm{d}¥mathrm{i}¥mathrm{v}(f)$ denotes the divisor off on $C/L$ .

Proof. Well known except for the zeros of $¥wp(u)$ . Let $q_{1}$ and $q_{2}$ be the zeros
of $¥wp$ in the fundamental paralleogram of $L$ . Since $¥zeta q_{1}$ and $¥zeta q_{2}$ are also the zeros of
$¥wp(u)$ , we have

$¥zeta q_{1}¥equiv q_{2}$ and $¥zeta q_{2}¥equiv q_{1}$
$¥mathrm{m}¥mathrm{o}¥mathrm{d}$ $L$ .

On the other hand, we have $¥mathrm{q}_{1}+¥mathrm{q}_{2}¥equiv 0¥mathrm{m}¥mathrm{o}¥mathrm{d}¥mathrm{L}$ (Abel’s theorem). Now, one can
easily solve these equalities to obtain the zeros of $¥wp(u)$ . Q.E.D.

Lemma 4.7. Let $¥xi_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}$ and $¥xi_{¥mathrm{V}¥mathrm{I}}$ denote the line bundles $¥xi(¥Gamma_{1,¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1))$ and $¥xi(¥Gamma_{1,¥mathrm{V}¥mathrm{I}}(1))$

respectively. Then

$¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(u)=¥exp(¥frac{¥pi}{¥sqrt{3}}u^{2}-¥frac{4}{3}¥pi iu)¥theta_{1}(u-¥frac{¥zeta+¥zeta^{2}}{3})$

and

$¥theta_{¥mathrm{V}¥mathrm{I}}(u)=¥exp(¥frac{¥pi}{¥sqrt{3}}u^{2})¥theta_{1}(u)$

are holomorphic sections of $¥xi_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}^{-1}$ and $¥xi_{¥mathrm{V}¥mathrm{I}}^{1}$ respectively and satisfy

$¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(¥zeta^{2}u)=¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(u)$ , $¥mathrm{d}¥mathrm{i}¥mathrm{v}$

$(¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}})=(¥frac{¥zeta+¥zeta^{2}}{3}.$ $)$ ,

$¥theta_{¥mathrm{v}}¥mathrm{I}(¥zeta u)=¥zeta¥theta_{¥mathrm{V}¥mathrm{I}}(u)$, $¥mathrm{d}¥mathrm{i}¥mathrm{v}$

$(¥theta_{¥mathrm{V}¥mathrm{I}})=(0)$,

where $¥theta_{1}(u)$ is the odd theta function defined by

$¥theta_{1}(u)=¥theta_{1}(¥zeta^{2}; u)=i¥sum_{n=-¥infty}^{¥infty}(-1)^{n}¥exp¥{¥pi i¥zeta^{2}(¥frac{2n-1}{2})^{2}+¥pi i(2n-1)u¥}$ .
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Remark. To find the above expression, we use Proposition 1.4, (ii).

Proof of Lemma 4.7. By the well known formula

$¥theta_{1}(u+1)=-¥theta_{1}(u)$,
$¥theta_{1}(u+¥zeta^{2})=-e^{¥pi i(2u+¥zeta 2)}¥theta_{1}(u)$,

one can easily check that $¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}$ and $¥theta_{¥mathrm{V}¥mathrm{I}}$ are holomorphic sections of $¥xi_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}^{-1}$ and $¥xi_{¥mathrm{V}¥mathrm{I}}^{1}$ respec-
tively. If we notice that $¥xi_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}$ is $¥zeta^{2}$ -invariant and $¥xi_{¥mathrm{V}¥mathrm{I}}$ is $¥zeta$-invariant, we see that
$¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(¥zeta^{2}u)$ and $¥theta_{¥mathrm{V}¥mathrm{I}}(¥zeta u)$ are sections of $¥xi_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}^{-1}$ and $¥xi_{¥mathrm{V}¥mathrm{I}}^{1}$ respectively. On the other hand, by
Proposition 1.4, (i), we have

$¥dim H^{0}(E, ¥Omega(¥xi_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}^{-1}))=¥dim H^{0}(E, ¥Omega(¥xi_{¥mathrm{V}¥mathrm{I}}^{1}))=1$ .

These imply

$¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(¥zeta^{2}u)=¥lambda_{1}¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(u)$

and

$¥theta_{¥mathrm{V}¥mathrm{I}}(¥zeta u)=¥lambda_{2}¥theta_{¥mathrm{V}¥mathrm{I}}(u)$

for some $¥lambda_{1}$ , $¥lambda_{2}¥in C^{¥times}$ . Since $¥mathrm{d}¥mathrm{i}¥mathrm{v}$ $(¥theta_{1})=1.(0)$, if we put $u=0$ in the first equality, we
have $¥lambda_{1}=1$ . Differentiate the second equality and put $u=0$, then we have $¥lambda_{2}=¥zeta$ .

Q.E.$¥mathrm{D}_{¥sim}$

Proposition $.$. For each $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0)$, $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)$, $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;3)$, $¥Gamma_{¥mathrm{v}¥mathrm{r}}(1;5)$ ,
there exists a local parameter $(x,y)$ of $S_{0}=D/¥Gamma¥cup¥{P¥}$ around $P$, such that the map
$D¥rightarrow S_{0}$ is given by

$(z, u)¥mapsto(x, y)=(x(z, u),y(x,y))$ .

The expressions of $x=x(z, u)$ and $v=y(z, u)$ are given by the following table.

$¥underline{¥left¥{¥begin{array}{l}¥Gamma¥¥¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1,.0)¥¥¥Gamma_{¥mathrm{V}¥mathrm{I}}(1,.0)¥end{array}¥right¥}¥left¥{¥begin{array}{l}¥overline{¥theta(u)}¥¥¥theta_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(u)¥¥¥theta_{¥mathrm{V}¥mathrm{I}}(u)¥frac{¥wp,(u)}{¥wp(u)}¥end{array}¥right¥}¥left¥{¥begin{array}{l}y¥¥(¥¥(¥end{array}¥right¥}}$
$¥frac{2¥wp¥prime(¥frac{1+¥zeta}{3})}{¥wp¥prime(u)1-¥{¥frac{}{¥wp}+¥wp¥prime(¥frac{1+¥zeta}{e_{1¥}}(u)3})}f(u)3$

$|$
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$¥overline{|_{¥Gamma_{¥mathrm{V}¥mathrm{I}}(1,5)}^{¥Gamma_{¥mathrm{v}}(1,2)}¥Gamma_{¥mathrm{V}¥mathrm{I}}¥mathrm{I}(¥Gamma 1,¥cdot¥cdot.3)|_{¥theta(u)w}^{(¥theta(u)w)^{2}f^{-1}(u)}(¥theta(u)w)^{2}xf^{-1}(u)¥left¥{¥begin{array}{l}y¥¥(¥theta(u)w)^{3}f^{-1}(u)¥¥(¥theta(u)w)^{3}f^{-2}(u)¥¥(¥theta(u)w)^{6}f(u)¥end{array}¥right¥}}$
$1-f¥{_{¥frac{¥wp()}{}}^{3}¥{_{¥frac{¥wp¥{()}{}}^{3}(u¥frac{¥wp(u)}{e_{1}e_{1}uue_{1}¥}¥}}¥}^{3})$

$¥left¥{¥begin{array}{l}¥theta(u)¥¥¥theta_{¥mathrm{V}¥mathrm{I}}(_{¥mathcal{U})}¥wp¥prime(u)¥¥¥theta_{¥mathrm{v}}¥mathrm{I}(u)¥{¥wp(u)¥}^{2}¥¥¥theta_{¥mathrm{V}¥mathrm{I}}(u)¥end{array}¥right¥}$

Here $¥wp(u)=¥wp(¥zeta^{2}; u)$ , $e_{1}=¥wp(1/2)$ and $w=¥exp(¥frac{¥pi i}{¥sqrt{3}}z)$ .

Remark. $f(u)$ represents a covering projection $E¥rightarrow E/¥langle A^{2}¥rangle¥cong P^{1}$ for the group
$¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$ and $E¥rightarrow E/¥langle A¥rangle¥cong P^{1}$ for the other groups.

Proof of Proposition 4.8. (i) Case $¥Gamma=¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0)$ . Let $L_{1}=¥{u=0¥}$ and $L_{2}=$

$¥{u=1¥}¥subset D$ be the centers of the generating unitary reflections. The same symbol
$L_{j}$ will denote the images of $L_{j}$ by the natural maps $D¥rightarrow D/¥Gamma_{1}$ and $ D¥rightarrow D/¥Gamma$ . Under
this convention, $L_{1}$ coincides with $L_{2}$ in $S_{1}:$ $=D/¥Gamma_{1}$ , $L_{1}$ intersects transversely with $F$

in the nonsingular model $S$ (Theorem 4.1), and $L_{1}$ has a cusp of type (2, 3) in $S_{0}$ .
We shall express the map $S_{1}¥rightarrow S$ in terms of coordinate. First we take the coordinate
$(x,y)$ of $s_{0}¥subset c^{2}$ such that $L_{1}=¥{y^{2}=x^{3}¥}$ . Then if we blow up three times at (0, 0)

$¥in S_{0}$ , the coordinate representation of $S$ is obtained by the following figures.

$¥frac{y}{¥chi}$
$¥underline{X^{2}}$

$L$ ,

? $¥frac{X^{3}}{y^{2}}$
$¥frac{y^{2}}{x^{3}}$

blow up

$¥{y^{2}/x^{3}=¥infty¥}$ $¥{y^{2}/X^{3}=1¥}$ $¥{y^{2}/x^{3}=0¥}$

$s_{0}$

Next we define the map $¥phi:S_{1}¥rightarrow P^{2}(C)$ by

$[w, u]¥mapsto[z_{1}, z_{2}, z_{3}]=[¥Theta(u)w,f(u), 1]$

where $[z_{1}, z_{2}, z_{3}]$ is a homogeneous coordinate of $P^{2}$ , and $¥Theta$ , $f/¥mathrm{a}¥mathrm{r}¥mathrm{e}$ the functions given
in the second line of the table in the proposition. On account of Lemmas 4.6 and
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4.8, $¥phi$ is well defined. Note that $f(u)$ gives the covering projection $E¥rightarrow E/¥langle A¥rangle¥cong P^{1}$

as follows:

$|$

$P^{¥iota}$

Let $R$ be the image of $S_{1}$ by $¥phi$ . It will be shown that:

$¥psi:[z_{1}, z_{2}, z_{3}]¥mapsto(y^{2}/x^{3}, x^{2}/y)=(z_{2}/z_{3}, z_{1}/z_{2})$

gives a birational map: $R¥rightarrow S$, which gives the map $¥psi¥circ¥phi:S_{1}¥rightarrow S$ and will complete
the proof.

Since

$¥mathrm{d}¥mathrm{i}¥mathrm{v}$ $(¥theta(u))=(¥frac{1}{2})+(¥frac{¥zeta}{2})+(¥frac{¥zeta^{2}}{2})-(¥frac{1+¥zeta}{3})-(¥frac{¥zeta+¥zeta^{2}}{3})$ ,

$¥mathrm{d}¥mathrm{i}¥mathrm{v}$ $(f(u))=2(¥frac{1}{2})+2(¥frac{¥zeta}{2})+2(¥frac{¥zeta^{2}}{2})-3(¥frac{1+¥zeta}{3})-3(¥frac{1+¥zeta^{2}}{3})$ ,

the map $¥phi$ is $¥mathrm{s}¥mathrm{m}¥mathrm{o}¥mathrm{o}¥mathrm{t}¥mathrm{h}^{2)}$ except on the lines $¥{u=1/2¥}$ and $¥{u=(1+¥zeta)/2¥}$ in $S_{1}$ , and so
$R$ is a union of the points [0, 0, 1], $[0, 1, 0]¥in P^{2}$ and a open neighborhood of
$¥{[0, z_{2}, z_{3}]¥in P^{2}; z_{2}¥neq 0, z_{3}¥neq 0¥}$ . Moreover, by the two equalities above, we see that
$¥phi$ is locally biholomorphic to the map

$[w$, $t+¥frac{1}{2}]¥rightarrow[tw, t^{2},1]¥in P^{2}$

in the neighborhood of the line $¥{u=1/2¥}¥subset S_{1}$, and

$[w$, $t+¥frac{1+¥zeta}{3}]¥rightarrow[t^{2}w, 1, t^{3}]¥in P^{2}$

in the neighborhood of the line $¥{u=(1+¥zeta)/2¥}¥subset S_{1}$ . Thus by blowing up $R(¥subset P^{2})$

2) In general, the map $¥emptyset:M¥rightarrow N$ is said to be smooth at $x¥in M$ if the linear map $d¥phi:T_{x}(M)$

$¥rightarrow T_{¥phi(x)}(N)$ is surjective, where $T_{x}(¥mathrm{M})$ is the tangent space of $¥mathrm{M}$ at $¥mathrm{x}¥mathrm{e}$ M.
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twice at [0, 0, 1] and three times at [0, 1, 0], we have the surface visualized by the
following $¥mathrm{f}¥mathrm{i}¥mathrm{g}¥mathrm{u}¥mathrm{r}¥mathrm{e}^{3)}$.

$(¥frac{z_{1}}{Z_{3}}/¥frac{Z_{2}}{z_{3}}=)¥frac{Z_{1}}{z_{2}}$

$L_{1}$

$¥frac{z_{1}}{z_{3}}(=¥frac{z_{1}}{z_{2}}/¥frac{z_{3}}{z_{2}})$

$¥overline{¥mathrm{b}¥mathrm{l}¥mathrm{o}¥mathrm{w}¥mathrm{u}¥mathrm{p}}$

$¥frac{Z_{2}}{Z_{3}}$
$¥frac{z_{3}}{z_{2}}$

$¥{¥frac{z_{2}}{Z_{3}}=0¥}¥{¥frac{Z_{2}}{Z_{3}}=1¥}¥{¥frac{z_{2}}{z_{¥theta}}=¥infty¥}$

$R¥subset P^{2}$

By the coordinate representation of $S$, this gives the map $¥psi$ .

(ii) For the remaining cases, the assertions are proved by the same principle
as above: Let $L¥subset D$ be the union of the centers of the generating unitary reflec-
tions of $¥Gamma$ . First we take coordinate $(x,y)$ of $s_{0}¥subset c^{2}$ so that the image of $L$ by the
natural map $D¥rightarrow S_{0}$ may be represented by a polynomial equation: $x(y^{2}-x^{3})=0$ ,
$y(y^{2}-x^{3})=0$ , $y(y-x^{6})=0$ and $y(y-x^{3})=0$ for each $¥Gamma=¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)$ , $¥Gamma_{¥mathrm{v}¥mathrm{r}}(1;3)$ ,
$¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;5)$ and $¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$ respectively. This induces a coordinate representation of
the surface $S$ obtained in Theorem 4. 1. Next we define the map $¥phi:S_{1}¥rightarrow X$ by

$[w, u]¥mapsto(z_{1}, z_{2})=(¥theta(u)w,f(u))$

where $X=P^{2}$ for $¥Gamma=¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;3)$ and $X=C¥times P^{1}$ for $¥Gamma=¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5)$, $¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$ .

Let $R$ be the image of $S_{1}$ by $¥phi$ and $¥{f_{j}¥}¥subset S_{1}$ the set of lines on which $¥phi$ is not smooth.
Finally we blow up $X$ suitable times at the points $¥{¥phi(f_{j})¥}¥subset X$ so that $R$ may be
transformed to the surface of which the graph of the exceptional curves is the same
as that of $S$. This gives the birational map: $¥psi:R¥rightarrow S$ and will complete the proof.

Q.E.D.

Finally we shall construct differential equations

Theorem 4.9. For each $¥Gamma$ listed in Corollary 4.4, there exists a Fuchsian
system $(E_{¥Gamma})$ which has the projective monodromy group $¥Gamma$ . The singular locus $Z_{¥Gamma}$ in
the finite plane and the four coefficients of $(E_{¥Gamma})$ are given in the following table.

3) We blow up $P^{2}$ successively to obtain the surface so that $R$ may be transformed to a open
subset of the surface thus obtained. To save space, we omit the details.
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$¥ovalbox{¥tt¥small REJECT}^{¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1,0)}¥overline{¥Gamma_{¥mathrm{v}}¥Gamma_{¥mathrm{V}¥mathrm{I}}¥Gamma_{¥mathrm{v}}¥Gamma_{¥mathrm{V}¥mathrm{I}}¥Gamma_{¥mathrm{V}¥mathrm{I}}¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}¥Gamma ¥mathrm{I}¥mathrm{I}(3..¥cdot¥cdot¥cdot’¥cdot¥cdot 0)(1,0)(2,0)|_{-}¥frac{2y}{9x(x-y)}¥frac{2y^{2}}{9x(x-y^{2})}¥frac{x}{9y(x^{3}-y)}¥frac{2x^{2}}{3(X^{3}-y)}¥frac{2x^{2}}{3(x^{3}-y^{2})}¥frac{X^{2}}{3(x^{3}-y)}------¥frac{x}{3y(x-y)}¥frac{x}{9y(x^{3}-y)}¥frac{4x}{3(x-y^{2})}¥frac{x-2y}{9x(x-y)}¥frac{x}{3y(x-y)}p_{11}^{1}p_{22}^{1}¥mathrm{F}0¥frac{3xy}{4(x^{3}-y)}¥mathrm{o}¥mathrm{u}¥mathrm{r}¥mathrm{c}¥mathrm{o}¥mathrm{e}¥mathrm{f}¥mathrm{f}¥mathrm{i}¥mathrm{c}¥mathrm{i}¥mathrm{e}¥mathrm{n}¥mathrm{t}¥mathrm{s}¥mathrm{o}¥mathrm{f}(E_{¥Gamma})p_{22}^{2}p_{11}^{2}¥frac{2x-y}{9y(x-y)}¥frac{y}{3x(x-y)}¥frac{y}{9(x-y^{2})}¥frac{4x}{9(X^{3}-y^{2})}¥frac{4x}{9(x^{3}-y^{2})}¥frac{y}{9(x^{3}-y^{2})}-¥frac{2_{X^{3}}+y^{2}}{9y(x^{3}-y^{2})}¥frac{2_{X^{3}}-y}{9y(x^{3}-y)}¥frac{3x-2y}{18y(x-y)}-----¥frac{3xy}{x^{3}-y}¥frac{9xy}{4(x^{3}-y^{2})}¥frac{9xy^{2}}{2(x^{3}-y)}|yxxyxy(¥mathrm{E}¥mathrm{D}¥mathrm{o}¥mathrm{f}Z_{¥Gamma}¥mathrm{e}¥mathrm{f}¥mathrm{i}¥mathrm{n}¥mathrm{i}¥mathrm{n}¥mathrm{g}¥mathrm{q}¥mathrm{u}¥mathrm{a}¥mathrm{t}¥mathrm{i}¥mathrm{o}¥mathrm{n}y-x^{3})=0|(y^{2}-x)=0(y^{2}-x^{3})=0y(y-x)=0y(y-x)=0(y-x^{3})=0y^{2}-x^{3}=0¥frac{3x^{2}-2y}{18y(x^{3}-y)}¥frac{y}{4x(x-y^{2})}¥frac{y}{2x(x-y)}-(3,0)(6,0)(1,3)}$
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$¥underline{|_{¥Gamma_{¥mathrm{I}¥mathrm{V}}(1’ 2)}^{¥Gamma_{¥mathrm{V}¥mathrm{I}}(3,3)}¥Gamma_{¥mathrm{V}¥mathrm{I}}¥Gamma_{¥mathrm{v}}¥Gamma ¥mathrm{I}(1¥cdot.,¥cdot.5)|_{--}^{-}¥frac{4x^{3}+y^{2}}{6x(x^{3}-y^{2})}¥frac{2x^{3}+y}{6x(x^{3}-y)}¥frac{12x^{4}y}{x^{6}-y}¥frac{x^{5}}{x^{6}-y}--¥frac{x}{18(x^{3}-y)}¥frac{4x}{3(x-y^{2})}¥frac{2x}{9(x^{3}-y^{2})}¥frac{2}{9x}p_{11}^{1}p_{22}^{1}¥mathrm{F}¥mathrm{o}¥mathrm{u}¥mathrm{r}¥mathrm{c}¥mathrm{o}¥mathrm{e}¥mathrm{f}¥mathrm{f}¥mathrm{i}¥mathrm{c}¥mathrm{i}¥mathrm{e}¥mathrm{n}¥mathrm{t}¥mathrm{s}¥mathrm{o}¥mathrm{f}(E_{¥Gamma})p_{22}^{2}p_{11}^{2}¥frac{y}{12x(x-y^{2})}¥frac{y}{9(x^{3}-y^{2})}¥frac{2x+y^{2}}{9y(x-y^{2})}¥frac{2}{9y}-¥frac{12x^{4}y}{x^{6}-y}-¥frac{2}{9y}¥frac{3xy}{x^{3}-y}¥frac{9xy}{4(x^{3}-y^{2})}|_{x(y^{2}-x^{3})=0}^{xy(y^{2}-x)=0}(2,4)yxy¥mathrm{D}¥mathrm{E}¥mathrm{q}¥mathrm{o}¥mathrm{f}Z_{¥Gamma}¥mathrm{u}¥mathrm{a}¥mathrm{t}¥mathrm{i}¥mathrm{o}¥mathrm{n}¥mathrm{e}¥mathrm{f}¥mathrm{i}¥mathrm{n}¥mathrm{i}¥mathrm{n}¥mathrm{g}(y-x^{3})=0|(y-x^{6})=0}$

Proof. First we treat the case $¥Gamma=¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0)$ . By Proposition 4.8, we have

$x=¥theta(u)w$ ,

$y=(¥theta(u)w)^{3}f(u)$ .

Lemma 4.10.

$p_{11}^{1}=-¥frac{1}{3x}-(¥frac{¥theta^{¥prime}}{¥theta})^{¥prime}x(¥frac{¥partial u}{¥partial x})^{2}+¥frac{2}{3}(¥frac{f^{¥prime}}{f})^{¥prime}¥frac{f}{f}$, $¥frac{¥partial u}{¥partial x}$ ,

$p_{22}^{2}=-¥frac{1}{3y}+(¥frac{¥theta^{¥prime}}{¥theta})^{¥prime}x¥frac{¥partial u}{¥partial x}¥frac{¥partial u}{¥partial y}-¥frac{1}{3}(¥frac{f^{¥prime}}{f})^{¥prime}¥frac{f}{f}$, $¥frac{¥partial u}{¥partial y}$ ,

$p_{22}^{1}=-(¥frac{¥theta^{¥prime}}{¥theta})^{¥prime}x(¥frac{¥partial u}{¥partial y})^{2}$,

$p_{11}^{2}=-¥frac{3y}{X^{2}}-3(¥frac{¥theta^{¥prime}}{¥theta})^{¥prime}y(¥frac{¥partial u}{¥partial x})^{2}+¥frac{f^{¥prime}}{f}y¥frac{¥partial^{2}u}{¥partial x^{2}}$ .
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Proof. Analogous to that of [17], Lemma 8.6. Q.E.D.

Lemma 4.11.

$¥frac{¥partial u}{¥partial x}=¥frac{y}{¥omega x(x^{3}-v)}.¥wp$ ,

$¥frac{¥partial u}{¥partial y}=¥frac{-1}{3¥omega(x^{3}-y)}¥wp$

$¥frac{¥partial^{2}u}{¥partial x^{2}}=-¥frac{2xy}{¥omega(x^{3}-y)^{2}}¥wp$ ,

$¥frac{f^{¥prime}}{f}=¥frac{-3y}{¥omega x^{3}}¥wp 2$,

$(¥frac{f^{¥prime}}{f})^{¥prime}=-¥frac{3(x^{3}+y)}{x^{3}}¥wp$ ,

$(¥frac{¥theta^{¥prime}}{¥theta})^{¥prime}=¥frac{y}{x^{3}}¥wp$ ,

where $¥wp_{=}¥wp(¥zeta;u)$ and $¥omega=¥wp’((1+¥zeta)/3)$ .

Proof. Since we have

$¥frac{y}{x^{3}}=f=¥frac{2¥omega}{¥wp¥prime+¥omega}$

and

$(¥wp’)^{2}=4¥wp 3-4e_{1}^{3}$,

all the equations, except the last, are easily shown. The homogeneity of $¥zeta$-function:
$¥eta_{3}=¥zeta^{-2}¥eta_{1}$ and Legendre’s relation: $¥eta_{1}¥omega_{3}-¥eta_{3}-¥omega_{1}=¥pi i/2$ yield $¥eta_{1}=¥pi/¥sqrt{3}$ . Thus the
equality $¥theta(u)=¥exp((¥pi/¥sqrt{3})u^{2}-(4/3)¥pi iu)¥theta_{1}(u-(¥zeta+¥zeta^{2})/3)$ and the formula

$¥frac{d^{2}}{du^{2}}$ $¥log$ $¥theta_{1}(u)=-¥wp(u)-¥eta_{1}/¥omega_{1}$

yield

$(¥frac{¥theta^{¥prime}}{¥theta})^{¥prime}=-¥wp(u-¥frac{¥zeta+¥zeta^{2}}{3})$ .

Hence, by the addition formula of $¥wp$ , we have the last equality. Q.E.D.

By Lemmas 4. 10 and 4. 11 with the equality
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$¥wp 3=¥frac{¥omega^{2}x^{3}(x^{3}-y)}{y}$ ,

the coefficients are calculated.
For the groups $¥Gamma=¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;3)$ , $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;5)$ , and $¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;2)$ , by the expres-

sion of $x$, $y$ in Proposition 4.8, we can propose the lemmas analogous to Lemmas
4. 10 and 4. 11 and can calculate the coefficients. Thus we omit the proofs.

For the remaining groups, again by Proposition 4.9, we have

$[0$ , $¥frac{2}{3}¥sqrt{3}]$ : $(x, y)¥mapsto(¥zeta^{2}x, y)$ on $S_{0}(¥Gamma_{¥mathrm{I}¥mathrm{I}¥mathrm{I}}(1;0))$

$[0, ¥sqrt{3}]$ : $(x, y)¥mapsto(x, -y)$ on $S_{0}(¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;0))$

$[0$, $¥frac{2}{3}¥sqrt{3}]$ : $(x, y)¥mapsto(-¥zeta x,y)$ on $S_{0}(¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;0))$

$[0$ , $¥frac{¥sqrt{3}}{3}]$ : $(x, y)¥mapsto(-¥zeta x, -y)$ on $S_{0}(¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;0))$

$[0$, $¥frac{2}{3}¥sqrt{3}]$ : $(x, y)¥mapsto(-¥zeta x, y)$ on $S_{0}(¥Gamma_{¥mathrm{V}¥mathrm{I}}(1;3))$

$[0, ¥sqrt{3}]$ : $(x, y)¥mapsto(-x, y)$ on $S_{0}(¥Gamma_{¥mathrm{v}}¥mathrm{I}(1;5))$

where $S_{0}(¥Gamma)=D/¥Gamma¥cup¥{P¥}$ and $(x, y)$ is the local coordinate of $S_{0}(¥Gamma)$ obtained in
Proposition 4.8. Therefore Lemma 2. 11 and Remark 4.6 yield the desired results.

Since every group in question belongs to the same tree in Remark 1.11, and the
Fuchsian system $(F_{¥Gamma_{¥mathrm{I}¥mathrm{I}}(¥zeta;1,0,0,0)}¥lrcorner)$ belongs to this tree, the systems thus obtained are
Fuchsian. This completes the proof.
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