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Solutions Sets of Non-linear Integral Equations

By StanisXaw SzurLa

(A.Mickiewicz University)

N. Kikuchi and S.Nakagiri [2] proved an existence theorem of solutions of
a non-linear integral equation of Volterra-type

(1) =+ aCt, (s, 1())ds.

Under the same assumptions as in [2], in this note we investigate some
topological properties of the set of solutions of the equation (1).

1. Assume that N=1{1,2,---}, R is the set of real numbers, J is a compact
interval in R, |-] is the Euclidean norm in R% and ¢ is a convex N-function
which satisfies the condition 4y (cf.[3]1). Let Lo,(J)=Ly(J,R?) be the Orlicz
space of all L-measurable functions z: J—>R? for which the number

||u|l¢=inf{r>0:./;‘ﬂ<|‘2%€2

The adjoint space of L,(J) we denote by Li(J). Obviously L;(J)=L¢(J),
where ¢ is the N-function defined by the formula ¢(v)=sup{uv—¢(u): u>0}
(cf.[31). We shall introduce the product space

Le(I)4=Le(JD® - ®Le(D.

Furthermore, let W be an open convex set in R? and let I be an open

)ds£1}<00.

interval in R containing 0. Analogously as in [2], we introduce the following
assumptions:

(i) f:I—> W is a continuous function.

(ii) g: IX W—>R? is a function such that

1° for each fixed x& W, the function t——g(¢,x) is L-measurable on I;

2° for each fixed r=1I, the function x——>g(¢, x) is continuous on W;

3° for each compact set KC W and each compact interval JCI there exists
a measurable real-valued function m&L,(J,R) such that [g(z, 2)|<m(z) for
(t,x)ed XK.

(ii)) (¢, 8) —> a(t,s) is a mapping of IXI into the space M? of linear
operators on R4 such that

1° for each compact interval JCI and each ¢ in I the mapping A: L,(J)

—— R4 defined by A: x(~)—+ﬁa(t, s)x(s)ds is a bounded linear mapping;



68 ) S. SzurLa

2° the mapping I—> Ly(J)? defined by t—a(z,-) is continuous in the
weak*-topology on Lg(J)A.

Let JcI be a compact interval, and let L;(J) be the space of all L-inte-
grable functions #: J—— R? with the norm

laelly = fj ()] ds.
Put

BR(J)={z€L,(J): |x()|<m(2) for almost every z=J}

and

H(x)(t):f(t)—}—/Za(t, s)x(s)ds for each x=BZ(J) and t=J.

In the same way as in [2], we prove that

(iv) for each fixed x=By'(J) the function :—>H(x)(¢) is continuous on
J.

(v) H is a mapping of By (J) into L;(J), and the set H(B(J)) is com-
pact in the strong topology on L,(J).

(vi) for any z&J the mapping a2, -)=Lg(J)%, sup{|alt, llg: t&J} <oo.

Moreover, we introduce the following definition (cf.[1)):

A subset Q of a metric space X is called a compact R; iff Q is homeomor-
phic to the intersection of a decreasing sequence of compact absolute retracts.

2. Choose a positive number ¢ such that [0,c]cI. We can find a positive
number %~ and some convex compact subset K of W such that every x(2),
lx(@)—f(@)|<h for 0<t<c, satisfies x(z)=K for 0<t<c¢. Moreover, choose a
number p,0< p<c, such that 2sup{|la(z, )lls: [0, c1} - |lmX0, 1| <k, where m is
a measurable function defined in (ii) corresponding to the pair K, [0, c].

Theorem. Let f, g and a satisfy, respectively, assumptions (i), (ii) and
(iii), and let J=[0,p]. Then the set V of all solutions of the equation (1)
defined on J is a compact Rs in L,(J).

Proof. By the Dugundji extension theorem there is a continuous function
7: R%——K such that »(x)=x for every x=K. Put

G(x)(t):f(t)—l—/:a(t, $)g(s,r(x(s)))ds for t=J and x= L (J).

From the assumptions ( i )-(iii) it follows that for any fixed x<L,(J) the func-
tion t—— G(x)(z) is continuous on J, and therefore G(x)=L,(J). Moreover,

IG@—f @)= U:a(t, $)9(s, r(x(s)))ds| <2llalz, OllyllmAsll,<n,
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i.e. G(x)(¢)EK for each teJ, x=L,(J).

Assume now that a sequence (x,), x,&=L.(J), converges in L(J) to x¢=L;
(J). Suppose that ||G(x,)—G(x)|l; is not convergent to 0 as m—oo. Then
there are ¢>>0 and a subsequence (x5,) such that

(2) IG(@n,)—G(xlli1>e for k&N.
Since 11m |0, —2olli=0, we can find a subsequence (¥n;;) such that hm Xy ()=

25(s) for almost every ¢ in J. Let yj=xn,. By (ii), for any tCJ we have

lim a(z, s)9(s, r(y;(s)))=a(z, s)g(s, r(xe(s))

J—ro

for almost every s in J. Furthermore, |a(z,s)g(s,7(y;(sD))|<]alz, s)|m(s),
where |a(¢, )|m(-)=Ll;(J, R), and hence by the Lebesgue theorem we obtain

tim [“atz, 29Cs, rwi)ds= [ att, 2905, (s,

j—roo
i.e. hm G(y,)(t) G(xp)(2) for t=J. Since |G(y,)OD|L|f(@#)|+h for j&eN and
tEJ the Lebesgue theorem proves that hm NG(y;)—G(xDl1=0, in contradiction

with (2). Consequently, the mapping G Ll(J)—>Ll(J) is continuous.
For any n&N and x=L(J) let us put p,=p/n and

V) for 0<t<p,
G(x)(t—pn)  for p,<t<p.

Obviously, G, is a continuous mapping of L;(J) into L,(J). We shall show
that

(3) lim ||G,,(x) —G(2)]|;=0 uniformly for x&L,(J).
n—r0

Ga(@) (@) ={

Suppose that (3) does not hold. Then there exist €>0 and sequences (73),
(x2), xz=Ly(J), such that

(4) v [|Gr(2r) —G (x|l >¢ for k=N.
Since G(L(J))CH(BZ(J)) and H(BZ(J)) is compact in L;(J), we can find a
subsequence (G(«xk;)) which converges in L;(J) to a continuous function z&
H(BZ(J)). Put G;=Gury, qj=pn, and y;=ax,. Then
Gy —GWUNIL<IG, WD ~GNXw,aalli+11(Gi(y) —GUN Xtz p1lls
=[|(F(0)—=G(¥;))%0,q;1lls +I(G (¥ ) — Gy D) Xig;, sl KNS (O —2) X0, g0l
+I(GW) —w)X0, ¢l +[(G(¥;) (- —g) —u- —q;))Xig;,51lls

+ 1 —q) —udXig;, p1lli + 1 — G0 X1a;, pall <N F 0D — )Xo, q,]lh
+1(uC- —q;) —2)Xa;, 2111+ 3Gy ) —ulls,

which implies
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lim |Gy ;(Xng ) —G(Xnp D11 =0,

J—-)OO

in contradiction with (4). This proves (3).
Put T,=I—G, for n&N, where I denotes the identity mapping of Ll(J D
into L(J). Obviously, T, is a continuous mapping of L;(J) into Ly(J).
Assume that yeL;(J). We define a finite sequence (xk), k=1,---,n, of
continuous functions by the formulas

2 () =y@)+ f(0) for 0<e<p,
x2(2) for 0<t<kp,

T ()=

YO+ F—p)+ [ alt—pm 90, rar())ds
] for kp,<t<(k+1pp, k=1,--,n—1
We see that
2u(B) =y +FO)  for 0<t<p,
B =YD+ U=p)+ [ alt=pa (s, (oI5

for p,<e<kp,
Zr+1ll0,kp,1=%r and xp&L([0, kp, 1.

Consequently, x,=L{(J) and T,(x,)=y. Conversely, if T,(x)=y and x&
L,(J), then x|p,zp,1=xr for E=1,---,n, and therefore x=ux,. This proves that
T, Li(J)—>L(J) is a bijection.

Now we assume that hm N Tp(x;)— Tp(xo)||;=0, where xj, xo&L;(J). Since
x;(2)="T,(x;)(&)+£(0) for 0<t<pn, X ;X10, p1—> XoX[0,p,1 in Li(J) when j—oo.
Further,

()= Tyu(2;)(@)+G(x)(t—pu) = Tu(x;) () +G(2;X10,5,1) (E—Pn)

for p,<t<2p,, and G(x;X0,p,1)—>G(2X[0,5,1) in L;(J), and hence x;X[p,, 2p.]

—— 20X p,, 28,1 in Li(J), from which it follows that x;X0,25,7—>%0X[0,22,1 in L:(J)

when j—co. By repeating this argument we find lim x;X[o,£p,1=%0X[0,kp,] in
j—roo

L,(J) for k=1,---,n—1, i.e. lim x;=2, in L;(J). This proves the continuity

j—oo

of T, . Consequently, 7T, is a homemorphism L;(J)—>L(J).

Since G(L{(J)CH(BZ(J)) and H(BZ(J)) is compact in L{(J), G is a
compact mapping, and therefore T=I—G is a proper mapping. Thus we can
apply Browder’s theorem [1; Th.7], which proves that 7!(0) is a compact R;
in L;(J). Since 2(t)=G(x)(#)eK for t=J and x= T 1(0), r(x(t))=x(t), and
finally T-1(0)=V.

Remark 1. Let S(J) be the space of all L-measurable functious u: J——



Solutions Sets of Non-linear Integral Equations 71

R4, Assume that F(J) is a Frechet function space with paranorm |-|f such
that

1° Le(J)cFJ)cSW).

2° If u,,ucsF(J) and lim |u,—u|z=0, then u,—u in S(J).

3 If u,,usS(J), kR, lim u,(s)=u(s) and |u,(s)| <k,
lu(s)|<k for almost every s&J, then lim |u,,—u|z=0.

n—>c0

For each z,yeV put di(x,y)=|lx—yll; and dr(x,y)=]|x—y|r. Since V is a
set of continuous functions ‘x: J——> R4 such that |x(s)|<|f(s)|+h for s&J,
the metric spaces <V, d;>,{V,dr> are homeomorphic. This proves that the set
V of all solutions of (1) defined on J is a continuum in F(J).

Remark 2. Let C(J) be the space of all continuous functions u:J——>R?
with the norm |lullc=sup{|u(#)|: t&=J}. Replacing the condition (iii,2°) by a
stronger condition:

“the mapping I——»L:(J)d defined by t—>a(¢, -) is continuous in the strong

topology on Lg(J)4”,
we see that V is an equicontinuous bounded subset of C(J), since

|2(8) — (7)) = ] fo "aCt, )9Cs, 1(s))ds— f “a(r, gCs, 1(s))ds

<

[ att, 296, xs2ds | + | [ Catt, 9 —atz, 3905, w(s2>ds
<sup{llaCt, iyt t€THmAie, allo+ lmllpllals, ) —alz, Ol

for each x€V, t,7vJ, and |[[mX(z,sllo— 0, [la(z, -)—alz, -)|lg— 0 when |[t—7|— 0.
Consequently, the metric spaces (V,d>,{V,dc> are homeomorphic, and there-

fore V is a continuum in C(J).

References

[1] F.E.Browder, C.P.Gupta, Topological degree and nonlinear mappings of analytic
type in Banach space, J.Math. Anal. Appl., 26 (1969), 390-402.

{21 N.Kikuchi, S.Nakagiri, An existence theorem of solutions of nonlinear integral
equations, Funkcial. Ekvac., 15 (1972), no.2, 131-138.

{31 M. A.Krasnoselskii, Ja.B.Rutickii, Vypuklye funktcii i prostranstva Orlicza,
Moskva, 1958.

nuna adreso :
ul. Dgbrowskiego 14 m. 22
60838 Poznafh Poland

(Ricevita la 25-an de decembro, 1973)



	References

