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1. Introduction.

The aim of this paper is to give compléte proofs of the theorems mentioned
in [1] and some related remarks.

In the Liapunov direct method for the stability theory of ordinary differential
equations, Liapunov functions play central roles. For functional differential
equations it is shown by many authors (for example, see [2], [3], [4]) that
Liapunov functionals take the place in a natural way. However, the construc-
tion of a Liapunov functional is a big problem in practice, and it is not successful
even for autonomous linear systems.

 Razumikhin [5] (also refer to [2; p.157]) has established a stability theorem
for functional differential equations by utilizing a Liapunov function instead of a
Liapunov functional: Consider a system of functional differential equations

(1) () =F(t, xs),
where
x:()=x(t+s), s&[—h,0]

and F(t, ¢) is continuous on a region in (—oo, )X C([—7, 0], R*).

Theorem A [5]. Let F(t,¢) be Lipschitzian in ¢. Then, a sufficient
condition for the zero solution of the system (1) to be uniformly asymptotically
stable is the existence of a continuous function v(t, %) with the properties;

(i) vt x) is positive-definite;
(ii) o(t, x) admits an infinitely small upper bound;
(iii) along each solution x(t) of (1)

D*o(t, x(tD=—c(|x@D if V&, k5 2) < (0@, £(2))),

where D*v means the Dini-derivative, f(u) and c(u) are continuous functions
with the properties

(2) fw)>u for u>0 and f(u)—u is non-decreasing,
(3) ' c(u) is positive-definite and non-decreasing,

and
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V(z, 75 x)=sup {v(t+s, x(¢+5)); s€[—7, 01}

for a constant v =0.

The essence of this theorem is the condltlon (iii). It is instructive to
compare the theorem of Razumikhin with theorems of the usual type.

A good reference and related topics can be found in [6].

2. Abstract Liapunov function.

As was seen in Theorem A the condltlons for Liapunov functlons consist
of three parts; ‘

(i) positive-definiteness;

(‘ii') " an infinitely small upper bound;

" (jii) a related differential inequality.

“The Liapunov function is connected with the system under cons1derat10n only
through a condition of type (iii), while the role of conditions of type (i) and
(ii) is to present an information about the state of the solution from that of a
Llapunov function, and vice versa.

In the present note, we shall restrict our conmderatlon to. the tOplCS related
Wlth' a. condition of type (iii). Therefore, the argument «x contained in the
function »(#; x) has a meaning only as a parameter, and there is no difference
whether ¥ means a point x(t)ER” or a segment x,€C([~—h,0], R?) or even the
whole trajectory x(-).

In the following (except in §5 and §7), a Liapunov function will mean a
continuous, non-negative function »(¢#), and we shall employ the following
notations. Here and henceforth we set

V(t f)—sup{v(s) t— 7<s<t} |

for'a constant 7=0. . o
Definition 1.  #2(2) is said to be stable, if for any €>0.and any s there exists
a 0(e, $)>0 such that

v(#)<e if' t=s and V(s 7)Z0(,s).

Definition 2. »(2) is asymptotically rtable, if it is stable and if for any

€>0, any @>0 and any ‘s there exists a" 7T(¢, &, s)=0 such that
v@)=<e if t—s=T(s,a,5) and V(s,7)Za.

Definition 3. In the above, if § and T can be chosen independently of 3,
the corresponding stability is said to.be uniform. : ' '

By using these deﬁnltlons, we can reproduce Theorem A in the followmg
way.

Theorem B. Let f(u) and c(u) be continuous functions with the properties
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(2) and (3), respectively. . . ‘
Then v(t) is uniformly asymptotzcally stable, provzded tkat we have

D)L —cw(@®)) if V(& tYEf(e@®).

3. Comparison theorems:
Theorem B can be dealt with as a kind of comparison theorem. We shall
discuss this more precisely. ‘ ' -
Consider an ordinary dlfferen'aal equatlon

(4) n= U(t u)

in a scalar u, and denote by u(z,s, @) and r(t s, ) the ‘maximal solutlon of (4)
through (s, @) to the right and to the left, respectlvely

First of all, we shall prove the followmg lemmas.

Lemma 1. Suppose that

(5) Dw@)2UG,v(@®) if v(s)<r(s, t v(t)) for all s?[t_—z’, £].
Then we have
v Zult,a, @)  for all t=a

whenever v(s)<r(s,a,a) jfor sc&[a—rv,a].
Proof. Consider the scalar equation

U(t, w) t<a
{U(t u)—i—s(t a) t>a

for an >0, and let u(z, s) be a solutlon of this equatlon satisfying «(¢, e)—
r(t a,ac—i—e) for £<a. Then the standard arguments - Wlll glve

_ ‘ v(t)<u(t ) for tza.
Thus the proof of Lemma 1 will be completed by lettmg e—0.

Lemma 2. Let f(t,u) and c(t,u) be contznuous functzons which  satisfy
the conditions (2) and (3) for each fized t.

If v(t) satisfies , |
(6 B 'D'+v(t)<-€(t v(@)) if V(& D=SLE00@),

then there exzsts a contznuous functzon U(t u), U(t u)<0 for u>0 for wkzch
the condition (5) holds. Actually, U(t ‘) can be given by - '

7 U(t,u)=——min{§:%_—u, - min [ f(s —-u)———u] oz, u)}

Proof. Since U(t,u)=—c(%,u), it is sufficient to prove that v(5)<r(s t,
v(2)) for se[t—7,¢] implies V(¢ 7)< f(¢, v(t)) or that v
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sup r(s,t,a)<f(t, @) for any (¢, @),a=0.
t—Tt<ssi

Since U(t,uw)=—u/(37), we have

a for seft—r7,¢].

A
o |w

By the monotonicity, clearly

UG,wz—1 min {f(s,a)—a}

t<sgt+T

if ©u<3«/2. Therefore, for s€lt—7, 2],

t
r(s,tya)=a— / UCp, r(ps £, a))dp

t
ga+% min  {f(q, @) —a}dp.

s p=sqsp+7

Since p&[s,t]c[t—7,¢] implies t&[p, p+ 7], we have

1 [t '
risadsa+ s [ @) —aldp=f @)

for all se[t—, ¢].
Lemma 3. If U(,u)=0 jfor all (¢t,u), u=0, if U(t,u) is non-increasing
in u for each fixed t and if ‘

(8) wa(t, u)dt=—oc for each fixed u>>0,

then any non-negative solution of (4) tends to zero as t—o,

Proof. Since U(,#)=0, any non-negative solution «(¢) of (4) is non-
increasing, and hence there exists a 8=0 such that «(¢)—f as t—oo and ()=
for all ¢. Therefore, we have

B—u(a)<B—u(t)= /t “UCs, w(s))ds< ft “UCs, Byds

which yields a contradiction unless 2=0.

A sufficient condition for U(t,u) defined by (7) to satisfy the condition
(8) is the following: In addition to the conditions (2) and (3) (for each fixed
1), the continuous functions f(¢,u) and c(t,u) satisfy

(9 FGu)—uz=k(w)>0 for u>0,
(10 0=e(s, w) < K(w),

an f “et,wdt=co  for each fized u>0,
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where k(u) and K(u) are continuous.
We shall prove this: Put

eo=minlgoul min [ 50)5]
and
o(w) =min {—31? u, k(% u>}§0(t, u).

Let @>0, s=0, G>0 be given. Choose 7*(«,G) and 7(s, @, G) so that
0(a)T* (e, G) =G,
s+7r(s,a,G)
f e(t, a)dt=G+|K(a) —0(a)|7* (e, G,
S

and then
s+r(s,a, )
— f UG, a)dt=G.
In fact, clearly we have

s+7(s,a,)
——f U, oz)dt=fI o(z, a)dt—}—Lc(t, a)dt,
s 1 2

where
ILi={t€ls, s+70, a,G)]1; 0, @) <c(, a)}
and I,=[s,s+7(, «,G)]1—1I,. Therefore,

fI o(t, a)dr=0(a)T*(a, G) =G
if Ldth*(a, G), and otherwise
s+7r(s,a,G) s+7(s,a,&)
_ f U, a)dt= f o2, a)di+ /; (0, ) —c(t, ad} de
S S 1

2/:J,rcs,oz,@c(zf:, a:)dt-l—{b(a:)—K(ag)}/;dtgG.

As will be clear from the proof in the above, if the integral in (11) is
uniformly divergent, that is, if we can choose 7(«,G) for any «>0 and G>0
so that

s+7(a, @)
f Ct, a)dt=G
. ,

for all s=0, then so is the integral in (8).
Now, the following lemma will be proved.
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Lemma 4. In Lemma 3, if the integral in (8) . is uniformly divergent,
then the approach of the non-negative solutions of (4) to zero is uniform.
Proof. Let «>0 be given, and choose 7(a) so that

' s +7(a) 1 :
f U< >dt< e for all s=0.

Let u(2) be a non—negatlve solution of (4) satlsfymg
u(s)gw and u(t)g—é— for tE[s,s—l—T(a)]

for a fixed s. Then

. stre o . g
w(s+T(a)) =uls) + / U, u(t))dr

s+7'(a) o
ga—i-f U<t, -2—>dt<0,

which yields a contradiction. - Thus z(s) <« ’im'ppli;les—
u(zf,‘)g—;i for all z=s+7(x).

Therefore, by choosing an integer m(e, &) so that
' ezm(s,a)ga

for given €>0 and >0, we have

| m(e, &) o
u(@)=<e for all tgs+,.‘k2 T<'2'—k>’
=0

whenever u(s) <. ;
Thus, we have a generalization of Theorem B

Theorem 1. Suppose that the condition (6) holds for continuous functions
ft, uw) and c(t, w) which satisfy the conditions (2), (3) for each fixed & and the
conditions (9), (10) and D).

Then v(t) is asymptotically stable

Moreover, if the integral in (11) is unzformly divergent, then the asym;btotzc
stability is umform

Remark. Clearly, the condltlons for [, ) and c(t u) are 1nterchangeable,
that is, the condltlons (9), (10), (11) in Theorem 1 can be replaced by .

H c(t, u)gk(u)>0 . for >0,
10" <t u) <K,

a1 /m{f(t, w)—u}dt=co fér each‘ﬁ:xyre'c‘iv d>0.
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Moreover, under the condition (9) f(¢,«) can be replaced by a function
which is independent of z, and the same is true for ¢(t,#) under the condition

4. 'The case where c¢=0. : . :
Lemma 2 is valid even if ¢(t,#)=0 or f(¢, u)=u. But in -this case the
relation (7) gives U(t, #)=0, and Lemma 1 shows that "

v(D<V(a,v) for all t=a,

that is, V(z,7) is non-increasing in ¢.

In this section, we shall present further results in the case ¢(¢, #)=0.

Theorem 2. Let f(u) be a continuous, increasing function such that f(u)>u
Jfor u>0 and £(0)=0.

Suppose that

D*(®)=0 if VGD=f@®).

Then we have

(i) v@=max{v(s), (Vs )} for all t=s,

(ii) limo(2) exists.

f—oo ! N

Proof. (i) Suppose that the conclusion is not true. Then there exists a

t{>s with

v(t)>max {p(s), f(V(s, )},
and hence we can find an r<[s, #,] such that
DHy(r)>0 and v()=f1(V(s, ).

Since V(r, 'c')g V(s,v) as mentioned in the above, we have f(())=V(r, ),
which yields a contradiction. ‘ - '
(ii) Since 0=Zv(@)ZV(a,7) for all t=a,
0=p(=lim v()) L (=lim v(2)) <.

t—>o t—»»oo ‘
_Suppose th_gt a>f. FQr every s>O-We can find a 7'(e) such that
Vi, o)Sa+e for all ¢=T(e),

because Iim V(¢ v)=Iim v(t) =« for a finite 7=0. Let ¢>0 be chosen so small

t—o0 . t—co
that f(e¢—e)>a+e and that a«>fF+e. Since it is possible to find an s=7T(e)
such that v(s)<a—e, the property (i) implies R '
: o v(t)érﬁak{v(&),f‘l(V(s, )} <a—e for all t>s,

which contradicts the fact that [im v(@)=a.

i—>co -
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Thus we must have a=p.

Theorem 3. JIn addition to the conditions in Theorem 2, assume that for
any sequence {tu},tn,—>o0, DVv(t,,) does not converge to zero if v(s+t,,) converges
to a non-zero constant for s&[—7,0] and f(&,)) =V (tm, 7).

Then v(t) is uniformly asymptotically stable.

Proof. The uniform stability of v(#) is clear. Now, we shall show that
for any >0 there exists a T(«)=0 for which

(a2 , @) V(s,7) for all t—s=T(a)

if fFAla)ZV(s,7)<a and s=0.
Suppose this is false. Then there exists a sequence {s,,} such that

FHO=Vim =, sm=0
and that ,
F@ED>VismT) for a t=Zsu+2m.
The last- inequality implies |
S@W(sm+2))>V(sm, ) for all z<[0,2m],

because if f(w(E*))<V(sm,7) for a t*=s,, we have f(v())=Zmax{f(v(*)),
VG@*, )} < V(sm, v) for all £=¢t* by (i) of Theorem 2. Therefore

FWlsm+))>V(s,+t,v) for all ¢&[0,2m],
because V(z,7) is non-increasing. Hence
D*v(s,,+t) =0,
that is, v(s,,+12) is non~increasing\ on [0,2m]. Since
FAa)—a=<v(s,+2m)—v(s,+m)<0,
we can find a 2,,E[sm+m, s,+2m] such that
v(ty) —v(t,,—7)—0, Dtv(t,)—0 as m—oo, -

where f7(a)=f"1(f~™ 1V (a)). On the other hand, since a=v(t.,)=f"2(a),
we can select a subsequence {v(¢m,)} which converges to a non-zero constant c.
Thus, we have

f(v(tmk>) g V(th, T)’ tmk~—>00, D+v(tmk>_)0’ v<tmk+s)—_>c

as k—oo for any s&[—7,0], which contradicts the assumption.

‘It is obvious that f~”(a) tends to zero as m—»co for any fixed a>0, and
hence there exists an integer m(a,e) for a given «>0 and >0 such that
I 7(a)<e for all m=zm(a, e)+1.

Now we can define a desired number 7'(e, @) by
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T(e, )= T(a)+ T(fa))+ -+ T (a))+ma, )T
for the number T(@) in (12). In fact, if F* (&)X V(s,7)<f*(a), we have
V(is+ T(f* ) +7, =+ (a),
and hence V(a,7)<a implies
v VE, D@9 (@)<e for all tZa—!—T(e,a).

Remark. When v(¢)=v(¢, x) depends on a parameter &, to get the uniformity
of asymptotic stability with respect to x, the assumption in Theorem 3 should be
modified in the following way: For any sequence {f,, Tn},£m—>90, D*0(fm, Tp)
never converges to zero if v(¢,+s, %,) converges to a non-zero constant and if
F@pr )= V(s T3 ) =sup {v(Em+5, Tn)s s€[—7, 01}

Yorke [7] has given a theorem of the same type.

5. The case where f=u.
‘When o(2) satisfies

(135 Do) =—c*@,v@) if v(O=2V(E D

for a continuous function c¢*(¢, %) with the property (3) for each fixed z, we
may suspect the existence of continuous functions f(# «) and c(¢,u) as those in
Lemma 2.

However, to show this, we must investigate how »(#) depends on the para-
meters. ‘

Suppose that for a function 2(+) under consideration (a solution of the
system (1) or not) v»(¢)=v(¢, ) depends on the A;-segment of x(-); x(¢z+s) for
s&[—hy, 0] and D*v(t, ) on the hy-segment of x(-), where hy=h;=0. Since
the relation v(z, 2)=V(¢, 75 x) is affected by the (A;+7)-segment of x(-) ohly,
7 will be chosen so that A{+7=h,. _

Assume the following condition: There exist two functions 7(¢,¢) and f*
(t,u,e) for any ¢>0 such that f*(# u,&) satisfies the condition (2) for fixed
(¢,€) and that 7 )

(14) |D*v(t, x)—D%o(z, ypi=e if sup__ e+ —yG@E+s)| =1, e,

—=cv=

(15) for any (%, x,8) with f*(z, v(z, %), e)=V(2, 7; x) there exists a y for
which

v(t, )=V, 1 y=v(t,x) and sup olx(t-l-s)—y(t—l-s)[és.

—h<s=<

Here clearly 7(t,&) and f*(¢,u,e) can be assumed to be non-decreasing in €
for fixed (¢,#). Hence the function f(¢, «) defined by
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e =~f*<£, ” v”y(t;%c*@, ©))
satlsﬁes the condition (2) for each ﬁxed e If

f(t v(t D=V, s x),
we can find a y such that v(z,»)=V(z, 7; y)=v(¢, ) and that

—h|SS 0

sup |x(t+4s)— y(t+s)]<77<t =c*(¢, v(¢, x)))
Therefore (13) and (14) 1mply v |
D*0t, ) S =¥ (8, 08, 90D+ €78, 0, ) S = ¥ty 02, ),

Thus, we have the relation (6) with c(t; w)=c*(t, u)/2.

Theorem 4. Suppose thait v(t,x) satisfies the conditions (13), (14) and
(15).

Then, there exist continuous functions f(t,u) and c(t, u)' with all properties
given in. Lemma 2. ‘ ' :

Remark. In the case Where h;=0, the condition (15) will be satisfied if
0v/0x+0 at every point (Z, %) with v(¢, £)>0.

A theorem of the above type was shown in [5], but in [5] the condltlon
(15) is not mentioned explicitly.

6.. A relationship between the theorems of Liapunov type and of

- Razumikhin type. .

In this section, we shall show that an additional condition on f(z, «) is sufficient
to construct a Liapunov function which satisfies a dlfferentlal 1nequa11ty of the
usual type. ,

_ Theorem 5. Let f(¢t,u) and c(t,u) be continuous functions'( such that
Ft, w)>u and c(t,u)>0 for u>0 and that (¢, u)|u and c(¢,u) are noh—decreasz'ng
for fized t.

If a Lzapunov function v(¢) satisfies the condition (6), then there exzsts a

Liapunov functzon w(t) satisfying -

e - vDO=w@O=V(E, )
and
an . Drw()=—c*(, w(®)

for a continuous function c*(t,u) with the property (3) for each fixed t.
Proof. Putting ' ' :



On Liapunov-Razumikhin Type Theovems for Functional Differential Equations - 235

; .
a(t, u)—?log [—rl<nsfso = (t——s, u)]
it will be shown that the function w(z) defined by

w(t)= sup e*E*rS,vUFNsy(r 1)
—r<s5=0 ‘

has the required properties, where fz'(z, u) denotes the inverse function of f(z, u)
with respect to «. Here we should note that f(¢, #) is increasing in « and hence
Fal(t, ) exists. ' '

Since a (¢, #)=0, the relation (16) is immediate.

We shall discuss the inequality (17). Clearly we can choose an s(t h)ez
[—7,0] for any 2>0 so that o : '

w(t+h) =ex @t w @,y (2, b)),

where 0(¢,h)=t+h+s(t, h) for brevity. Furthermore, s(¢, ) can be assumed to
tend s(z,0) as A—0. k

Case 1. s(t,h)+h=0 for every small h>0.
Under the assumption,

w(t) = ex (P10 E,m) (h+s ) y(o( 2, ),
and hence

w(t+h)— w(t)Sw(t—I—h) {1— ety 0P ) R}

Since u/fu (¢,u) is non-decreasing in wu,«(f,u) is non-decreasing in #, too.
Therefore, by noting w(z+h)<v(0(z, k)), we have

w(t+h) —w(e) Sw(t-+h) {L—ex @& m wtsm) by |
which implies that '
Dw(t) <—a (02, 0), w(e))w ().

Case 2. s(t,h)+h>0 for an h arbitrary small. |
In this case, clearly s(z,0)=0, that is, w(t)=v(z). Moreover, for any s€[—7, 0]
V() = exErs v+ syt §) > e s, 0N Ty (34 5) '

_Su' @t o(+5))
= v(+s)

that is, f(& v(t))> Vs, 7) Thefefore, by the assump‘tion
- D*o()s —e(t, v(t))—~c(t w(£)).

()= £ 0+,

On the other hand since
w(+h)—w@)=w(+h)—v(0(, ) +oE+h+sC h))—v()



236 . J.Kato

= {eaoo(t,k),v(é(t,h)))s(t,h) —1}o(o(t, b))
+o(t+h+sC, h))—ov(2),

we have
IR =D < e ote, B, vCot, I )oCoCt, 5 SR
| —I—D+v(t){l—l— s, 1) }-{—e(t, 3
<max {—ea(0(, k), v(0(2, B))dv(0(t, h)), D*v(e)} +e(z, h),
because
I PXICION (t P) <0 and Al BO—D<max{d, B} for A<[0,1],

where e(¢, A)—0 as A—0. From this it follows
D*w(#) < —min{a(t, w(@)w(®), c(z, w(@))}.
Thus, by putting

c*(t, u)=min{c(¢, ), Iinf a(t~l—s, wu}

._-;s

the condition (17) holds good.

7. Stability problem of a system.
Now back to the stability problem of the zero solution of the system (1).
Consider a Liapunov function »(#, ) which depends on the solution x(:) of
the system (1). As was stated in Section 2, under the assumption that (%, @)
is positive definite, that is,

18 v(Z, ) Za(|2(])

for a positive definite function a(-), x(¢) keeps small or tends to zero as z—oco
according to the same behavior of v(z, x).

Therefore, under the condition (18), in order to show the (asymptotic)
stability of the zero solution of (1) from that of »(¢, ), we must give a con-
dition to guarantee '

Via+7,7; x)—0 as sup |x(a+s)|—0.
<sz0

If v(¢, %) admits an infinitely small upper bound, that is, »(z, x)<b( sup
—h<s<0

jx(¢+s)]) for a continuous function 6(-), &#(0)=0, this follows from the fact

a9 sup |x(a+T+s)|—0 as sup ]x(a—l—s)|——>0
—T—h<sS<0 —h=<

It is obvious that (19) holds if and only if the zero solution of the system
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(1) is unique for the initial value problem. }
Furthermore, in order that (19) holds uniformly in the choice of a, a

necessary and sufficient condition is the uniqueness of the zero solution of every
system

"i:(t):G(ts xt)’ G(ts ¢>EH<F):

for the initial value problem, whenever the hull H(F) of F(z, ¢) is compact in
the compact-open topology (see [8; Lemma: 1], and for a related problem see:
[91), where G(z, p)=H(F) means that for a sequence {sz}, F(¢+ sz, ) converges
to G(2, @) uniformly on any compact set in the domain of F(¢,¢). The latter
condition holds if F(z, ¢) satisfies a Lipschitz condition or ‘

(20)  |F@PISL sup  [¢(s)]
—hss=0

for a constant L>0.

Combining the above, we have the following:

Theorem 6. Let v(t,x) be a Liapunov functzon with the properttes,

(i) positive-definite,

(ii) admits an infinitely small upper 50und,
and suppose that the zero solution of .the system (1) is wunique for the initial
value problem. /

Then the zero solutzon of (1) is (asymptotzcally) stable if v(e, x) is
(asymptotically) stable. :

Moreover, if F(t,$) satisfies the condition (20), then the uniformity of the
stabzlzty of v(t, x) implies that of the zero solutzon of (1). , ,

Remark. In the above, we understand that the stablhty of v(z,x) is
uniform in the parameter x. Clearly this fact is satisfied if f(¢,%) and ¢(z, u)
is ki‘ndepend‘erit of x in Theorems 1 and 2 (also, refer the remark of Theorem
3).

8. Instability.
If 1t is poss1b1e to show that »(2) satlsﬁes
' (21) k V(t 'r)<f(t v(@)) for all z, /
then the relation (6) becomes a dlfferentlal 1nequa11ty of the usual type
Do) £ —c(t, v(2)).

In the case where v(2)=v(z, 2(¢)) for a solution x(-) of (1), the ineguality
(21) means that the set - -

9= ($=CA~7,0, 3 _sup_ot-+5, G S S ot SO}
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is invariant along the solutions of (1). ,
-Actually, the proof of Theorem: A (see [2]) has been carried out by showmg
that the solution. x2(z) never goes away from the set £ as long.as -

v(t, x(E))=T
for a v>0.

For the stability ‘theorem, it is sufficient to prove that the boundary of a
neighborhood of the solution under consideration is never reached by a solution
starting from inside.. However, for the instability theorem, we must find a
solution :which reaches the boundary of a given neighborhood. Therefore, for a
condition of the type;

D*o(z, x)=c(t, v(2, x)) as long as x€£2,

we must show that £ is invariant as well as the fact that 02 contains the zero.

In terms of the abstract Liapunov function, we have the following obvious
theorem, where »(2) is said to be unstable if v(¢) becomes arbitrarily large. It
should be noted that for v(t)-—v(t", x(2)) with the solution x(-) of (1), the
instability of »(#) implies that of the zero solution of (1), if

v(¢, 2)<b(|x]) and 0€0L.
Theorem 7. Suppose that for the Liapunov function v(¢) we have
2 Do) Zc(t, v(2)) as long as v@)EP,

for a property P;, where c(t,u) is of the type (3) in u and (11) holds.

If the property Py is invaridnt that is, v‘(to)EPto implies v(¢)EP; for all
1=ty and if v(t,) EPt, holds with v(2,)>0, then v(t) is unstable. -

Theorem 7 is generalization of the theorem given by Hale [3, Theorem 4],
in which »(#)EP; means »(#)>0." In the case, the fact that P; is invariant is
clear under the condition (22).

It is of Razumikhin type, if v(¢) =P; means

f@EH=Va, )

for a non-decreasing function f(ux)=u. Moreover, we have the following,
which is a generalization of the idea seen in [10, Theorem 8]. '
Theorem 8. Suppose that two Liapunov functions v(t) and w(t) satisfy

Drv(®)=c(t, v(t)) and DYtw()<c(t v(2))
as long as , . :
23 Fw@)zmax {V(¢, ), W, 0}
If the relation (23) with v(¢,)>0 holds at t=t,, then v(¢) is unstable.
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Here

W, v)=sup{w(s); ss[t—r,t]}.
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